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LOI CAM DOAN

T6i xin cam doan day la cong trinh nghién cttu cua t6i, duge hoan thanh
duéi sy huéng dan ctia TS. Tran Van Bing va PGS.TS. Ha Tién Ngoan. Cac
két qua trinh bay trong luan an 14 mdi va chua ting dudc cong bod trong bat

ki luan van, luan an nao khac.

Nghién citu sinh

Phan Trong Tién



LOI CAM ON

Luan an dugc thyc hién tai Truong Dai hoc Su pham Ha Noi 2, duéi su
huéng dan khoa hoc ctia thay gido TS. Tran Van Bang va PGS.TS. Ha Tién
Ngoan. Su dinh huéng ctia quy Thay trong nghién citu, sy nghiém khac ciia
Thay trong hoc tap va sy huéng dan tan tinh ctia quy Thay trong lam viéc 1a
nhitng yéu t6 co ban nhat tac dong nén viéc hoan thanh luan an. Tac gid xin

bay té long biét on chan thanh va sau sic nhat dén véi cac Thay.

Tac gia xin chan thanh cdm on GS.TSKH. Dinh Nho Hao (Vién Toéan
hoc), PGS.TS. Khuat Van Ninh, PGS.TS. Nguyén Nang Tam, TS. Nguyén
Van Tuyén (Truong DHSP Ha Noi 2), TS. Tran Quan Ky (Truong DHSP
Hué), GS.TS. Cung Thé Anh, PGS.TS. Tran Dinh Ké (Truong DHSP Ha
Noi), PGS.TS. D6 Diic Thuan (Truong DH Bach Khoa Ha No6i) da dong vién
va cho tac gia nhiing gép ¥, kinh nghiém trong nghién cttu khoa hoc gitp tac

gia hoan thanh luan an nay.

TAc gia xin bay t6 long biét on chan thanh tdi cac thay, cic co trong khoa
Toan, truong Dai hoc Su pham Ha Noi 2, da tao dieu kién thuan lgi va giup
do tac gia trong thoi gian hoc tap va nghién ciu. Dac biét, tac gia xin chan
thanh cam on cac anh chi nghién cttu sinh va cac thanh vién trong Xémina
Giai tich, khoa Toan, Truong Dai hoc Su pham Ha Noi 2, vé nhitng trao doi,

chia sé trong khoa hoc va trong cudc song.

Tac gia gt 161 cdm on dén Khoa Toan, Phong Dao tao - Truong Dai hoc
Su pham Ha N6i 2, noi tac gia da hoc tap va nghién cttu trong thoi gian lam
nghién citu sinh; Truong Dai hoc Quang Binh va khoa Khoa hoc Ty nhién -
Truong Dai hoc Quang Binh, noi tac gia cong tac, giang day va clng la noi
ctt tac gia di lam nghién citu sinh.

Tac gid gti 1061 cdm on dén tat ci cac nha khoa hoc, thay co, nguoi than,
ban bé vi nhiing gép ¥, ing ho va dong vién vé tinh than cling nhu vat chat

danh cho tac gia.
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RY Khong gian Euclide N chiéu;
e; Vécto don vi thi ¢ trong RY;
Q Tap md trong khong gian Banach X véi bien 09;

C(Q) Khong gian cac ham lién tuc trén §2;
Cl(Q) Khong gian cac ham khé vi lién tuc trén tap Q;

Dfu(x) Tren vi phan Fréchet ctia ham u tai x;
(

Dyzu(x) Dudi vi phan Fréchet ctia ham v tai x;
I5; Borno [ trén X;

Dju(xz) Trén vi phan S-nhét ciia ham v tai x;
Dgu(xr) Duéi vi phan S-nhét clia ham u tai x;
B(xz,7) Hinh cau déng tam z ban kinh 7;
B(xz,r) Hinh cau md tam z ban kinh r;

Visf [-dao ham cta ham f;

T3 Topo tréen X™* tuong ting véi sy hoi tu déu trén f;

X3 Khong gian vécto topo (X, 75);

Dy(X)  Tap cac ham bi chan, Lipschitz, $-kha vi trén X;
5(X)  Tap cac ham g € Dg(X); Vgg : X — X lien tuc;

Hg Ton tai mot ham budu b € Ds(X);

Hj Ton tai mot ham busu b € Dj(X);

diam(.S) Duong kinh ctia tap S : sup{||lr — y|| : =,y € S};

t.u. Tuong ting;

h.k.n. Hau khap noi;

aVb max{a,b};

L(z,y) Doan thang ndi hai diem z, y;

Ly Khong gian cdc ham f do duge va |f|? kha tich;

[P Khong gian cic day so thuc (z,), véi Y. -, |z,|P hoi tu.



MG DAU

1. Ly do chon deé tai

Phuong trinh Hamilton-Jacobi cap mot 14 mot 16p phuong trinh dao ham
rieng phi tuyén c6 nhiéu tng dung, né xuat hién trong nhiéu linh vyc nhu co
hoc, diéu khien t6i wu,... ddc biét né bao gom 16p phuong trinh quy hoach
dong ctia bai toan diéu khién t6i wu tat dinh, thusng dude goi la phuong trinh
Hamilton-Jacobi-Bellman. No6i chung, 16p phuong trinh Hamilton-Jacobi phi
tuyén thuong khong c6 nghiém co dien. Do d6 cac loai nghiem yéu duge nhiéu

nha toan hoc quan tam nghién cttu va nghiém nhét 14 mot trong s6 do.

Ly thuyét nghiém nhét ciia phuong trinh dao ham riéng da xuat hién ti
dau nhing nam 80 ctia thé ky trude trong bai bao [23] cia M. G. Crandall
va P. L. Lions, n6 da dugc dong dao cac chuyén gia toan hoc thita nhan va
tiép tuc phat trien, ngoai nuéc c6 M. G. Crandall, P. L. Lions, J. M. Borwein,
D. Preiss, L.C. Evans, trong [18], 20} 22| 25, 26|, 30] va trong nudc c¢6 T. D.
Van, N. Hoang, T. V. Bang,... trong [7, 8, 32]. S6 di dugc dat tén "nghiem
nh6t" 1a vi déi vé6i 16p phuong trinh duge xét ban dau thi nghiém nay trung
v6i nghiem tim duge bang phuong phéap triét tieu do nhdét. Nghiém nhdét 1a
mot khai niem nghiém suy rong phtt hop cho nhiéu 16p phuong trinh dao ham
rieng phi tuyén. Nghiém nhét noi chung chi 1a mot ham lién tuc, thoa méan
cip bat dang thic vi phan thong qua cac ham thit du tron hodc qua khai niém
duéi vi phan, trén vi phan.

Trong [23], khai niém nghiém nhdét duge dinh nghia bang cach st dung
dué6i vi phan Fréchet, sau nay cac nha toan hoc da md rong bang cach thay
thé dué6i vi phan Fréchet bing cac loai dudi vi phan khac nhu dudi vi phan
Hadamard, Hadamard yéu, Gateaux va tong quat hoéa la S-duéi vi phan (xem

[18]), v6i B 1a mot borno (xem muc 1.2.).

D6i véi phuong trinh Hamilton-Jacobi, c6 hai bai toan thuong dudc nghién



citu, do6 la bai toan Dirichlet
u+ H(z,u, Du) = 0 trong Q,u = ¢ trén 0f)

va bai toan Cauchy

us + H(x,u, Du) = 0 trong 2 x [0, 77,
u =@ tréen 0Q x [0,T], wu(x,0) = uy trong .

Trong luan van nay chung to6i tap trung nghién cttu bai toan Dirichlet. Thuc
té cho thay, khi nghién citu tinh dit chinh ctia bai toan Dirichlet 6 trong ly
thuyét nghiém nhét, van dé duy nhat nghiém 1& phic tap nhat, sy ton tai noi
chung dugc gidi quyét nhd phuong phap Perron ([34]) va sy phu thuoc lién tuc
vao cac dit kien 1a hé qua khong qua khoé ciia tinh duy nhat nghiém. Phuong
phap dé ching minh tinh duy nhat nghiém 14 phuong phap gap doi sé bién.
Theo phuong phap nay, diém quan trong 1a tim ra ham phat thich hop dé dat
dugc muc dich dit ra cing véi né 1a cac nguyén 1y bién phan tuong ing véi

cac 16p ham lién quan t6i bai toan dang xét.

T nam 1993, nguyeén 1y bién phan tron duge chitng minh bdi Deville trong
[26] da dugc st dung nhit mot cong cu quan trong dé chiing minh tinh duy nhat
ctia nghiém [-nhét ctia phuong trinh Hamilton-Jacobi ¢6 dang u+F'(Du) = f,
v6i cac gid thiet ham Hamilton F lien tuc deu trén X3 va vé phai f lien tuc
déu va bi chan tréen X trong 16p nghiém 1a 16p cac ham lién tuc va bi chan.
Cung st dung nguyén ly nay Borwein trong [19] da ching minh dugc tinh duy
nhat nghiém [-nhét trong 16p ham lien tuc déu va bi chin déi véi phuong
trinh v + H(x, Du) = 0. Tuy nhién, khong can thiét phai ap dung nguyén
Iy nay cho phuong trinh c6 dang tong quat u + H(x,u, Du) = 0 trén tap
Q) C X, trong [20], Crandall va Lions da thiét lap tinh duy nhat ctia nghiém
Fréchet-nhét cho phuong trinh Hamilton-Jacobi c6 dang tong quat 6 trén bing
cach sit dung tinh chat Radon-Nikodym nhu mot gia thiét chinh. Tinh chat
Radon-Nikodym dugc hiéu rang néu ham ¢ nhan gia tri thyc trén mot hinh
cau dong B trong X 1a mot ham bi chan, nita lién tuc dudi va € > 0, thi ton
tai mot phan t * € X* c6 chuan khoéng vuot qua € sao cho © + x* dat cuc

tieu tréen B.

Bai toan diéu khién t6i wu duge gidi thieu vao nhitng nam 1950 (xem [14])
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va da ducc J. Zabcezyk trinh bay tuong doéi hoan thién trong khong gian hitu
han chiéu va trong khong gian Hilbert (xem [42]), bai toan nay ¢ rat nhieu
ting dung trong Toan hoc, Vat 1y va trong cac linh vuc khac. Theo nguyén ly
quy hoach dong, ham gia tri clia bai toan diéu khieén téi wu néu kha vi thi
la nghiém cua moét phuong trinh Hamilton-Jacobi-Bellman tuong ting, xem
[19, 30]. Tuy nhién, ham gia tri thuong khong khé vi, do d6 mot s6 phuong
phap khac da dugc gidi thieu dé nghién cttu vé ham gia tri nay. Nghiém nhét
mot lan nita 14 mot cong cu hiéu qua dé nghién ctu 1y thuyét dieu khien téi
wu. Trong [10], cac tac gid da dua ra cac diéu kién can, di cho bai toan diéu
khién t6i wu trong khong gian hitu han chiéu bing cach st dung duéi vi phan
Fréchet ma cong cu tiép can 1a sit dung nghiém nhét. Tiép can bai toan dieu
khién téi wu thong qua nghiém nhét bang cac dusi vi phan khac thi chua
nhiéu, ddc biet 1a khi ham gia tri khong bi chan.

Vé ap dung ctia nghiém nhét c6 thé ké dén Y. Achdou, S. Oudet. [4], Khang
[35] da nghién citu nghiém nhdt trén khép noi, trén mang ludi va thu duge céc
két qua dang chi ¥ va ap dung vao bai toan diéu khién téi wu véi thoi gian
vo han. Y. Giga, T. Namba. [29] da 4p dung thanh cong ly thuyét nghiém
nhét cho phuong trinh Hamilton-Jacobi véi dao ham phan thit theo nghia cua
Caputo. Ap dung nghiem nhét ciing 1a mot cach hieu qua déi véi bai toan

diéu khién t6i uwu ngau nhién (xem [5]).

Gan day phuong trinh Hamilton-Jacobi trén cac khdp néi va trén cac mang
lu6i duge nghién cttu nhiéu trong cac cong trinh [2 3], 4], 11), 12} 35 37]. Trong
cac cong trinh do, cac tac gia tap trung giai quyét ve tinh chat ctia ham gia tri
clia bai toan diéu khién t6i wu, nguyén 1y so sanh nghiém nhét ciia bai toan
diéu khién t6i wu trong trudng hop ham chi phi £ bi chan. Mac du da dat dugc
mot s6 két qua quan trong song duong nhu nhitng gid thiét dua ra trong cac
cong trinh dé 1a tuong doi chit.

Vé6i nhitng phan tich trén, chung toi dit van dé nghién ciu vé [-dudi vi
phan, tinh duy nhat nghiém [-nhét ctia bai toan Dirichlet déi véi phuong
trinh Hamilton-Jacobi ¢6 dang u + H(x, Du) = 0 va u + H(x,u, Du) = 0,
tinh 6n dinh va su ton tai nghiém [B-nhét cing dude ching t6i quan tam.

Ngoai ra nghiém S-nhét con c6 nhicu tng dung déi véi bai toan diéu khien



to1 uwu, trén co sé d6 ching toi cling quan tam dén tim dieu kién can va diéu
kién du cho bai toan dieu khién t6i wu trong khéng gian vo han chiéu. Huéng
tiép can mdi vé nghiém nhdét trén cidc khép ndi cling dude ching toi nghién
citu. Dua trén moé hinh da c6 vé nghiém nhét theo phuong phap co dién, van
dé tinh duy nhat nghiém nhdét, ing dung ctia nghiém nhét cho bai toan dicu
khién t6i wu trén cac khép néi hita hen cho ta nhitng két qua cé ¥ nghia.

Trén day la nhing 1 do dé chung toi lua chon dé tai nghién ctu cho luan
an ctua minh 13: “Nghiém S-nhét ctia phuong trinh Hamilton-Jacobi
va ting dung trong bai toan diéu khién téi uwu’.

2. P6i tugng va ndi dung nghién ciu
2.1. B-duwéi vi phan

Khi st dung SB-dudi vi phan, diéu dau tién ma ta quan tam d6 1a nhing
tinh chat cia [-dudi vi phan c6 con dude gitt lai giong nhu duéi vi phan
Fréchet hay khong. Trong cac tai lieu gi6i thi¢u veé S-dudi vi phan [19] 20]
chua c6 sy khdo sat vé van deé nay, nhing tinh chat nay dudc ching toi trinh
bay trong chuong 1. Dé nghién citu tinh duy nhat nghiém S-nhét ciia phuong
trinh Hamilton-Jacobi thi cong cu dude st dung 1a nguyéen 1y bién phan tron.
Trong [26], Deville va Godefroy da chitng minh duge nguyéen 1y bién phan tron
trén khong gian Banach X thoa man gia thiét (Hj) va u, v 1a hai ham bi chan
xac dinh trén X sao cho w 1a ntta lién tuc trén va v la nia lién tuc dudi. Khi

d6 v6imoie >0, ton tai z,y € X, p € Dgu(az), q € Djv(y) sao cho:

(a) lz —yll <evalp—q| <e

(b) V6imoi 2z € X, v(2) —u(z) > v(z) —u(y) —e.

Trong viéc chitng minh tinh duy nhat nghiém S-nhét clia phuong trinh Hamilton-
Jacobi ta can md rong két qua trén, nghia 1a can c6 su danh gia ve do 16n
ciia ||z — y[[ /1P, |2 — y||\/|la]]. Két qua ciia ching toi dua ra trong chuong
1 the hién su quan tam nay. Cho dén nay két qua mdéi nhat vé duéi vi phan
$-nhét duge thé hien trong [19, Dinh 1y 2.9], két qua dé la: Cho X 13 mot
khong gian Banach c6 chuan tuong duong véi chuan S-tron va fi,--- , fx la
N ham ntta lién tuc dudi tréen X. Gid st rang (f1, - - - , fi) 1a nita lién tuc dudi
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dia phuong déu va 25:1 f,, dat cuc tieu tai z. Khi d6, v6i moi € > 0, ton tai
T, € v+eBvax), € Dyf(x,),n=1,---,N,sao cho |f,(x,) — fu(z)| <e,
z* || diam({x1, - ,zn}) <en=1,--- ,Nva| >, 2| < e. Trong két
qua nay, tinh chat (fi,---, fx) 1a nta lien tuc dudi dia phuong déu la tuong

d6i manh, diéu nay dan dén tinh duy nhat cho 16p nghiém ctia phuong trinh
Hamilton-Jacobi bi thu hep. Van dé dudc ching toi tiép tuc dat ra 1a lam gidm
gid thiét vé ham f, & treén.

2.2. Nghiém (-nhét cua phuong trinh Hamilton-Jacobi trong khong gian

Banach

Chiing ta biét rang c¢6 rat nhiéu loai duéi dao ham (trén dao ham) ching
duoc chi ra trong cac tai lieu tham khéo. Trong s6 d6, duéi dao ham theo
nghia Fréchet, Hadamard, Gateaux va Mordukhovich dugc st dung rong rai
nhat [15, 25, 27, 38, 39, 30]. R6 rang, véi mot 16p phuong trinh Hamilton-
Jacobi, viéc st dung cac dudi dao ham khac nhau dan dén cac loai nghiém
nhdt khac nhau. Trong nhiing nghién citu dau tien [9, 23] 20, 21 [30], nghiém
nh6t dude dac trung bdi ntta dao ham Fréchet. Mat khéc, trong nhiéu cong
trinh hién c6, dé nghién ctu tinh chat dinh tinh cia nghiém nhét ta can
dén tinh tron cta chuan. Tuy nhién diéu nay khong ding cho hau hét cac
khong gian Banach nhu 14 L. Dé khic phuc van dé nay, cac tac gia trong
[19, 25] da dé xuat khai niéem Borno [, dao ham [S-nhét, S-nghiém nhdt va
dat duoc tinh duy nhat nghiém cho phuong trinh Hamilton-Jacobi cé dang
u+ H(z, Du) = 0.

Ching toi quan tam dén két qua tinh duy nhat nghiém cta phuong trinh
Hamilton-Jacobi trong [19], v6i mong mudén md rong két qué tinh duy nhat
ctia [19] cho mot 16p phuong trinh rong hon v + H(x,u, Du) = 0 va clng
thiét lap su ton tai va tinh 6n dinh ctia nghiem B-nhét dusi cac gid thiét nhat
dinh.

2.3. U’ng dung ctia nghiém nhét d6i véi bai toan dieu khién t6i wu

Theo nguyén Iy quy hoach dong trong [19] thi ham gia tri V(x) ctia bai
toan dieu khién t6i vu duge xéc dinh: véi moi x € X vat > 0,

Viz) = inf { [ e rts.00.ats)ds + e Vit @»} |

acU
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Chiing toi st dung nguyén ly quy hoach dong trong [19] dé ching minh
ham giéa tri ctia bai toan diéu khién t6i wu, c6 thé 1a ham khong bi chan, 1a
nghiém [-nhét duy nhat ciia mot phuong trinh Hamilton-Jacobi. Hon nita
ching toi con thiét lap dudce diéu kién can, diéu kién du cho bai toan dieu

khién t6i vu trén khong gian vo han chiéu bang céch st dung nghiém S-nhét.

Trong [20], cac tac gia da trinh bay nghiém Fréchet-nhét trong khong gian
Banach va thiét 1ap dugc tinh duy nhat nghiém Fréchet-nhét cho phuong trinh
Hamilton-Jacobi. Mot trong nhitng giad thiét duge dua ra dé chitng minh tinh
duy nhat nghiém 1a gia thiét Radon-Nikodym. Trong [19], tinh duy nhat ciia
nghiém S-nhét trong khong gian Banach da duge chi ra trong 16p ham lién tuc
déu va bi chan. Noi dung nghién citu ciia ching toi tiép theo do6 1a chitng minh
tinh duy nhat nghiém S-nhét ma khong can sit dung gia thiét Radon-Nikodym
dong thoi 16p ham nghiem ciing dugce néi rong. Cu thé hon, ham gia tri dugc
trinh bay trong [19] 1a mot ham bi chin va ching t6i tap trung nghién ctiu dé
dat dugc nhitng két qua mdéi hon. Mot van dé dugce ching toi quan tam nita
do6 1a tim diéu kién can va diéu kién du cho bai toan diéu khién téi wu trong

khong gian vo han chiéu véi cong cu st dung 1a nghiém S-nhét.

2.4. Phuong trinh Hamilton-Jacobi véi bai toan diéu khien t6i wu trén
khép no6i véi ham chi phi khéng bi chan

Trong [13] va [24] cac tac gid da nghién citu bai toan diéu khién téi wu véi
thoi gian vo han trén khong gian hitu han chiéu véi mot gid thiét toc do tang
trudng ctia ham chi phi ¢; khong vuot qua ham da thite, ching téi nghién ctu
trong truong hop ham chi phi ¢; ¢6 do tang trudng khong vugt qua ham mi
ho#c ham da thitc bang cach mé rong gia thiét trong [4] va [35] sau d6 nghien
citu bai toan diéu khién téi wu trén cadc khép néi bang cach st dung nghiém
nhét. Cu the, chiing toi da thay thé gia thiét (H1) trong [4] va [35] vé ham chi
phi do la:

V6ii=1,---,N, ham ¥, : J;, x A; — R 1a lién tuc va bi chan. Ton tai

mot modun lién tuc w; sao cho véi moi x, y thuoe J; va v6i moi a € A;,

li(x, a) — iy, a)| < wi(lx —yl),

béi cac gia thiét (H2) hodc (H2)" (xem trong muc [4.1.2.) duge cho béi.
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(H2) (Ham chi phi) V6i¢=1,--- , N, ham /¢, : J; X A; — R 1a lién tuc va
ton tai hang s6 C,m > 0, v6i 0 < m < % va mot modun lién tuc dia

phuong w(-, -) sao cho
0i(z,a) — Ci(y,a)| < w(|lx—yl|,|z|V|y|) vé6i moi x,y € J;,a € A,
1Ui(x,a)| < Ce™l véi moi x € J;,a € A,

(H2)® (Ham chi phi) V6ii=1,---,N, ham ¢; : J; Xx A; — R 1a lién tuc va
ton tai hang s6 C,m > 0 va mot ham modun dia phuong lién tuc w(-, -)

sao cho
bz, a) — bi(y, a)| < w(|z—y|, [z| V [y]) véi moi z,y € J;,a € A,

Ui(z,a)| < C+ |z))™ véi moi x € J;,a € A,.

C6 the thay rang giad thiét (H1) trong [4] va [35] 1a trudng hop dic biét
clia cac gia thiét (H2) va (H2)" khi ta lay m = 0 v ham modun dia phuong
w(o,r) = w(o) trong gia thiét (H2) va (H2)". Theo hieu biét clia chiing toi,
nhitng két qua v6i cac gia thiét (H2) va (H2)" vAn con nhiing han ché. Ching

tol cling tap trung nghién citu vé linh vuc nay.
3. Phuong phap nghién ciu

Luén an st dung cac phuong phap cua giai tich khéng tron va phuong trinh
dao ham riéng phi tuyén cap 1: cac cong cu cua dudi vi phan, nghiém nhét
ctia phuong trinh Hamilton-Jacobi; 1§ thuyét diéu khien t6i wu. Ngoai ra, khi
nghién cttu cac ndi dung cu thé, ching toi st dung mot sé6 ki thuat tuong tng.

Cu thé do 1a ki thuat gap doi sé bién, danh gia bat dang thrc.
4. Két qua dat dudc ctia ludn an
Luan an da dat dudc cac két qua sau day:
1) Dua ra dugc mot s6 tinh chat ctia S-dudi vi phan, dua ra duge mot s6 két
qué vé nguyén Iy bién phan tron cho ham nita lién tuc duéi va bi chan 6

tréen khong gian Banach X thoa man gid thiét (H 5) va trén khong gian

c6 chuan f3-tron.

12



2) Ching minh tinh duy nhat nghiém S-nhét ciia phuong trinh Hamilton-
Jacobi trong 16p ham lién tuc va bi chan, tinh duy nhat nghiém trong 16p
ham lién tuc déu va khong bi chin doéi véi phuong trinh dao ham riéng
cap 1 dang tong quat u + H(x,u, Du) = 0. Chtitng minh dudc tinh on
dinh va su ton tai nghiém [-nhét ctia phuong trinh Hamilton-Jacobi dang
tong quat u + H(x,u, Du) = 0.

3) Chttng minh ham gia tri clia bai toan diéu khién t6i wu 1a nghieém S-nhdét
duy nhat ctia phuong trinh Hamilton-Jacobi tuong ting, ngoai ra trong
luan an con dua duge diéu kién can, dieu kién di déi véi mot diéu khien

tOi1 .

4) Chitng minh ham gia tri 1a lien tuc trén khép néi G véi khép O va la
cac ham lién tuc Lipschitz trén méi J; N B(O,¢),2 = 1,--- , N. Danh gia
duge ham gié tri ¢6 do tang khong qua ham mi (véi gia thiét (H2)) hoac
ham da thitc (véi gia thiét (H2)"); danh gia duge ham gia tri tai diém

O. Chting minh diéu kién can va diéu kien di cho mot diéu khien téi wu

(xem Dinh 1y [4.3)); chi ra dugc mot diéu khién phan hdi t6i wu va chiing

minh duge mot dieu kién can, diéu kien du cho mot diéu khien téi uu:
xem Dinh 1y 4.4 va Dinh Iy [4.5]

Cac két qua trén day cia luan an duge cong bo trong nhiing bai bao trén

cac tap chi quoc té va trong nudc c6 uy tin va da duge béo céo tai:

e Xémina Giar tich, BoO mon Giai tich, Khoa Toan, Truong Dai hoc Su pham
Ha Noi 2;

e Xémina Phuong trinh vi phan, Vién Toan hoc;

e Hoi nghi khoa hoc: Nang cao chat luong, hiéu qud nghién cttu va ing dung
khoa hoc cong nghé, ddp wng yéu cau doi mdi can bdn, toan dién gido duc
va dao tao, Truong Dai hoc Su pham Ha No6i 2 (Truong Dai hoc Su pham
Ha Noi 2, 18-19/4/2015);

e Dai hoi Toan hoc Viet Nam nam 2018, Nha Trang, ngay 14-18/8/2018.

13



5. Cau tric caa luan an

Ngoai phan Md dau, Két luan, Danh muc cong trinh cong b va tai lieu

tham khao, luan 4n gom 4 chuong.

e Chuong 1. B-dudi vi phan. Trong chuong nay, ching toi trinh bay khai
niém duéi vi phan S-nhét va cac tinh chat ctia né, mot s6 két qua ve

nguyén 1y bién phan tron.

e Chuong 2. Nghiém [-nhdt cia phuong trinh Hamilton-Jacobi trong khong
gian Banach. Trong chuong nay, ching toi chitng minh két qua vé tinh
duy nhat nghiem (-nhét ctia phuong trinh Hamilton-Jacobi dang tong
quat u + H(x,u, Du) = 0 trong khong gian Banach. Tinh 6n dinh va sy

ton tai nghiém ciia phuong trinh nay cling dude ching toi chi ra.

e Chuong 3. Ung dung ciia nghiém nhdt déi vdi bai toan diéu khién téi wu.
Trong chuong nay, ching toi chiing minh ham gia tri clia bai toan diéu
khién t6i vu 1a nghiem S-nhét duy nhat ciia phuong trinh Hamilton-Jacobi
tuong tng. Cac phan hoi va diéu kieén du cho diéu khién ti wu ciing duge
dua ra trong chuong nay.

e Chuong 4. Phuong trinh Hamilton-Jacobi vdi bai todn diéu khién toi wu
trén khdp noi vdéi ham chi phi khong bi chdn. Nhitng noi dung dude dua ra
trong chuong nay la: Néu cac khai niém vé khép noi, mot so6 gia thiét va
thiét lap bai toan dicu khién t6i wu. Mot s6 tinh chéat ctia ham gié tri nhu
tinh lién tuc trén G, tinh Lipschitz dia phuong tai O trén moéi J;, danh
gia ham gia tri tai O thong qua Hamilton; Nghiém nhét trén cac khép noi
va chting minh ham gia tri clia bai toan dieu khien t6i wu la mot nghiem
nhét ctia phuong trinh Hamilton-Jacobi tuong ting; Mot s6 két qué cua
nguyen ly so sanh nghiém va ching minh ham gié tri la nghiém nhét duy
nhat cia phuong trinh Hamilton-Jacobi; Nhitng ap dung cho két qua ctia

chiing t6i trong bai toan diéu khién t6i uwu.
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Chuong 1

DUOGI VI PHAN B-NHOT

Trong chuong nay ching toi nghién cttu vé duéi vi phan S-nhét trén khong
gian Banach X v& chiing minh dugc nguyén 1y bién phan tron, nham ap dung
dé ching minh tinh duy nhat ciia nghiem S-nhét. Cac két qua trong chuong
duge viét dya trén bai béo [I] trong Danh muc cong trinh khoa hoc clia tac
gia lien quan dén luan an.

1.1. Tinh £-kha vi

Dinh nghia 1.1 (Borno, [19] tr. 1569]). Cho X la mot khong gian Banach,
mot borno [ trén X 1a mot ho cac tap con déng, bi chan va déi xing tam cla

X thdéa méan ba dieu kién sau:

1) X=U B;

Beg
2) ho 8 déng kin d6i v6i phép nhan véi mot vo hudng;
3) hop ctia hai phan tit bat ky trong 8 déu chita trong mot phan tit ctia [.

Duéi day 14 mot sd borno dac biét:

1) Ho F' (Fréchet) tat ci cac tap con dong, bi chin, déi xting tam cla X

la mot borno va goi la borno Fréchet,

2) Ho H (Hadamard) tat ca cac tap con compact, doi xting tam ctia X 1a

mot borno va goi la borno Hadamard;

3) Ho W H (Weak Hadamard) tat ci céc tap con compact yéu, dong, doi
xtng tam ciia X 14 mot borno va goi 1a borno Hadamard yéu;

4) Ho G (Gateaux) tat ca cac tap con hitu han, déi xing tam ctua X 13
mot borno va goi la borno Gateausx.

Theo [1], Dinh 1y 27, trang 415, ho 8 trong Dinh nghia 1.1 xac dinh trén
X* mot topo 16i dia phuong Hausdorff 75. Khong gian X* v6i topo 75 nay
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dugc ky hieu la X3, Mot co s6 lan can clia diem gbc 0 trong X} 1a ho tat ca
cac tap c6 dang
{f:|f(@)] <e, VeeM}

véie > 0tuy y va M € (.

Khi d6, day phiém ham (f,,) C X*, hoi tu vé phan tit f € X* ddi v6i topo
75 khi va chi khi v6i moi tap M € f va moi € > 0 cho trudc, ton tai ng € N
sao cho v6i moi m > ngy, moi x € M ta déu ¢6 |f,,(x) — f(z)| < €. Hay f,,
hoi tu déu t6i f trén tap M. Do d6 topo 75 con duge goi 1a topo hoi tu deu

trén cdc tap thuoc ho 5.

Nhan xét 1.1. Néu 8 borno la F' (Fréchet), H (Hadamard), W H (Hadamard
yéu) hodc G (Gateaux), khi d6 ta c6 topo Fréchet, topo Hadamard, Hadamard
topo yeu va topo Gateaux trén khong gian doi ngau X*, tuong ting (xem [25]).
Ro rang, F-topo 1a topo manh nhat va G-topo 1a topo yéu nhat trong cac [5-
topo tréen X*. Vi moi tap httu han déu 1a tap compact, moi tap compact 1
tap compact yéu, moi tap compact yéu déu bi chan nén ta c6 bao ham thic

T(;CTHCTWHCTF.

Dinh nghia 1.2 (Tinh §-kha vi, tinh S-tron, [19] tr. 1569]). Cho ham f xéc
dinh trén X v nhan gia tri trong R, ta noi rang f 1a B-khd vi tai © € X va
c6 [-dao ham Vg f(x) € X* néu f(z) 1a hitu han va
fla+ )= flo) = 4TI @)

khi ¢ — 0 déu theo u € V véi bat k¥ V' € . Ta noéi rang ham [ 1a S-tron
tai  néu Vaf : X — X; lién tuc trong lan can cua x. Khi borno 8 ducc
thay béi cac ho: F, H,W H, G thi ta c6 cdc khai niém kha vi va tron tuong
ung: kha vi Fréchet, tron Fréchet, kha vi Hadamard, tron Hadamard, kha vi

Hadamard yéu, tron Hadamard yéu, kha vi Gateaux, tron Gateaux.

Dinh nghia 1.3 (Chuan S-tron, [25]). Khong gian Banach X véi chuan || - ||
13 5-kha vi hodc chuan S-tron néu ham || - || 1a S-kha vi tai moi = thuoc mit
cau don vi Sy = {x € X : ||z|| = 1}. (Theo tinh thuan nhat, ham chuan || - ||
I3 B-kha vi tai moi diem = € X\{0}).

Vi du 1.1. Theo [25] ta ¢6 céc két qua sau:
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1) Cac khong gian Hilbert 13 nhiing khong gian c¢6 chuan tron Fréchet.

2) Khong gian khong c6 chuan tron nhung c6 chuan tuong duong véi mot
chuan tron.
Xét khong gian I' ¢6 chuan duge xac dinh z = (z,), € I}, ||z] =
> o |2,] khéd vi Gateaux tai x néu va chi néu x,, # 0 v6i moi n € N. Nhu
vay ham chuan duge xac dinh nhu trén khong tron Gateaux. Theo [17]
thi {! c¢6 chuan tuong duong véi chuan tron Hadamard yéu d6 dé chuan
tuong duong nay la tron Gateaux.

Nhan xét 1.1. Ta dé dang c6 dudc cac két qué sau:

1) Néu f, g 1a hai ham $-kha vi tai « thi f + ¢g 1a S-kha vi tai x va Vg(f +
9)(@) = Vg f(x) + Vag(x).

2) V6i a € R, f 1a mot ham S-kha vi tai * € X thi ham af cang 8-kha vi
tai x va Vg(af)(z) = aVaf(x).

Nhan xét 1.2.

1) Theo dinh nghia ta c6: néu B; C B, thi tinh £,-kha vi kéo theo tinh (-
kha vi. N6i rieng néu (3 1a borno bat ky va f 1a 8-kha vi tai x thi f kha
vi Gateaux tai x, f kha vi Fréchet tai x thi f la £-kha vi tai . Tu day
ta co: tinh kha vi Fréchet = tinh kha vi Hadamard yéu = tinh kha vi
Hadamard = tinh kha vi Gateaux.

2) Néu X la khong gian phan xa thi tinh kha vi Fréchet < tinh kha vi
Hadamard yéu. Vi trong khong gian phan xa, tap déng va bi chan khi va

chi khi 14 compact yéu.

3) Néu X = R" la khong gian httu han chiéu thi tinh kha vi Fréchet < tinh
kha vi Hadamard yéu < tinh kha vi Hadamard. Vi trong khong gian httu

han chiéu mot tap déng va bi chin khi va chi khi n6 1 tap compact.

4) Néu X = R thi tinh kha vi Gateaux va tinh kha vi Fréchet tring nhau.
Vi khi d6 ham f kha vi bén trai va bén phai tai diem z nén n6 kha vi

Fréchet tai x.
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Dudéi day 1a cac vi du dé chiéu nguge lai cia 1) trong Nhan xét [1.2/14 khong

dang.

Vi du 1.2 (Ham kha vi Gateaux nhung khong khé vi Fréchet). Cho ham s6
f:RXR— R véi

r*y

fla,y) = {2+ ¢

néu (z,y) # (0,0),

0 néu (z,y) = (0,0).
, 0,0) + t(z,v)) — f(0,0
Néu = 0 hotic y = 0 thi L1 )+(xty)) 1.0 _
Néu x # 0 va y # 0 thi
f(0,0) +t(x,y) = f(0,0)| _ _[tayl _ [tay| _ |t|fﬂ_2
t y? o+ttt Ty [yl

Do dé vé6i (x, y) thuoc mot tap hitu han nao do, véi moi € > 0 thi ta tim duge

§ > 0 sa0 cho véi moi t € (0,6) thi [¢|£; < e. Theo dinh nghia, ham f la kha

vi Gateaux tai (0,0) va V4 f(0,0) = (0,0). Nhung giéi han sau khong ton tai
im

T 2 2 )
e VIE+Yy

Do d6 f khong kha vi Fréchet tai (0,0).

Theo 3) ctia Nhan xét [1.2{thi f khong khé vi Hadamard yéu va cting khong

kha vi Hadamard vi ham f xac dinh trén khong gian hitu han chiéu R2

Vi du sau chi ra mot ham kha vi Hadamard nhung khong kha vi Hadamard
yeu, vi du nay duge ching toi 1y y tudng trong [31].

Vi du 1.3. Xét trén khong gian Hilbert

P ={x=(2,)n: 2, € R,in < 400},

n=1

Xét he cac vécto {e,,n € N} C [*v6ie, = (0,---,0,1,0,---),86 1 & vi
tr{ thit n. Ta xac dinh mot ham f : [ — R dudc cho béi

fa) = sup {2(ena) - 1},

n>1 n
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Ta c6 f(0) = 0va |f(x) = f(y)] < sup,sy {[2(en, ©) — 2(en, 1)} < 2[jx —y|
v6i moi @,y € [%. Nen f 1a ham lién tuc Lipschitz trén [°.

Véi x = (z,), € [* thi Y~ 22 < +oo nén lim x, = 0 ma |{e,, z)| <
n—oo

|2, || nén&i_}rglo<en,x> = 0, ta ¢c6 f(x) > 2(e,,x) — + vGi moi n € N nén

f(x) > 0 v6i moi x € [°.

Ta sé chiing minh f 14 kha vi Hadamard tai 0 va f'(0) = 0, xét tap con
compact V' ctia [2. Véi moi € > 0, ton tai hitu han cac diem uq, - - - , u,, trong
[? sao cho V' C U™, B(u;, €/2) trong d6 B(u,r) 1a hinh cau mé tam « va ban
kinh r > 0 trong [*. V6i mdi i = 1..m, ton tai n(i,€) sao cho |[{e,, u;)| < /2
véi moi n > n(i,e). Lay n(e) = maxy<j<, n(i,€). V6i moi n > n(e) va véi

moi v € V. Ta c6
[(€n, )| < [{en, v — wi)| + [(en, ui)| < e

Do do

1
2(e,, tv)y — — < 2¢lt|
n

véimoit € R,v € V van > n(e).

Dat K =1+ sup{|jv|]|:v eV}, véiveVvalt| < 2K711(a) ta co

1 1
2(en, tv) — — < 2||v|||t] — ) < 0.
n n

Do d6, khi [t| < 5z vav € V thi

f@m::wp{%@“w>—l}f;%ny

n>1 n
Suy ra
o<[f0rm =10 s,
t t
néu [t| < QK},L(g) vav e V.
Hay %1_{% ! (Oﬂ?_f © — 0 déu tren v € V. Vay ham f kha vi Hadamard tai

w=0va f'(0) =0,

N PN 1
Ta thay rang (e,), hoi tu yéu vé 0 trong [?, xét day (t,,), véit, = —,n € N¥,
n
ro rang t, — 0. Néu f 1a kha vi Hadamard yéu tai u = 0 thi

= — 0 khi n — 0.

tn n
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Nhung

ot () = {a(en ) =)

e, 1
Zn{2<en,—>——} — 1, v6imoin > 1.
n n

Do d6 f khong kha vi Hadamard yéu tai w = 0. Vi [? 14 khong gian phan xa
nén f cing khong kha vi Fréchet tai u = 0.

Vi du 1.4 (Ham kha vi Hadamard yéu nhung khong kha vi Fréchet). Xét
X = [ v6i ham chuan dugc x4c dinh © = (x,), € ', ||z]| = D2, |%,|. Theo
Vi du 1.6, ¢) trong [25] thi ham chuan || - || dugc x4c dinh nhu trén 1a kha vi
Gateaux tai cac diem x € ' ma x, # 0,Vn € N va khong kha vi Fréchet tai
bat ki diem nao.

Theo tinh chat ctia chuan thi || - || 14 mot ham Lipschitz, vay theo Nhan

xét |1.2] thi tinh kha vi Gateaux va kha vi Hadamard ctia chuan || - || tring

nhau. Vay ham chuan || - || 1a kha vi Hadamard nhung khong kha vi Fréchet.

Theo [16, tr. 1124] thi trén khong gian [' tinh kha vi Gateaux va kha vi
1a kha

Hadamard yéu ctia mot ham s6 trung nhau. Nhu vay ham chuan || - |

vi Hadamard yéu nhung khong kha vi Fréchet.

Duéi day 1a két qua vé tinh kha vi Gateaux va kha vi Hadamard ctia ham

Lipschitz.

Dinh nghia 1.4 (Tinh Lipschitz dia phuong). Ham f : X — R dugc goi la

Lipschitz dia phuong tai x € X néu ton tai > 0 va hang s6 K sao cho
[f(21) = [(@2)| < Kl|@y — 25|, Vay, 22 € B(x,0).

Trong d6 B(x,d) 1a hinh cau mé tam x ban kinh 6.

Vidu 1.5. Néu f : X — R 14 ham Lipschitz dia phuong tai x thi ham f kha
vi Gateaux tai x khi va chi khi kh& vi Hadamard tai . That vay, néu f kha
vi Hadamard tai z thi hién nhién f kha vi Gateaux tai .

Nguoc lai gia st rang f 1a ham kha vi Gateaux tai x.

Vi f 14 ham Lipschitz dia phuong tai £ nén ton tai d; > 0 sao cho

|f(z1) = f(@2)| < K||wy — ||, Voo, xy € B(x,m1).
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Véi V 1a ta t trong X. £ > 0 dat ° ViV C
1 a ap CompaC rong y d 7“2 = . 1
20K + [|[Vaf(2)])

Uzev B(x,75) nén ton tai httu han hinh cau B(x;,ry),7 = 1,2,--+ ,n sao cho

V C U, Blx,rs).

Lay tap hitu han, déi xting tam U chta x1, x5, - - - , X, theo gia thiét f 1a kha
vi Gateaux tai z nén ton tai dy > 0 sao cho, v6i moi t € (—dy, &), moi y € U
" fla + ty) = (@)
r+iry)— Jjx €
o <va<I)7y> < 3.
t 2
Néi riéng
T +tx;) — J(x g .
TR I - (Vof@ha)| < =1 m
Dat § = min {71, 75, 00, T f » VO moi u €V thi ton tai
i9 sao cho u € B(x;,,2).
V6i moi t € (—9,0) ta c6 danh gia
| +tu — x| = [[t(u — @) + by || < |¢](ro + max{||z;||,i = 1,--- ,n}) <

va ||tx;, || < ri. Ta phan tich
S +tu) — f()

t
+{(Vaf (), 2 —u) +

Sl +tu) — f(x + tag,)
t

o <va<$>7 xi0> :

- <ng(£€), U> =

S+ ti) — f(2)
t

Do tinh Lipschitz ctia ham f nén

‘f(a:+tu) — f(x +txy,)
t

< K|u—z|| < Kry;

lai c6 danh gia
[(Vaf(x), zi, —w)| < |[Vaf()|r
nen

fl +tu) — f(z)
t

£ £ £
<r(K+|[Vef(@)|)+5<5+5=¢

o <va(£U),u> 9 9 9

Vay f la kha vi Hadamard tai x.
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1.2. Duéi vi phan S5-nhét

Dinh nghia 1.5 (Duéi vi phan S-nhét, [19, Dinh nghia 2.1]). Cho f: X —
R 1a mot ham nia lién tuc dusi va f(z) < +00. Ta néi ring f 1a khd dudi vi
phan B-nhdt va x* 1a mot dudi dao ham [-nhdt clia f tai x néu ton tai mot
ham Lipschitz dia phuong g : X — R sao cho g la S-tron tai z, Vgg(z) = 2*
va f — g dat cuc tieu dia phuong tai . Ta k¥ hieu tap tat ca cac dudi dao
ham §-nhét cta f tai x 1a Dy f(x) va goi la dudi vi phan 5-nhdt cia [ tai x.

Cho f : X — R 13 mot ham nia lién tuc trén va f(z) > —oo. Ta néi rang
f 1a kha trén vi phan B-nhdt va x* 1la mot trén dao ham (B-nhdt cua f tai x
néu ton tai mot ham Lipschitz dia phuong g : X — R sao cho ¢ 1a 5-tron tai
z, Vgg(xr) = 2" va f — g dat cuc dai dia phuong tai x.

Ta ky hiéu tap tat ca cac trén dao ham S-nhét ctia f tai x 1a Dj f(x) va
goi 1a trén vi phan B-nhdt ctua f tai x.

Nhan xét 1.3. Trong [19, Chu y 2.2] cac tac gid da dwa ra mot dinh nghia
theo gidi han cia trén vi phan S-nhét cua f tai x 1a tap 0z f () nhu sau:
x* € Osf(x) néu v6i moi € > 0, véi moi V € 3, ton tai n > 0 sao cho

flx+th) — f(z)
t

Ta c6 the kiem tra duge rang Dy f(x) C Osf(x). Trong [25] cac tac gia chi
ra rang Dy f(x) = Or f(x) trong trudng hgp khong gian X ton tai mot ham

—{(x*,h)y > —e, Vte (0,n), heV.

bu6u (tic 1a ham c6 gia khac rong va bi chan) la Lipschitz va khéa vi Fréchet.

Tuy nhién hai khai niém nay la khac nhau.

Xét ham f trong Vi du 1.2, dat ham ¢ : R* — R,

h) = =|f(h) = f(0) = Ve f(0)h] = —|f(R)].

Khi doé
1) 0cg(0) {0}
2) Dgg(0) = 0.

That vay, ta kiem tra dugec Vgg(0) = 0 do d6 dgg(0) = {0}. Ta ludon c6
D;g(0) C 95g(0) nén hoic D;g(0) = {0} hoac D;g(0) = 0. Néu D, g(0) =
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{0} thi ton tai ham Lipschitz dia phuong va kha vi Gateaux k sao cho k(0) =
g(0) =0, Vgk(0) = Vgg(0) = 0 va k < g trong mot 1an can ctia 0. Vi k 1a
mot ham Lipschitz dia phuong va khong gian R? hitu han chiéu nén k 1a kha
vi Fréchet tai 0. Nhu vay

fO+7) = J(0) = Vaf(Ohl _  k(h) — k(©O) _ [k(h) — k(O)]

17| N [ . ]

Do d6 f 1a kha vi Fréchet tai 0, dieu ndy mau thuan véi két qua ctia Vi du

1.2

Dinh 1y 1.1. 1) Néu 3, C 3, thi Dy, f(x) C Dy f(x) néi rieng Dy f(z) C
Dg f(z) C Dgf(x) vdi moi borno .

2) Néu f la ham lien tuc, f(x) hitw han va Dy f(x), Dj f(x) la hai tap khdc
rong thi f la B-kha vi tai x.

3) Néu B, C P va [ la By-khd vi tai © va [ khd dudi vi phan [Bo-nhdt tai x
thi Dy f(x) = {Vs, f()}

4) Dy f(x) + Dgg(x) C Dy (f +g)(2).
5) Dg f(z) la mot tap loi.
Chiing minh. 1) Két qua la hién nhién dudc suy ra tit dinh nghia.

2) Gia st 27 € Dy f(x) va x5 € Dy f(r). Khi d6 ton tai cdc ham gy, go
Lipschitz dia phuong va S-tron tai x, ] = Vzg1(x) va 25 = Vggae(x),
f — g, dat cuc dai dia phuong tai z, f — g, dat cuc tieu dia phuong tai
x. Khi do, ton tai d;, 95 > 0 sao cho

) = ay) < f(2) — g:(2), Yy € B(w,01),
) = 92(y) = [(x) — g2(2), Vy € B(x,02).

Lay 0 = min(d1,ds) ta c6 g2(y) — q1(y) < g2(2) — g1(2), Yy € B(x,0)
hay g, — g dat cuc tieu dia phuong tai . Theo dinh nghia duéi vi phan
B-nhét ta c¢6 x5 € {x]} hay x3 = x} goi phan tit nay la x*.
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Vi g1, go 1 B-kha vi tai  nén véi moi V' € 5, moi ¢ > 0 ton tai & > 0
sao cho v6i moi t € (—9,0), moi y € V thi

i+ )~ ) w,w‘ <o |EEFWZBE) e )<
Khi do
f(a:+tyt) —flx) (") < 91(x+tyt) — 9@ (2", y) < €
f(:c+tyt) G R C +tyt> — ) ey s e
T f(+ty) = f(w)
— ()| <e

Diéu nay la hién nhien vi néu z* € D} f(x) thi 2* € Dj f(x). Theo dinh
nghia duéi vi phan S-nhét, ton tai ham ¢ Lipschitz dia phuong, (3;-tron
tai x, Vg, g(z) = 2*. Va g la 5;-kha vi tai  nén v6i moi € > 0, moi
V C (B, ton tai & > 0 sao cho

e < g(ZU—Ft:I);) —g(ﬂf) . <$*,y> < e

Mt khac f(x +ty) — f(z) > g(x + ty) — g(x) nén
flz+ty) — flz)

t o <£U*,y> > + _ <x*7y> > —€
Do do
g < LT S0
Ham f 1a $;-kha vi tai x nén
(V5 (@), g > T =T

Suy ra
(@%,y) — (Vp, f(@),y) <2¢
do d6 x* = Vg, f(2).
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4) Lay p € D5 f(x),q € Dzg(z) khi do6 ton tai hai ham Lipschitz dia
phuong hq, hy sao cho hy, hy la B-tron tai @, Vhi(z) = p, Vgha(z) = ¢
va f—hy, g— hsy dat cyc tiéu dia phuong tai z. Suy ra f+g— (hy+hy) dat
cuc tieu dia phuong tai . Do d6 Vg(hi+hs)(x) = p+q € D5 (f+g)(z).

5) Véi p,q € D; f(z), @ € (0,1). Khi d6 ton tai hai ham g,h : X — R
Lipschitz dia phuong tai  sao cho g,h la S-tron tai x, Vgg(z) = p,
Vsh(x) =qva f — g, f — h dat cyc tiéu dia phuong tai x.

J) —gly) = f(x) — g(x),Vy € Bz, 1), (1.1)
fy) —h(y) > f(x) — W(x),Vy € B(z,r) (1.2)

v6l r > 0 nao doé.

Nhan bat dang thic (1.1) véi o va (1.2) véi 1 — o 1di cong theo vé ta co

) = lag + (1 =a)hi(y) = f(z) = [ag+ (1 = a)h|(z), Vy e B(z,0).

Suy ra Vglag + (1 — a)h|(z) € D; f(z), hay ap + (1 — a)q € Dy f(x).
]

Theo Nhan xét [1.2/ ta c6 cac két qua sau.

Nhan xét 1.4.
1) Dpf(x) C Dyp f(r) C Dy f(x) C Dgf(z).
2) Néu X la khong gian phén xa thi Dy f(x) = Dy 5 f ().
3) Néu X =R" thi D f(x) = Dy f(x) = Dy f(x).
4) Néu X =R thi D f(x) = D f(x).

Dinh 1y 1.2. Néu [ la mot ham loi xdc dinh trén tap loi C va v € C, vdi

moi borno B thi ta cé

D f(x) = Do f(x) = 9f(2).
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Chaing minh. Theo 1) trong Nhan xét |1.1)thi Dy f(x) C Dg f(x). Ngudc lai,
néu x* € Dgf(x) thi ton tai mot ham Lipschitz dia phuong g sao cho g 1a

B-tron tai x, Vag(z) = 2* va f — g dat cyc tiéu dia phuong tai z (ta c6 the
xem f(x) = g(x)). V6i moi y € C' ta c6

g(x +ty —x)) — g(x)

(x*,y —x) = lim

t—0~+ t
< lim f(ﬂf+t(y—t$)) —f@) 1.3)

Mt khac, v6it € (0,1) ta co biéu dién x + tly—x)=(1—1t)xr+tyvado f
14 ham 10i nén

fo+tly —x) <A =1)f(x)+tf(y)

hay
fle+tly —x)) — flx) <Uf(y) — f(x)).
Suy ra
i XD ZID oy iy, (1.4

Tu (1.3) va (1.4) taco (", y —x) < f(y)— f(z) Yy € C. Do d6 x* € Of(x).

Néu z* € 0f(x) thi chon ham g(z) = (z*,y — x) + f(x), khi d6 g 1a mot
ham Lipschitz dia phuong g sao cho g la S-tron tai x, Vgg(z) = 2" va f — g
dat cyc tieu dia phuong tai . Hay o* € Dy f(x) nen 0f(x) C Dy f(x). O

Tiép theo, ta ky hieu
Ds(X) ={g: X — R| g 1a bi chan, Lipschitz va $-kha vi trén X},
l9lloc = sup{lg(@)] : = € X}, [|Viglle = sup{[|Vsg(2)] - = € X}

va

Di(X) = {g € Ds(X)| Vg : X — X} 1a lien tuc}.

Ching toi stt dung cic gia thiét sau.

(Hg) Ton tai mot ham budu (titc 1a ham c6 gia khac rong va bi chan) b sao cho
be Dy(X); va
(H3) Ton tai mot ham buéu b sao cho b € Dj(X).
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Ménh de 1.1. Gid thiét (Hg) va (H}) duge théa man néu khong gian Banach
X ¢6 chuan la B-tron.

Chiting minh. Lay f : R — R 14 mot ham kha vi lién tuc ¢c6 dao ham bi chin
va cO gid chita trong doan [1, 3]. Vi dy, mot ham f duge cho béi

exp ((t_21)2_1) néu |t —2| <1,

f(t) =

0 néu |t —2| > 1.
Ta xac dinh ham b(x) = f(||x||) véi x € X. Rd rang b 1a bi chan va lien tuc
Lipschitz. V6i ||z|| < 1 hoac ||z|| > 3, b(z) = 0. Vi chuan la S-tron, b 14 kha

vi tai moi diém théa man 1 < ||z|| < 3. Két hop véi tinh tron cia f, ta c6
thé két luan rang (Hg) va (H}) 1a théa man. O

Trong trudng hop tong quat, diéu ngudc lai cia Ménh dé|1.1| khong ding.

Mot vi du cho diéu nay c6 thé dude tim thay trong [40, tr. 59], trong dé cac
tac gid da chi ra rang ton tai mot ham budu lién tuc Lipschitz, kha vi Fréchet
trong khong gian Banach X nhung ham chuan khong kha vi Gateaux tai bat
ky diém nao (do d6, ham chuan khong kha vi Fréchet).

Trong [26], céc tac gid da thiét lap nguyen 1y bién phan tron trong khong
gian Banach X trong d6 ton tai mot ham budu Lipschitz, bi chan va khé vi.
Nguyén 1y nay dude nhic lai trong ménh dé duéi day.

Ménh dé 1.2 ([26, Chua y I1.5]). Cho X la mot khong gian Banach théa man
gid thiét (Hpg) (tuong ing, (H})) va f : X — RU{+oo} la mot ham mia lien
tuc dudi va bi chan dudi tréen X. Khi dé ton tai mot hang s6 a = ax > 0 sao
cho vdi moi € € (0,1) va yo € X théa man f(yy) < infx(f) + ag?, ton tai
mot ham g € D(X) (tuong ing, g € D5(X)) va xg € X sao cho:

(a) f+ g dat cuc tieu tai To;
(b) [lglle < € va[[Vpglle < e

(c) |0 —yoll < e

Tu Ménh deé [1.2)ta c6 két qua sau.
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Meénh dé 1.3. Cho X la mot khong gian Banach théa man (Hg) (tuong ting,
(H3)) va E la mot tap con dong cia X. Khi dé, vdi ham nia lien tuc dudi,
bi chan dudi f trén E va moi € € (0,1), ton tai g € Dg(X) (tuong ing,
g € Di(X)) va xg € E sao cho:

(a) f+ g dat cuc tiéu tai T;

(b) lgllec <€ va [|[Vaglleo < e
Chitng minh. Ta md rong ham f thanh ham f xac dinh tren X bdi

Fla) f(x) néux € FE,

00 néuz ¢ FE.

Do E 1a déng va theo tinh chat ctia ham f thi fla nua lién tuc dudi va bi chan

dudi. Nhu vay, véi moi € > 0, ton tai yy € X sao cho f(yy) < infx(f) + €.

~ ~

Hon ntta, f(yy) < co va yy € E tirinfx(f) + € < oo. Theo Ménh dé (1.2, ton
tai mot ham g € Dg(X) (tuong ting, g € D(X)) va xy € X sao cho:

(a) fv—k g dat cuc ticu tai zy;
(b) lgll < €va[[Vegllo <e.
Theo (a) thi (f +¢)(y) > (f+¢)(xo) véi moi y € X. Néi rieng, véiy € E,

ta c6 00 > (f +9)(y) = (f +9)(y) = (f + 9)(wo)- Tit [|g]l < €, ta két luan
rang £y € F. Nhu vay, ménh dé dugc chitng minh. O

Tuong ty, khi f 1a nita lién tuc trén va bi chin trén & trén £, ham ]? =—f

]a ntta lien tuc dudi va bi chan duéi tréen E. Ta c6 két qua sau.

Meénh dé 1.4. Cho X la mot khong gian Banach théa man (Hg) (tuong ting,
(H;)) va E la tap con dong cia X. Véi moi ham nita lién tuc trén va bi chin
trén f d trén tap E va moi e € (0,1), ton tai mot ham g € Ds(X) (tuong
ing, g € Di(X)) va mot xy € E sao cho:

(a) f — g dat cuc dai tai xo;
(0) |9l <€ wa [|[Vpglle < e
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Meénh dé sau cho ta thong tin vé méi quan hé gitta duéi vi phan S-nhdét
cua mot ham bi chan nua lién tuc trén va mot ham bi chan nia lién tuc dudi.
Két qua nay dudc dung dé chiing minh tinh duy nhat ctia nghiém S-nhét cho
phuong trinh Hamilton-Jacobi.

Meénh dé 1.5. Cho X la mot khong gian Banach théa man gid thiét (Hj) va
u, v la hai ham bi chan trén X sao cho u la nia lién tuc trén va v la ham nida
lien tuc dudi. Khi dé, ton tai hang s6 C sao cho vdi moi € € (0,1), ton tai
r,y € X,p € Dju(x),q € Dyv(y) sao cho:

(a) lz —yll <& vallp—qll <&
(b) Véi moi z € X, v(z) —u(z) > v(y) —u(x) —¢;
(c) lz = yllvIpl < Ce, llz—yllVIdll < Ce.

Chitng minh. Lay b € Dj(X) 1a mot ham buéu sao cho b(0) = 1 va ¢6 gid nam
trong hinh cau don vi. Néu can, ta c¢6 thé thay thé ham b bsi ham ¢ o b trong
d6 ¢ : R — R Ia ham budu lién tuc, kha vi va théa man 0 < ¢ < 1, p(0) = 1,
ta c6 the gid st rang 0 < b < 1. Lay M = sup{||Vsd||s, 1} va A > 0 thoa
man

A > dmax(|||oo, [|V]|s0) + 1.

Xét ham w : X X X — R duge xéc dinh bdéi

w(z,y) = v(y) — u(x) — b (“; - y) .

52

w 1& ham nita lién tuc dudi va bi chan dudi trén X X X va khong gian X x X
théa man (Hj) (v6i ham budu B xic dinh béi B(x,y) = b(x)b(y) thudc
Di(X x X)). Nhu vay, tit Ménh deé [1.2] dan dén ton tai (z,y) € X x X va
g € Di(X X X) sao cho

(1) [l9llee < €/2va [[Vaglle < /2,

P

(ii) véi moi (7,y) € X x X,

AN AN

r — r —

o= 0@ =30 () 490 > viy)—utw)— 20 (T2 +g(o0),
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C6 dinh T = x, khi d6 v 1a kh& dudi vi phan S-nhét tai y va

A xT—1y _
0= -5 ("5Y) - Vig o) € Dyoly)

Tuong tu, u 1a kha trén vi phan S-nhét tai  va

A x—1y
pz—;Vﬂ)(

52

) + Visg.(2,y) € Dyu(x).
Ta c6
Ip—all = IVsg:(z,y) + Vg, (z,y)]| <e.
Néu ||z — y|| > €2, thi v6i moi z € X,
v(z) —u(z) = A+9(z,2) = v(y) —u(z) + g(z,y),

diéu nay mau thuan véi viec chon Iga A. Do dé ||z — y|| < €. Khang dinh (a)
dugdc chiing minh.

Mit khac, tit [|g]lw < £/2 va 1 = b(0) > b (x _ y), ta co
E

o)~ ) 2 o) — ut@) + A (1-5 (T5Y) ) + o) - 9622
> v(y) —u(x) —e.
Vay khang dinh (b) dudc chiing minh.

Hon ntra,

N
2= ylly/ Il < e/ =5 + g — c(y/AM +3/2) < eVAM + 1.

tuong tu ||z — y||/||q]] < eVAM + 1. V6i C = /AM + 1, ta c6 két luan (c).

Ltc nay khang dinh ménh dé dude chitng minh. []

Nhan xét 1.2. Két luan a) 13 mot phién ban ctia két qua a) trong [26], Bo
dé I11.6, ching toi diéu chinh dé dat dugc két luan c). Chiing minh két luan
c¢) la ctia chiing t6i dya vao ¥ tuéng ching minh trong [19, Dinh 1y 3.2].

Dinh 1y duéi day cho chung ta thong tin vé su lién hé gitta cac duéi dao ham
B-nhét ctia ham bi chan, nta lién tuc dudi. Két qua nay dude st dung trong
viéc chitng minh tinh duy nhat nghiém S-nhét ctia phuong trinh Hamilton-

Jacobi.
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Pinh 1y 1.3. Cho X la mot khong gian Banach vdi chuan tuong duong vdi

chuan SB-tron va fi,---, fv : X = R la N ham nia lién tuc dudi, bi chan

dudi va lin(l)inf{zgzl falyn) : diam(yy, -+ ,yn) < n} < 4+oo. Khi dé, vdi
n—

moi € > 0, ton tegi x, € X,n=1,--- N va z}, € Dy f,(z,) théa man
(Z) diam(‘rla T 7IN) maX(17 Hxﬂ’? T Hx}ﬁVH) <&
N N
(i) Zl fulwa) < inf ; ful@) + &

N
(i) | Y ai| <e.
n=1

Chitng minh. V6i mbi sé thuc t > 0, ta xac dinh ham w, : X — R cho béi

N N
wy(Ty, -, TN) = an(xn> +1 Z |20 — me2'
n=1

n,m=1

bat M, = inf w,, khi d6 M, don diéu tang theo t va bi chin trén bdi

n—0

N
« := lim inf {Z fulx,) : dlam(zxy, -+ ,zy) < 77} :
n=1

That vay, v6i € > 0 bat k¥, ton tai 79 > 0 sao cho v6i moi 0 < n < 7, thi

N
inf {Z fulx,) : dlam(xy, -+ ,zy) < 77} < a+e.
n=1
Chon 7 € (0,7,) théa man t.N*.n* < e. Khi d6, ton tai y;, -+, yyx sao cho

diam(yla e 7yN> <n

va

an(yn) < inf {Z folxy,) : diam(zy, -+, zn) < 77} 4 oe.

Theo cach chon 7 6 trén ta co6 tzgmzl |9 — Ym||* < € nén

N N
Z fn<yn> +1 Z Hyn o ym”2
n=1 n,m=1

31



N
< inf {Z fulx,) : diam(xy, -+ ,zy) < 77} + 2e < o + 3e.

n=1
Do d6 M, < a+ 3¢, ma € > 0 bat ky néen M, < o. Dat M = lim,_, ., M,.

Trén khong gian tich X» ¢6 mot chuan tuong duong véi mot chuan S-tron.
V6i moi t > 0 ap dung nguyén ly bién phan tron [18] cho ham w; ton tai ham

¢, 16, Ct va 2t 'n = 1,--- N sao cho w; + ¢, dat cyc tieu dia phuong tai
(373, T 755?\[)? Hvﬂ(/bt(xi: T 7553\/')“ < 8/‘N va
; ; . 1 1
wy(xy, -, Thy) <1nfwt+; §M+;. (1.5)

V6i moi n, ham

y'_>wt<x§7"° n17y7 n+17"'7$§\7>+¢t(xt17"' n17y7 n+17"'7x§\7>
dat cyc tieu dia phuong tai y = f. Nhu vay, v6in =1,--- , N thi
vt = =V o2, 2l —thvﬁH (af, —al) € Dy fu(2h). (1.6)
Do doé
N N
Zx:t:_zvﬁ$n¢t(aji7...7 _2tzzvﬂu SC —ZC
n=1 n=1 n=1 m=1
- ijzl vﬁxn(bt(xiv T 7555\[)” <eva
Vall - PG, = a,) + Vil - 2, — ) = 0
nen
N
Zx;t <€
n=1

Theo Dinh nghia M,;, két hop véi (1.5) ta co

Mt/2 < wt/Q(ZEIi? U 7x§\f) - wt(:ﬁi? Ly Iny) T3 Z HZC o xm”2

nml

1
<Mt—|—;—_ Z ||$ —CCmH2

n,m=1
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Do do

L

N
£ Nl =l < 2= My +

n,m=1

va tu d6 ta co két luan

N
. E : t ot 12

n,m=1

Suy ra

lim diam(zt.--- .2%) = 0.
oo ( 1 ) N)

Mit khac ta ¢6 danh gia [V - [|*(2)|| < 2||z|| nén ti cong thic (1.6

23, < N = Va,du(@h, - 2| + 2t

ZVH (2t —

< % +2t22||:1;; —al || < % + 4tN diam (', - - -, 2y

m=1
suy ra tL1r+n % || = 0 do d6
dim diam(at, - @) max(lla, [l flag,|) =
va
dim diam(ay, - @) max(L (|27, [l ) =

Nhu vay, vi a la mot chan trén cia M, nén ta co

N
< Tim | EE <
M < ?171Lr(1)1nf {Z fu(x,) : diam(x, ,Tn) < 77}

n
N
1 ] pr— e o o t
< lminf) o) %%wat st S M
n—

n—0

N
M = lim inf {Z fulxy,) - diam(xq, -+ ,zn) < 77} :
n=1

Vé6i n > 0 bat ky ta co

inf {Z fulx,) : diam(xy, -+ ,zy) < 77} < ;g‘(an(:U)
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suy ra

N N
T i . < < |
M = lim inf {Z fal@a) : diam(zy, - -+, zy) < n} = ;2%2_; falz)
Theo céch xac dinh ham w; ta c6 S0 fu(zh) < wy(at,-- -, k). Tl cong
P . N . N £
thic (1.5) ta c6 Y, fa(zh) < M + 1 < ;g{ >onet fulz) + 1. Lay z, = o,
vax, =a, ,n=1,--- N v6itdilon ta cé két luan ctia dinh ly. O

Pinh 1y 1.4. Cho X la mot khong gian Banach vdi chuan tuong duong vdi

chuan B-tron. Gid st Q2 C X la tap md va fi,--- , fv : Q — R la N ham nia
lien tuc dudi, bi chan. Khi dé, véi moi e > 0, ton tai v, € Q,n=1,--- , N

va Ty, € Dy fu(xy,) théa man

(Z) diam(xla T 7$N) maX(lv Hf1kH7 T ”x?VH) <&,
N N
() Y falma) < inf Y fulz) +e,
1 zel) —
N
(iid) ||Y x| <e
n=1
Chitng minh. Thac trién cic ham f,,n =1, -+, N thanh cac ham ]}; tréen X,
vGi
~ fo(x) néuzx e,
fn<x> — / _
00 néu x ¢ Q.
Khi do, ta thay rang f;, n=1,---,N la cac ham nita lién tuc dudi va bi chan
duéi trén X. Theo Dinh 1y (1.3, v6i mdi e > 0, ton tai x,, € X,n=1,--- . N
va x;, € Dj fu(x,) sao cho
(Z) diam(xla T 7$N) maX(lv HCUTH7 T ”x?\f”) <&,
N o N o
(i) ;mn) < gg)f(;fn(@ +é, (1.7)

(iii) <e

N
*
>
n=1
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duge thdéa méan. Vi inf,cx ij:l ﬁz(a?) < 00 nén tit cong thic (1.7) ta co
T, €Q,n=1,---,N.Khido (1.7) tré thanh

D falzy) <inf Y fulz) +e,

xel)
n—

vay Dinh 1y |1.4] dugc chiing minh. [

Két luan chuong 1

Trong chuong 1 nay ching toi tap trung mot s6 van dé chinh:

1) Dua ra mot s6 nhan xét vé 5-kha vi, mdi quan he gitta cac £-kha vi khi céc
borno 3 ¢6 moéi quan hé bao ham. Dic biét 14 dua ra mdi quan hé gitta cac
dao ham thuong giap nhu: Fréchet, Hadamard yéu, Hadamard, Gateaux. Bén
canh do6 trong noi dung ctia chuong cing dua ra cac vi du cho thay su khac
nhau gitta cac dao ham Fréchet, Hadamard yéu, Hadamard, Gateaux. Tuong
ting voi khai niem [£-kha vi, ta ¢6 khai niém duéi vi phan S-nhét, trén vi phan
B-nhét. Trong chuong nay ciing dua ra mot s6 nhan xét vé tinh chat dudi vi
phan thuong gap vd moi quan hé ctia duéi vi phan thuong giap. Chi ra mot s
truong hop dic biet ma tap dudi vi phan ctia cic ham bang nhau.

2) Chitng minh dudc céc két qua vé quy tic tong md clia S-dudi vi phan.

35



Chuong 2

NGHIEM [3-NHGT CUA PHUONG TRINH HAMILTON-JACOBI
TRONG KHONG GIAN BANACH

Noi dung ctia chuong nay 1a chitng minh tinh duy nhat ctia nghiém S-nhdét
(ching yéu hon nghiém Fréchet-nhét) cho phuong trinh Hamilton-Jacobi dang
u+ H(x,Du) = 0 va u+ H(x,u, Du) = 0 trén mot tap Q C X bang ky
thuat gap doi s6 bién. Két qua nay dugc chi ra trén mot khong gian Banach
X c6 mot chuan fS-tron hodic chuan tuong duong véi mot chuan [S-tron ma
khong st dung gid thiét Radon-Nikodym. Trong chuong nay ching toi cling
chting minh su ton tai va tinh én dinh ctia nghiem. Cu the, theo phuong phap
Perron (duge dé xuat bdi Ishii, H. trong [34]), ching toi chi ra rang trong mot
so6 dieéu kién nhat dinh phuong trinh ¢6 dang v + H(z,u, Du) = 0 ¢6 nghiém
[-nhét on dinh. Cac két qua trong chuong dudce viét dya trén bai bao [1] trong
Danh muc cong trinh khoa hoc ctia tac gia lien quan dén luan an. Trong luan
an nay, két qua veé su ton tai nghiém cuia bai toan Dirichlet can thém gid thiét
ton tai nghiém dudi va nghiém trén bang nhau trén bién (so véi dinh 1y ton

tai nghiém trong bai béo [1]). Dong thoi ching toi chiing minh thém mot két

quéi vé sy ton tai nghiém ctia phuong trinh Hamilton-Jacobi (Dinh 1y [2.6)).

2.1. Tinh duy nhat ctia nghiém 3-nhét

Cho X la mot khong gian Banach thiyc v6i chuan S-tron || - || (xem noi
dung cu thé trong muc sau), 0 C X 1a mot tap con md. Ching ta nghién citu
st ton tai, tinh duy nhat, tinh on dinh ctia nghiém B-nhét cho phuong trinh

Hamilton-Jacobi sau
u+ H(z,u, Du) = 0 trén €, (2.1)
véi dieu kieén bién (trong trudng hop Q # X)

u = @ trén OS). (2.2)
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(?jdayu:Q%Rvagp:(?Q%R;H:QXRXXE%Rlacéchamliéntuc,
trong do X 5 la khong gian ddi ngau cia khong gian Banach X, véi topo 73

(xem muc [1.1.)).

2.1.1. Nghiém [S-nhét

Dinh nghia 2.1 (Nghiém ([-nhé6t ctia phuong trinh). Mot ham u : © — R
ducc goi la

(1) mot nghiém dudi 5-nhdt cia (2.1) néu v 1a nita lien tuc trén va véi moi
r€Q, v" € Diu(x), u(x) + H(z,u(r),z") <0;

(i) mot nghiém trén B-nhdt cia (2.1) néu u la nia lien tuc dudi va v6i moi
re€Q, "€ Dyu(x), u(r) + H(x,u(z),x*) > 0;

(iii) mot nghiém [B-nhdt ctia (2.1) néu u vita 13 mot nghiem dudi S-nhét vira

14 mot nghiém trén S-nhét.

Dé thuan tién, sau day ching t6i stt dung cic cum tit "nghiém S-nhét cia
u+ H(x,u, Du) < 0" va "nghiém dué6i S-nhét ctia u+ H (x, u, Du) = 0" thay
thé cho nhau. Tuong tv véi cum tir "nghiém S-nhét ctia u+ H (x, u, Du) > 0"
va "nghiém trén S-nhét cta v + H(x, u, Du) = 0".

Vi du 2.1. Cho X = R v6i Gateaux borno-G. Khi d6, ham u = 1 — |z| 1a
mot nghiem G-nhét cua

u(x) + H(x,u, Du) = 0 trén R, (2.3)
trong d6 H(z,u, Du) = —u + |Dul| — 1.

That vay, véi x > 0 ta co6 u =1 — x. Do d6, Dou(x) = Diu(z) = {—1}.
V6i x <0, tacou=1+z, néen Dzu(x) = Diu(x) = {1}. Trong mdi truong
hgp thi (2.3)) thoa man.

Tai x = 0, ta c6 the chi ra rang Dsu(0) = 0, D5u(0) = [—1,1]. Theo dinh
nghia u = 1 — |z| la mot nghiem G-nhdét cta (2.3). Ta thay rang ham v khong

kha vi tai £ = 0 nén né khong phai 14 nghiém co dién cta (2.3).

Vi du sau day chi ra rang c6 mot phuong trinh ton tai nghiéem F-nhét
nhung khong ton tai nghiem G-nhét, vi du nay duge chiung toi 1y ¥ tudng
trong [19, Vi du 3.6].
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Vi du 2.2. Xét khong gian X = [. Trén khong gian nay ham chuan || - || kha
vi Gateaux tai cac diém z = (x,) € I' ma x, # 0,Vn € N va khong kha vi
Fréchet tai bat ki diém nao (xem Vi du [1.4). Xét phuong trinh

u(z) + H(z,u, Du) = 0 trén X (2.4)

trong d6 ham H (x,u, Du) =1 — u + |Dul.

Ham u(x) = ||z|| khong 14 nghiem dudi G-nhét cta (2.4) vi tai cac diem
r ma ¢ d6 ham v kha vi thi Dfu(z) = {Du(z)}, khi d6 bat dang thic cho
nghiem dudi G-nhét clia (2.4) tr6é thanh 14 |Du| < 0 (vo 1i). Do d6 né khong
la nghiem G-nhét. Nhung ham wu(z) = ||z|| lai 1a nghiém F-nhét ctia (2.4).

That vay, dé thay u 1a nghiém trén F'-nhét. Hon nita, do w 13 ham 16i va khong
kha vi Fréchet tai bat ki diém nao, nén Dju(x) = (). Do vay u ciing la nghiém
du6i F-nhét cia (2.4]).

Dinh nghia 2.2 (Nghiém S-nhdét clia bai toan Dirichlet). Mot ham u : Q — R
duge goi 1a mot nghiém dudi (twong tng, nghiém trén, nghiém) B-nhdt clia bai

toan (2.1)-(2.2) néu u 1a mot nghiem dudi S-nhét (tuong tng, nghiém trén,

nghiém) ctia phuong trinh (2.1) va u < ¢ (tuong Gng u > @, u = @) trén JS.

Trude hét, ching ta nhic lai mot s6 két qua bo trg. Mot ham m : [0, 0o) —
[0, 00) duge goi 1a mot modun néu né lien tuc, khong am, khong giam, dudi
cong tinh trén [0, o0) va m(0) = 0. Ta ciing néi rang ham o : [0, 00) X [0, 0c0) —
0, 00) 1a médun dja phuong néu ham o(r, R) 1a mot modun véi mdi R > 0

va o(r, R) lién tuc va khong gidm theo ca hai bién.

Nhan xét 2.1. Néu ham m : [0, +00) — [0, +00) 1a mot modun thi:

a) Ton tai cac so thuc A, B sao cho m(xz) < A + Bx véi moi x € [0, +00).
That vay, v6i moi x € [0, +00), lay [z] 1a phan nguyén ciia z va A 13 gia tri
16n nhat cia m trén [0, 1] khi d6 m(z — [x]) < A. Do d6

mi@) =m(L+ 1+ -+ Lo — o))

-~

[x] sO

< [z]m1) + m(zx — [z]) < m(l)xr+ A= A+ Bux,
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trong d6 B = m(1).
b) V6i moi € > 0, ton tai so thuc C. > 0 sao cho

m(z) < e+ C.x véimoi x € [0,+00).

That vay, do m 1 lién tuc tai 0, ton tai 6 > 0 sao cho z € [0,0) kéo theo
m(x) < e. V6imoi x € [0, +00), lay n 1a so ti nhien théamann < 5 < n+1.

Diéu nay dan dén

m(x) =m(Q+0+---+90+x — no)

< nm(d) + m(x —nd) < m(5)% +e=c+C.z,

trong d6 C. = @.

Tiép theo, ching toi dua ra cic gid thiét vé ham H.

(HO) Ton tai mot ham lien tuc wp X3 — R v6i moi R > 0, théa man
|H(z,r,p) — H(z,7,q)] < wr(p — q)

véi moi x € X, p,q € Xj var € R sao cho ||z, [|q]], ||p|| < R.

(H1) V6i méi (x,p) € X x X}, r+— H(x,r,p) la khong giam.

(H1)* V6i méi (x,p) € X x X}, r— H(x,r,p) lalien tuc Lipschitz v6i hang
sO Lipschitz Ly < 1.

(H2) Ton tai mot modun dia phuong o sao cho

H(ZC,T,p) o H(I,T,p + Q> < OH(HQHv HpH + HQH>
véimoi r € R, x € Qvap,q € X;.
(H3) Ton tai mot modun my sao cho

H(y,r, \(Vs|l.II") (@ — y)—H (z,r, \(Vs]|.|*)(x — )
<mygAl|z —yl*+ |z —yl)

véimoi x,y €E Qvéix £y, reRva > 0.
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Vi du 2.3. Gia st rang X 14 mot khong gian Banach véi chuan 8-tron. Cho
b: X — X la mot ham bi chin va lién tuc Lipschitz. Xét ham:

H(w,r,p) = (. b)) va HY,7,p) = 57 + (p, b))

Ta c6 thé chi ra ring ham H théa man gia thiét (HO), (H1), (H2) va (H3). Cu
the, néu b 1a bi chan trén X béi hang s6 K va hang sé Lipschitz 1a L;, thi
[H(x, 7, p) = H(z,r,q)| = [(p = ¢, b(x))| < |[p — qll[b(=)
< Klp—ql = walp — q)
véimoi x € X, p,q € X*,r € R thoa man ||z, |q||, |[p|| < R. Nhu vay, (HO)
théa man. Hon nita (H1) va (H2) 1a hién nhién. Ta ciing c6
H(y,r, \(V[l.I") (& —y)) = H(z,r, A(V5]I°)(z — )
= (A5l IM) (@ =), b(y) — b))
<SAKL |l =yl
<AKLAlle = yl* + [l = yl))
= my(AM|z —ylI* + = — yl).
Do do6, (H3) dugc théa man.
Tuwong tir, ham H* théa man gia thiét (HO), (H2), (H3). Ciing dé ¥ rang
ham H* khong théa méan (H1) trong khi d6 n6 thoa man (H1)*.
2.1.2. Nghiém bi chan

Dinh 1y 2.1. Cho X la mot khong gian Banach thoa man gid thiét (H}) (d

trang |20) va w,v la hai ham bi chan trén X sao cho w la ham nia lién tuc

trén va v la ham nia lien tuc dudi. Gid st rang F(x,u, Du) = u+ H(z, Du)
va H : X X X5 — R théa man gid thiét sau:
(A) vdi moi x,y € X va x*,y* € X},

|H(z,2") = H(y,y")| < w(z —y, 2" —y") + Kmax(y/[[2*[], \/ly*[D ]|z = yll,

trong dé K la mot hang so vaw : X X Xj — R la ham lién tuc va w(0,0) = 0.
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Néu u la mot nghiém dudi B-nhdt, v la mot nghiém trén B-nhdt cia phuong
trinh

F(z,u, Du) =0 (2.5)

thi u <.

Ching minh.

Lay € > 0 1a mot s6 duong bat ky. Vi ham w lien tuc tai (0,0) va theo gia
thict (A), ton tain € (0,¢) va mot lan can Vj ctia 0 trong X sao cho véi moi
v,y e X, |lr—y|| <nvaxt,y e X} ot —y* € Vjtaco

H(z,a") — H(y.y")| < e+ K max(y/ el /Il Dlle =l (26)

Khong mat tinh tong quét ta c6 thé chon 1 sao cho V1 <E.

Theo Nhan xét [1.1], trén X*, topo Fréchet 77 1a topo manh nhat trong 16p

tat cd cic topo 75. Do d6 Vi 1a mot 7p-1an can ctia 0. Nhu vay, ton tai 7 > 0

(ta c6 thé gia st réng r > /7, vi ¢6 thé chon 7 nhd) sao cho B(0,r) C Vj.

Ham u, v thda man gid thiét cia Ménh de|1.5, do do6 ton tai x,y € X,p €
Dju(z),q € Dzv(y) sao cho ||z —y|| <n, [[p—q|| < /0 <7, véimoiz € X
th o(2) — u(z) > o(y) — u(z) — 77 > o(y) — u(z) — ¢ v |z — ol <
Cyn < Ce, ||z —yllV/llq|| < Cyn < Ce (véi C' > 0 la hang s6 duge xac
dinh trong Ménh dé|1.5)).

Tu w la mot nghiem duéi S-nhét va v 14 mot nghiém trén S-nhét cua

phuong trinh (22.5)), nén

u(xz) + H(x,p) <0, v(y)+ H(y,q) > 0.

Do d6 v6i moi z € X ta co

Vv

v(z) —u(z) 2 v(y) —u(r) —e = H(x,p) — H(y,q) — ¢

> (e + K max(y/ [l o/l D le — yl)) — &, theo @6
> —(2+ KC)e.

Tt € nho bat kv, ta ¢c6 v > w. O

Hé qua 2.1. Dudi gid thiét cia Dinh ly|2.1, nghiém [(B-nhdt trong lop ham

lien tuc va bj chan cla phuong trinh u + H(x, Du) = 0 la duy nhat.
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Ching minh.
Néu u, v 1a hai nghiém S-nhét ctia phuong trinh u + H(x, Du) = 0, khi

d6 u 1a nghiem duéi S-nhét, v 1a nghiém trén S-nhét. T Dinh 1y [2.1] ta c6

u < v. Tuong ty, v 1a nghiém duéi S-nhét va u 1a nghiém trén S-nhét nén

v < u. Tu dé ta c6 két luan ctia hé qua. ]

Nhan xét 2.2. Tinh duy nhat ctia nghiem S-nhét 6 day 1a su md rong cia
[19, Dinh 1y II1.2], nghiém cta ching to6i 1a ham nam trong 16p ham lién tuc
va bi chin con 6 trong [19] thi nghiém nam trong 16p ham lién tuc déu va bi
chan.

Trong két qua tren dieu kién vé ham H con xuat hién can bac hai cia [|z*||,
de dat dugc két qua tinh duy nhat nghiem B-nhét trong 16p ham bi chan ta
c6 dinh 1y dudi day, tuy nhién mot trong nhiing diéu kién can c¢6 dé 1a khong
gian Banach X phai c6 chuan S-tron hodc chuan tuong duong véi mot chuan
[-tron.

Pinh 1y 2.2. Cho X la mot khong gian Banach vdi chuan tuong duong vdi
mot chuan B-tron. Xét F(x,u, Du) = v+ H(x, Du) véi H : X x X} — R
théa man gid thiét:
(B) véi moi x,y € X va x*,y" € X},

[H(z,2") = H(y,y")| < w(z —y, 2" —y") + Kmax(||l”[], [|y"[) ]|z — ],

trong dé K la hang s6 duong va w : X X X5 — R la ham lién tuc vdi
w(0,0) = 0.

Cho uw,v la hat ham bi chan sao cho uw nia hén tuc trén va v nua lién tuc
dudi. Néu u la nghiém dudi B-nhdt va v la nghiém trén B-nhdt cia phuong
trinh F(z,u, Du) =0 thi u < v,

Chitng minh. Lay € 1a hing s6 duong bat ky. Theo gia thiét (B) ton tai n €
(0,€) va mot lan can Vj cta 0 trong X* sao cho véi ||z; — zof| < 21 va
xr] — x5 € Vi thi

[H (w1, 1) — H(@2, 23)| < € + K max(||l2"[], ly*[D]lz — yl|.
Trén X* topd Fréchet 77 1a topo manh nhat trong cac topo 73 nén Vy 1a mot
Tr-1an can ciia 0. Do vay, ton tai 7 > 0 (ta c6 thé gia thiét r > 7, néu khong

thi ta gidm 7)) sao cho B(0,r) C Vj.

42



Ap dung Dinh 1y 1.3/ cho ham f; = v, f, = —u ton tai 1] € Dyv(r) va

vy € Dju(zs) thoa man
(1) il ley = 22l <& va lagf]|ley — 2o <
(i) zy — x5 € B(0,7);

(i) v(xy) — u(xe) < i%f(v —u) +e€.

Vi u 1a nghiém dudi S-nhét nén ta co

F(xq, u(xs), x5) = u(xs) + H(xg,25) <0
va v 1a nghiém trén S-nh6t nén

F(zy,v(zq),2]) = v(x1) + H(21,27) > 0.
Do d6, v6i ||z — xo|| < 21 va z] — b € Vj,

igl(f(v —u) > v(xry) —u(we) — €

> H(ws,2}) — H(y,2}) — > —=(2 + K).

Vie > 0 bat ky nén infx(v — u) > 0 hay v > u. ]

Chitng minh tuong tu He qua [2.1| ta duoc két qua sau:

Hé qua 2.2. Dudi cac gid thiét cua Dinh (2.2, nghiém nhdt trong Idp ham

lién tuc, bi chan cia phuong trinh F(x,u, Du) = 0 la duy nhat.

Vi du sau chi ra mot phuong trinh ma diéu kién (B) ctia Dinh 1y [2.2| khong

théa man va phuong trinh khong c6 nghiém duy nhat.

Viduy 2.4. Xét X = R? va véi x = (21, 22);p = (p1,p2) € X ham Hamilton
duge xac dinh H(z,p) = —||p||* = —p] — p5. Khi d6 phuong trinh u +
H(xz, Du) = 0 ¢6 hai nghiém c6 dién la u = 0 va ham v = 1||z||*. Gia thiét
(B) khong théa man vi ta c6 thé thay véi x,y,p,q € X sao cho ||z — vyl
va ||[p — q|| dan dén 0 thi |H(x,p) — H(y,q)| dan dén 0. Tuy nhién dieu
nay la khong dang. That vay véi § > 0, lay p = (§ + %,O);q = (%,O) thi
|H (2, p) — H(y, q)| > 2.
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Dinh 1y sau 1a mot két qui quan trong trong viéc chting minh tinh duy
nhat nghiém cta phuong trinh Hamilton-Jacobi trén mot tap mé Q C X.
Trong két qué nay ching toi can dung téi tinh chat lién tuc déu cia nghiém
[B-nhét.

Pinh 1y 2.3. Cho X la mot khong gian Banach vdi chuan tuong duong vdi
mot chuan B-tron. Q C X la mot tap md.

Xét F(x,u, Du) = u+ H(x, Du) vdi H : X x Xj — R thoa man gid thict:
(C) vdi moi x,y € X va x*,y" € X},

[H(x,2") = H(y,y")| < wlz —y, 2" —y") + Kmax(||l2"[], [|y"[) ]|z — yll.
trong dé K la hang s6 duong va w : X X X5 — R la ham lién tuc vdi
w(0,0) = 0.

Gid st u,v la hai ham zdc dinh, bi chan va lién tuc déu trén Q. Néu u la
nghiém dudi B-nhdt va v la nghiém trén B-nhdt cia phuong trinh F(x,u, Du)
0 vau <o tren 00 thi u < v trén .

Chitng minh. Lay € 1a hing s6 duong bat ky. Theo gia thiét (C) ton tai n €
(0,€) va mot lan can Vj ctia 0 trong X} sao cho véi |71 — x5f] < 21 va
xr] — x5 € Vi thi

[H (21, 27) = H(w2, 23)] < &+ Kmax([lay]], [|25])) |21 — 2.

Trén X*, topo Fréchet 7x 1a topo manh nhat trong céc topo 73, nén Vs la
mot Tp-1an can cia 0. Do vay, ton tai » > 0 (ta c6 thé gia thiét » > 7, néu
khong thi ta gidm 7) sao cho B(0,r) C Vj.

Ap dung Dinh 1y [1.4] cho ham f; = v, f, = —u ton tai z1, 25 € Q,

v} € Dyv(xy) va x5 € Diu(ry) théa man
() il llzy — zof| < & va f|lag]]. lzy — 2] <&
(ii) =7 — x5 € B(0,7);

(iii) v(xy) — u(ze) < i%f(v —u) + €.
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Néu x; € 0Q thi v(x;) —u(xy) > u(x;) — u(xs), do tinh lién tuc déu ciia ham
u nén ta c6 thé suy ra u(x;) — u(xy) > —e.

Néu zy € 09 thi v(x,) —u(xy) > v(x;) — v(x), do tinh lién tuc déu clia ham
v nén ta c6 the suy ra v(x;) — v(xy) > —e.

Trong c& hai truong hop trén ta déu c6 duge infg(v — u) > —2e. Vie > 0
bat ky nén infg(v — u) > 0.

Néu z;, xy € Q thi do u 13 nghiém dué6i S-nhét nén ta co
F(zo, u(xs), 5) = u(xs) + H(xg,25) <0
va v 1a nghiém trén S-nhét nén ta co
F(zy,v(z1),2]) = v(x1) + H(21,27) > 0.
Do d6, véi ||z — xof| < 2n va x} — b € Vj,
irﬁlf(v —u) > v(r) —u(we) — € > H(x9,25) — H(21,27) — €

> —(e + Kmax(|[z1]}, 75|21 = 22f]) — e = —e(2 + K).

Vi e > 0 bat ky nén infg(v — u) > 0 hay v > u. O

Hé qua 2.3. Dudi cdc gid thiét ctia Dinh ly(2.5, u, v la hat ham lién tuc déw,

bi chan trén Q sao cho u = v trén 0Q). Néu u,v la hai nghiém [-nhdét cia

phuong trinh F(x,u, Du) = 0 thi u = v trén Q.

Chitng minh. Néu u, v 1a hai nghiém S-nhdét ctia phuong trinh F'(x, u, Du) = 0
khi do:

u 1a nghiém duéi S-nhét, v 14 nghiém trén S-nhdét nén theo Dinh 1y |2.3| ta ¢
u < v trén Q.

Tuong tu v 1a nghiém dudi S-nhét, v 1a nghiém trén S-nh6t nén theo Dinh 1y

2.3[ta c6 v < wu tren Q. T do6 ta ¢c6 u = v trén €. []

Nhu vay ta da ching minh dude tinh duy nhat nghiém S-nhét cho phuong
trinh F'(x,u, Du) = 0 trén tap md € trong 16p ham lién tuc déu va bi chin.
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2.1.3. Nghiém khong bi chan

Trén co sé nhitng khai niém co ban & trén, ching to6i dua ra nhitng két qua

chinh vé tinh duy nhat ciia nghiém [S-nhét cta (2.1)).

Pinh 1y 2.4. Cho X la mot khong gian Banach vdi chuan S-tron va Q la mot
tap con md cia X. Gid si rang ham H théa man gid thiét (HO), (H1) (tuong
ing (H1)*), (H2), (H3) va H théa man (H0). Liy u,v € C(Q) tuong ing la
nghiém B-nhdt cia bai todn
u+ H(x,u, Du) <0 va v+ ﬁ(x, v, Dv) > 0 trén §2, (2.7)
va gid st rang ton tai mot modun m sao cho
u(z) —u(y)] + |v(@) —v)] < m([z —yl) néu L(z,y) Q. (28)

Khi do ta co

u(z) —v(x) <sup(u—v)" + sup (H—H)",
o2 OxRxX*

1 .
(t.u’. u(x) —v(x) < sup(u —v)" + sup (H — H)+),
90 1 — Ly axrxx>

(2.9)

voi moi x € €.

Né6i rieng, khi Q = X, ta c6 dude cong thic (2.9) trong dé sé hang

SUpgo(u — v)T trong vé phdi dugc thay bdi 0.

Chitng minh. Chidng minh truong hgp Q # X

K&t luan cta dinh 1y trong trudng hgp nay la dé thay néu supyg(u —v)" =
00. Khi do, ta giad st rang supyqg(u — v)T < oo.

Dé tiép tuc chitng minh, truéc hét ching t6i dua ra bo dé sau.
Bo6 dé 2.1. Gid st Q C X la mot tap con thuc su cia X tidc la Q # X. Ta
ky hiéu p(x) la khodng cach tu x dén 09Q. Gid situ,v € C(Q) la cdc ham théa
man dieu kien (2.8). Khi dé, vdi moi x,y € €,

u(r) —v(y) < S;Qp(u —v)" + m(min(p(z), p(y))) + m([|z — y[}).  (2.10)

Noi réng, khiy = x tha

u(z) —v(x) < s(;lﬁp(u — )" +m(p(x)), x € Q. (2.11)
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Chitng minh. Gia st p(x) < p(y). Khi d6, véi moi € > 0, ton tai z* € 0 sao
cho doan thang néi x va x* 1a chita trong Q va || — z*|| < p(x) + . V6i mdi
n € N*, ta chon z, = z + (1 — 1) (z* — «). Khi d6, =, € Q va x,, — " khi

n — 00. Ngoai ra,
u(z) —v(y) = |u(@) —u(z,)] + [v(z,) — v(r)] + [u(z,) — v(2,)]

+ [v(z) —v(y)]
< m(Ha: o Zlan> + u(xn) o U(xn) + m(HZU o y”) (2'12)

Cho n — oo trong (2.12)), ta co

u(@) —v(y) < m(llx = 27]) +u(z”) —v(@”) +m(]lz - yl]).

Hon ntta, u(x*) — v(z*) < supgo(u — v)* va m(||x — z*||) < m(p(z) + ).
Nhu vay,

UW%WMDSm@@%ﬁﬂ+%yu—w++mmx—MU (2.13)

Bat dang thic (2.13) ding v6i moi € > 0. Bang cach cho € — 0 va st dung

tinh lién tuc cua ham m tai p(x), ta c6

U@%ﬂwoSgyu—w++m@@ﬁ+mmx—MU

Néu p(x) > p(y), thuc hién bién doi tuong tu ta ciing c6

u() = v(y) < sup(u —0)* + mp(y)) + mJlz —y]).

Nhu vay, (2.10) duge ching minh. []

Theo Bo dé 2.1, danh gia (2.11) va ham p(x) ting khong qua ham tuyén
tinh, khi d6 ton tai cac hiang s6 A, B > 0 sao cho

u(z) —v(x) < A+ Bllz|, z € Q. (2.14)

Tiép theo, ta lay ¢ € C*(R) théa man

((ry=0v6ir<1, ((r)=r—2véir>3 wo<{<I1.
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Véi a,e, A\, R > 0, xét ham

se) = u@) —v) - (E el -m) 2
trén tap

Ala) = {(z,y) € QA xQ:p(x),p(y) >a va |zv—y| <a}.

Ta két luan rang, véi B dugdc xac dinh trong (2.14]), néu

)

A>B, £<a’/(m(a)+1) va R>1,

thi
®(x,y) < sup(u—v)" +2m(a) + Cl(a, A, €)
o . (2.16)
<t.u’. O(z,y) < sup(u —v)" +2m(a) + Cla, A, 6))
20 1— Ly

tren A(a), trong dé

Cla, N, €) = my(2m(a) + (em(a))?) + oy (X, 2(m(a)/e)? + \)
+sup{(H — H)*(z,7,p) : (z,7,p) € 2 x R x X" va [|p|| < 2(m(a)/e)"/*}.

Chtng minh (2.16|) dugc thuc hién trong 2 budc.

Buéc 1. Ching minh (2.16) trong truosng hgp ® dat cuc dai trén A(a) tai

dlém (,’170, y0> .

Trong truong hop nay, ta c¢d dinh y = y,. Ham

xHM@—CM;%

"

SW(ER)
dat cuc dai dia phuong tai x = xy. Do do6
1 /
E(WH-HQ)(% — 40) + AL ([[2oll — R).(Vg][-[)(z0) € Dgu(o).

Tuong tu, khi ta ¢6 dinh z = x, ham v 1a dudi kha vi S-nhét tai y va
1 _
E(V6H°H2>($o — o) € Dz v(yo)-
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Tu u, v 1a nghiém S-nhét cua (2.7), ta co

AN

U’(x()) + H(x07 u(x())?pé‘ + AQ) S 07 (217)
v(yo) + H (Yo, v(yo), p-) > 0,

trong d6 p. = 2(V|.[*) (@0 — %), ¢ = {'(lwoll = R)-(Vs|- 1D (o).
Vi ham ® dat gia tri 16n nhat tai (xg, ¥o) nén véi moi (x,y) € A(a), thi

D(z,y) < P(T0,%0) < ulwo) — v(Y0)- (2.19)

Néu u(xg) —v(yp) < 0, thi &(x,y) < 0 trén A(a). Dieu ndy dan dén (2.16

vi vé phai 1 khong am.

Néu u(xg) — v(yo) > 0, thi u(zg) > v(yo). T (2.17) va (2.18)), ta co

u(zo) — v(yo) < H(yo, v(yo), p:) — H (w0, ulwo), p: + Aq). (2.20)

Ngoai ra, dung (H1) (tuong dng (H1)*) ta c6

AN

H (yo,v(yo), pe) — H (o, u(g), p- + Aq)
= H(yo, v(y0). =) — H (Yo, v(¥). p-) + H (Yo, v(y0), p-)
— H{(xo, u(o), p: + Aq)
(Yo, v(Y0), P-) — H (Yo, v(y0), Pe) + H (Yo, u(xo), p:) (2.21)
— H{(xo, u(o), p: + Aq)
(Yo, v(Y0), Pe) — H (Yo, v(Yo), p=) + H (Yo, u(x0), pe)
(o, w(x0), pe) + H (20, u(x0), p:) — H(x0, u(20), p- + AQ);

VA
)

I
Sulia )

(tae H(yo, v(w0),p:) — H(wo, ulwo), p- + Aq)

< H(yo,v(¥0), p:) — H (Yo, v(y0), pc) + H (Yo, w(z0), p:) — H (w0, u(x0), D)
+ H (g, u(wy), pe) — H (o, ulwo), p- + Aq) + L (u(zo) — v(y)).
Mat khac, ta c6

lzo — woll”
3
lzo — woll”

0 < ®(xo,yo) — D(xo, o) = v(xo) — V(o) —

< m(||zo — yol|) —
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do do )
|20 — w0l

€

< m(||lzo — wol[) < m(a),

hoac

1o — yol| < (em(a))'/?.

V6i gia thiét (H3) va tinh don diéu ting ctia ham modun my, ta ¢

H (o, u(0), pe)—H (20, u(0), pe) < mp (2o — ?/0”2/5 + [|zo — %ol|)
< myu(2m(a) + (em(a))’?). (2.22)

Bai vi
Mlgll = A lzoll = B)-(Viall- ) ()] < A
va

1 2
-1l = ZI(Vsll-IP) o = wo)ll < o = ol < 2(m(a)/e)"”,

st dung (H2) ta dugc

H (o, u(xo), p:) — H (o, u(x0), p- + Aq) < or(Allqll, llpell + Allql)

< ou(\,2(m(a)/e)'* + N). (2.23)
Thay (2.22), (2.23]) vao (2.21)), sau dé két hop véi (2.19)), (2.20) ta co
1
Oz, y) < Cla, A e) (twong ting  &(z,y) < ———Ca, A €)),
- LH

trén A(a) va (2.16)) dung trong truong hgp nay.

Buéc 2. Chiing minh (2.16]) trong truong hgp ham ® khéng dat cuc dai trén
Ala).

Dé thuc hién diéu nay, truée hét ching toi chi ra ring ham @ 1a bi chin
trén 6 trén tap A(a). That vay, tit A > B, v6i moi x,y € A(a) ta ¢6

lz —yl”
) £
< A+ B|lz|| +m(a) = A|z|| + A(R+2) — —o0 khi ||z| — oo.
(2.24)

Oz, y) < u(r) —v(r) +o(r) — vy — A(llzll = R —2)
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Khi d6 ® < 0 néu ||z|| > Ry v6i Ry dt 16n. Mat khac, véi ||z|| < Ry ta ¢6

O(x,y) < u(r) —v(y) = u(x) —v(@) +v(@) —v(y) < ulr) —v(@) +ma)
=u(x) —v(x) +v(x) —v(y) <ulr) —v(x) + m(a)
< A+ Bllz||+m(a) < A+ BRy+ m(a) < oo

do d6 ®(x,y) bi chdn trén 6 trén A(a).

Tit ® bi chan trén, khi d6 ton tai hitu han supy g, @.

Néu supp ) ® < supgg(u — v)* 4 2m(a), thi (2.16) dat dugc la r6 rang.

Nguogc lai, ta co

sup ® > sup(u — v)" + 2m(a). (2.25)
A(a) o0

Tu (2.10) va (2.15) ta co

(w,y) < sup(u — v)" + m(min(p(z), p(y))) + m(a). (2.26)

Chon day (z,,y,) € A(a),n =1,2,--- sao cho ®(z,,y,) 1a tang ngat

O(z,,y,) — sup® va &(z,,y,) > ®(z,,x,). (2.27)
A(a)

Ta chi ra rang (x,,¥,) 1a diém trong ctia A(a), tidc 1a ton tai v > 0 sao cho
Sni={(z,y) € X X Xt |z —zalP + ly = wall® <7°} C Ala). (228

That vay, ta co

Nz =yl

2.29
. )

< m(||lz—yl)—

Bl )~ Bz, 2) = () o(y) le =l

tren A(a). Thay z = x,,,y = y, vao (2.29) va két hop véi (2.27)), ta c6

”xn o ynH2 < 5m(Hxn o yn”) < 5m(a) < az-m(a)/<m(a) + 1)- (2-30)

|0 = yall < alm(a)/(m(a) +1))",

T (2.25) va (2.27) ta thay rang ton tai £ > 0 sao cho ca

p(x,) va p(y,) khong vugt qua a + £ véi n du 16n. (2.31)
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That vay, ngugc lai ta ¢6 p(x,) = a. Néu x = x,,y = y, trén (2.26) ta c6

(2, yn) < sup(u — v)" + m(min(p(z,), p(yn))) + m(a).

Sau do, lay n — oo ta dugc supp ) @ < supyg(u — v)" + 2m(a). Dicu nay

mau thuan véi (2.25). Nhu vay, (2.31) duge ching minh.

Véi (x,y) € Sy, ta co ||z — x,[|” + ||y — ya||* < ~* do do6
1/2
1z — 2|l + |y — vull < V2. (lz = 2al® + [y — wall®) 7~ < 27
va

1/2

lz=yll < lle=znll+ |20 =yl + llya =yl < 2v+a(m(a)/(m(a)+1))"" <a,

trong do6 7y 1a s6 duong dugce chon sao cho

v < min (g, %(1 — (m(a)/(m(a) + 1)))1/2a) .

Theo (2.31)) ta c6 p(x) > p(x,) — ||x — .|| > a + & — v > a. Bién doi tuong
tu ta cting ¢6 p(y) > a, do do (2.28) dang. Theo (2.24) thi day (x,, y,) la bi

chan.

Tiép theo ta chitng minh rang

sup® < C(a, A\, e) (tuong ing sup® <

C'(a, A\, €)), 2.32
Sup Sup L ( ), (2.32)

diéu nay giup ta c6 duoc (2.16]).

That vay, dat

Op =sup® — ®(z,, Yn).
A(a)

Theo (2.27)), 9,, > 0 v6i moi n. Xét ham

U(z,y) = (x,y) — 36,/7) |z — zal* + ly — wall*) tren S, (2.33)
V6i (z,y) € 0, ta c6

U(x,y) =P(x,y) — 30, < sAt(q;CID — 30, = P(Tp, Yn) — 20, = V(Xp, Yn) — 20,.
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Do do6
U(z,y) < V(z,,y,) — 20, trén 0.9,.

That vay, néu P : S, — R bién thién nh6 hon 9,, trén S, va ¥ — P dat gia

tri 16n nhat trén S, thi diém nay phai 14 diém trong ctia .S,,.

Theo Ménh dé|1.4, v6i € = 4, ton tai P € Dj(X x X) sao cho ¥(x,y) —
P(x,y) dat gia tri 16n nhat trén S, tai mot diem (7,7) va ||Pllee < 0n,
|V 5P]|oe < 0,,. Theo trén (Z,7) la mot diém trong cia S,,.

C6 dinh y = . Khi do ta co

v )~ Pl = utw) — o) — (210 xc(lal - 1)

dat cuc dai trén S, tai diem = = Z. Do d6 ham v 1a trén kha vi 8-nhét tai

~(VAIAE = 9) + A7)~ RVl @)
+ (30,7 (Vall )@ = ) + V3P(E,§) € Djul@).

Tuong ty, ham v 1a dudi kha vi S-nhét tai ¥ va

S(VaIIPE = ) — 30,/2) Vsl 1)@ — ) — VAP(E,5) € Dye(@),

trong d6 V¥ la $-dao ham theo bien z.

Tu u, v tuong tng 1a cac nghiém dudi S-nhét va nghiém trén S-nhét cua
2.7)), ta dugc

u(T) + H(Z,u(T), pre + Aq + 01,) <0, (2.34)
(@) + H(G,0(§), pr- + 02) > 0, (2.35)
trong do
1 o PR ~
pie = —(Vall 1)@ = 9),a = (7] = B)-(Vsll- (@), (236)

01 = Kn(vﬂ””z)(f - xn) + vaﬂcp(f, @\)7 K, = 3571/’)/27
brn = — K (V. IP)@ — ya) — VEP(Z, 7).
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Tu (z,y) € S,, day (z,,y,) l1a bi chan, do d6 (Z,y) va (x,, y,) chia trong

mot tap bi chan.
Hon nita, tit (V||.||*)(x) bi chan béi 2||z||, ta co
1P1c + Aq + 01| < ng — Yl + Mz + K, ||Z — 2| + [[VEP(@, 9) |
va,
2 - S
Do d6 pi. + Aq + 04, p1- + 0y, chtta trong mot tap bi chan. Lay R; 14 mot
chin trén cia 7, v, p1. + Aq + 01, v& p1. + Oy,.

Lay R > R;, theo tinh lién tuc tai 0 ctia ham wg : X% — R trong gia thiét
(HO), v6i méi n > 0, ton tai mot lan can Vi C X} ciia 0 sao cho |wg(p)| < n
v6i moi p € V.

T 77 1a topo manh nhat trong 16p tat ca cic 75 topo trén khong gian X*,
ton tai & > 0 sao cho 0By C 5V}, trong d6 By la hinh cau don vi trong X*.

Ca K, va 0, hoi tu dén 0 khi n — oo, ta c6 thé chon n du 16n sao cho
K,.(V|[ )@ —x,) € dBy; K,.(V5||||)) (T —yn) € 0B, va d, < J. Diéu nay
dan dén (91n c ‘/B va 92n c Vﬁ

Béi vi U — P dat gia tri 16n nhat tai (7,%), khi do

U(z,y) > V(r,,y,) + P(x,y) — P(x,,y,) =sup® — 39, > 0
Aa)

v6l n du 16n.

Két hop véi (2.15)), (2.33), ta co

u(x) —v(y) > Vv (x,y) > ¥Y(x,,y,) =sup® — 30, > 0. (2.37)
A(a)

Do d6 u(x) > v(y).
Tit H, H théa man didu kien (HO0), v6i n da 16n, ta c6
|H(Z,u(Z), prc + Aq + 01,,) — H(Z,u(T), p1c + Aq)| < |w(b,, R)| <7
diéu nay dan dén
—H(Z,u(Z), p1c + A\q + 01,,) < —H(Z,u(Z),pic + Aq) +
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va

|f—\l(§7v(@\)7ple + (9271) —’-':—\I(yv ( ple ’ < UJ elna R) < n

do do
H(@\a U(Z/Dapls + (9271) < H(Z/L U(@\)7p15> + 77
Tuac 1a
H(§, v(§), prc + 0s) — H(E u(@), pic + Aq + 01, (2.38)
< H(y,v(¥), p1c) — H(ZT,u(T), p1c + Aq) + 2.
Theo ((2.34); (2.35]) va (2.38]) ta co

w(®@) —o(@) < H@,v(@),p1c) — HE, w(@), pre + Aq) + 2.

Mat khac, dung (H1) (tuong ting (H1)*) ta co6

H(G,v(@), pic) — H@, u(Z), pre + Aq)

= H(G,v(7), prc) — H@,v(@), prc) + HG, v(@), prc) — H@, w(@), p1- + Aq)
< HG,v(@), pre) — HG,v(@), prc) + H(G w(@), pic) — HE, u(®), pic + Aq)
= H@,v(@),pic) — HG,v(@), pic) + H(G, u(@), pr.)

—H(:U w(Z), pie) + H(Z, u(@), p1c) — H@, w(Z), prc + Aq)
<sup{(H(z,r,p) — H(z,7,p))" : (2,7,p) € Bp, x R x X", ||p|| < ||p1c]|}
+mp 2| —7gl*/e + 1T — 9ll) + ou(\, 2| —Yll/e + N);

(t'u" j—\](gav(g)aple) _ H(ﬁ“(f),phs + )\Q)
< sup{(H(z,r,p) — H(z,7,p))* : (z,7,p) € Br, x R x X* ||p|| < ||Ipsc||}
+mp (27— G112/ + 17 = ) + on(A 207 = Gl /2 + A) + Ln(u(@) - v(@)),

trong d6 Bp, 1a hinh cau tam 0 v6i ban kinh du 16n trong X. T (2.30) va
(T, Yn) € S, ta cod

17 = gl < [z — yall + 27 < (em(a))? + 2.
Diéu nay dan dén

207 —glI* . 2
+ Hx - yH < g(€m(a) + 4’7(5777/(&))1/2 4+ 472) + <€m(a>>1/2 4 2/}/

E
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= 2m(a) + (em(a))"/* + v (g(am(a))m + 8% + 2) .

Cho v — 0, ta co

2|7 = g1I*/e + 1|7 — gl < 2m(a) + (em(a))".

Tu (2.36) va (2.1.3.) ta co

Ipecll < 2((em(a)® +7)/e. (2.39)

Tw (2.37)-(2.39) ta co

O(xp, Yn) — 30, < Cla, A\, ) + 2n

(t.uf. Oz, yn) — 30, < (Cla,\,e) + 2n))-

1— Ly

Lay n — oo vap — 0 ta c6 (2.32) va bat dang thic (2.16) dude chiing

minh hoan toan.

Cudi cung, chon R > max{Ry, R,}, trong d6 Ry va R; dugc lay trong
Budce 2. Theo dinh nghia cta (, véi ||z|| < R, ((||z|| — R) =0 va

u(z) —v(x) = ¢(x, ). (2.40)

Vi (z,z) € A(a), do d6 tu (2.16) ta cling c6

u(z) —v(x) < sup(u —v)" + 2m(a) + C(a, A, €)
- (2.41)

(t.u. u(r) —ov(z) < S;Qp(u — )" +2m(a) + n _1LH

Cl(a, \, 5)) |

Tu (2.40), v — v 13 ham bi chan. Khi d6 ta c6 thé chon B = 0 trong (2.14)).
Bang cach 1ay gidi han trong (2.41) khi A — 0 v& a — 0, ta c6 dudc (2.9).

Truong hop (1 = X

Trong truong hop nay ta c6 0Q = (), do d6 p(x) = oo v6i moi x € X. St
dung phép bién doi nhu & trén ta c6 két luan ctia dinh 1y. Nhu vay, dinh 1§
dugc chiing minh hoan toan. []
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Hé qua 2.4 (Nguyen ly so sanh va tinh duy nhat). Cho X la mot khong
gian Banach va c¢6 chuan tuong duong vdi mot chuan S-tron. Cho Q C X la
mot tap md vdi bien O # 0, ¢ la mot ham lien tuc tren 0Q. Gid st rang
ham H théa man cac gid thiét (HO), (H1) (tuong ting (H1)*), (H2) va (H3).
Néu u,v € C(Q) tuong ting la nghiém dudi B-nhdt va nghiém trén S-nhét ciia

phuong trinh (2.1) théa man (2.8)), thi u < v trong 2, mién la u < v trén Of).
Do dé, bai toan (2.1)), (2.2) c6 khong qud mot nghiem trén C(€2).

Trong truong hop ) la toan bo khong gian X, nguyén ly so sanh va tinh

duy nhat nghiém cia phuong trinh (2.1) dé dang cé dude nhu mot hé qud.

Chiing minh. Két qua so sanh dugc chi ra tit Dinh 1y 2.4, Lay u,v € C'(Q) 1a
nghiém cta bai toan (2.1), (2.2). Khi d6, u 1a nghiém duéi S-nhét, v 14 mot

nghiem trén S-nhét cta (2.1) va v < v trén 09, do d6 theo két qua so sanh

u < v trén €. Bang cach thay u va v, ta co6 u > v, do dé u = v trén Q. [

Ménh dé 2.1. Néu trong He qua|2.4, khong gian X théa man (Hg) hodc (H})
nhung khong cé chuan B-tron va cing khong cé chuan tuong duong vdi chuan

B-tron, thi két luan cia Hé qud|2.4| khong con ding.

Chitng minh. That vay, 1ay H(x,u, Du) = 1 + u trong (2.1). Dé dang thay

rang ham u = =5 12 mot nghiem B-nhdt cia (2.1]). Ta sé chi ra rang u = ||z ||

la mot nghiem khac. That vay, ta lay khong gian X théa méan (Hjz) va co
chuan khong (5-kha vi tai bat ky diém nao (mot khong gian X nhu vay c6 the
dugce chi ra trong [26, Nhan xét 11.9]). Khi d6 w la mot nghiém trén S-nhdét
ctia Phuong trinh (2.1]). Mt khac, tit u = ||z|| 1a mot ham 161 va khong (-kha
vi tai bat ky diem nao tréen X, nén Dju(x) = 0 véi moi € X. Nhu vay, u

15 mot nghiém dudi S-nhét ctia phuong trinh (2.1)). ]

Nhan xét 2.3. 1) Khi § = F' 1a borno Fréchet, ta c¢6 két qua ctia Crandall
M. G. va Lions P. L. trong [20].

2) Néu khong gian X khong c6 chuan [-tron nhung c6 mot chuan tuong

duong v6i mot chuan [-tron, ta ciing ¢6 két luan ctia Dinh 1y [2.4] bing

cach sit dung chuan tuong duong thay vi chuan ban dau.
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3) Trong [41, Dinh ly 3.6], cac tac gia da chi ra rang gia thiét ton tai mot
ham buéu tron Fréchet 13 diéu kién di dé ton tai mot chuan tuong duong
v6i chuan tron Fréchet trong khong gian X. Khi 3 1a Fréchet thi ta dugc

két qua nhu trong [23]. Nhut vay, Dinh 1y [2.4/1a mot két qua tong quat clia

Crandall v& Lions trong [23], ¢ d6 cac tac gid can gid thiét ton tai ham
budu tron Fréchet v tinh chat Radon-Nikodym. Trong két qua ctia nay,
ching toi khong stt dung tinh chat Radon-Nikodym clia khong gian X.

4) Theo [26], tr. 211], gi& thiét ton tai mot ham d : X — R 1 bi chin va kha
vi Fréchet tren X' \{0} va ton tai mot s6 thyc r > 0 sao cho d(x) > r||z||
stt dung trong [23] 1a tuong duong véi sy ton tai mot ham budu Lipschitz
va kha vi Fréchet tren X. Do d6, néu c6 mot ham d nhu vay thi Dinh

Iy [2.4] vdn ding ma khong can st dung gid thiét ton tai mot chuan tron
Fréchet hoac tinh chat Radon-Nikodym nhu trong [23].

Meénh dé 2.2. Cho X la mot khong gian khong cé chuan tuong duong vdi mot
chuan B-tron nhung théa man gid thiét (Hg). Khi dé ta them gid thiét tinh bj
chan cia nghiém thi két qud cia Dinh (2.4 van duodc thuc hién.

Chiing minh. Theo [19, B6 dé 2.15], ton tai mot ham d : X — Rt va K > 1

sao cho

i) d 1a bi chan, lien tuc Lipschitz trén X va S-tron tren X \ {0};

ii) ||2|| < d(x) < K||2|| néu ||z]] < 1 va d(z) = 2 néu ||z|| > 1.

Bay gio, ta gid st rang u, v 1a bi chin trén Q. Trong ching minh ctia Dinh
1§ [2.4] chiing ta thay ||.||* b&i d?(-) va xét ham

d(z —y)*
e

b(z,y) = ulz) — v(y) —( Az —R)).

Két luan ducce thuc hién bang cach st dung phép chitng minh tuong tu nhu
trong Dinh 1y |2.4] []

Ta can luu ¥ rang gid thiét tinh bi chan clia u, v trong Ménh dé [2.21& can

thiét. Mot vi du dudce chi ra trong ching minh ctia Meénh de 2.1]
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2.2. Tinh 6n dinh va sy ton tai ctia nghiém S-nhét
2.2.1. Tinh 6n dinh

Ching t6i dua ra tinh on dinh ctia nghiem S-nhét. St dung tinh 6n dinh
giong nhu 6 trong [26], ta ¢6 dinh 1y sau.

Dinh 1y 2.5 (Tinh én dinh). Cho X la mot khong gian Banach vdi chuan [3-
tron va 0 la mot tap con md cia X. Lay u, € C(Q) va H, € C(QXR x X}),
n=12--+ hoi tu dén u, H tuong ing khi n — oo theo nghia:

Voi moi x € Q ton tgi R > 0 sao cho u, — u déu trén Bg(x) khi
n — 00 vd néu (z,7,p), (Tn,TnPn) € XX R X Xj vdin = 1,2,--- va
(s Ty P) — (T,7,p) khi n — oo, thy H,(x,,7,,pn) = H(x,7r,p). Néu u,
la mot nghiém trén B-nhdt (tuong ing nghiém dudi) cia H, = 0 trén Q, thi
u la mot nghiém trén B-nhdt (tuong ting nghiém dudi) cia H = 0 trén €.

Chiing minh. Ching toi ching minh véi truong hop u,, 1a nghiém trén S-nhét
cia H, = 0; truong hop nghiém dudi S-nhét duge chiing minh tuong tu. Lay
r € Qvap € Dyu(r), khi d6 ton tai mot ham lien tuc Lipschitz dia phuong
va B-kha vi ¢ : X — R trén D(¢p) sao cho:

(i) (u—@)(x) = 0va (u— @)(y) > 0 néu y € Q.

(ii) p = Vgp(x) va Ve la lién tuc tai x v6i topod 74.

T u,, hoi tu dén u khi n — oo, khi dé ta co thé gia st rang ton tai mot day
cac s6 duong {¢,}, sao cho €, — 0 khi n — oo va

u(y) < un(y) + e, voiy € Q.

Do vay,
Un(Y) +&n —(y) =2 (u—)(y) = 0véiy € Q,

Diéu nay kéo theo inf(u, — @) + &, > 0. Tt u va ¢ la cdc ham lién tuc tai
T, ton tai z, € Q, ||z, — x| < &, sao cho u,(z,) — p(z,) < €,. Nhu vay,
Un(2n) — p(2,) < inf(u, — @) + 2¢,. Ta xac dinh gia tri (u, — @)(y) = —¢,
véi y ¢ €. khi d6 u,, — ¢ 1a nita lien tuc dudi va bi chan dudi. Theo Menh de
1.2 ton tai ¥, € Dg(X) sao cho
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(1) lim {[¢,[] = 0 va lim |[V¢hn|o = 0,
(2) u, — @ + 1, dat cic tieu dia phuong tai y, € €,
(3) lim [ly, — 2u[| = 0.

St dung (3) va ||z, — x|| < &,, ta ¢c6 lim ||y, — z|| = 0. Mt khac, p, =
n—oo

vﬁgp(yn)_vﬂwn(yvﬁ < Dﬁ_un(yn) vap,—p = vﬁ@(?ﬁz)_vﬁ%p(x)_vﬂwn(yn)'
Tu Ve la ham lién tuc, y, — x va lim |Vl = 0, p, — p — 0 khi
n—oo

n — Q0.

Vi u,, 1a mot nghiém trén S-nhét cia H, = 0, ta co

LAy gi6i han khi n — oo, ta ¢6 H(x,u(z),p) > 0. Nhu vay, u 1a nghiém trén
B-nhét cta H(x,r,p) = 0. O]

2.2.2. Su ton tai

Cudi cuing, ching toi két thic muc nay bing cach chi ra sy ton tai cla

nghiém [-nhét trong Dinh 1y 2.6, Dinh 1y 2.7 Két qui nay dya trén mo hinh

trong cac bai bao [21) 26] 34]. Trudc hét ching toi nhic lai mot s6 khai niém
lien quan dugce trinh bay trong trong [26].

Néu €2 14 mot tap con md cta khong gian Banach X va néu u 14 ham xéac

dinh trén €2, hinh bao nita lién tuc trén u* cia u dugc dinh nghia
u* = inf{v : v 1a lien tuc trén Q vd v > u trén Q}
va hinh bao nua lién tuc duédi u, cta u duge dinh nghia bai

u, = sup{v : v 1a lien tuc trén Q va v < u trén Q}.

Bay gio ta thiét lap su ton tai clia nghiém nhét.

Dinh 1y 2.6 (Su ton tai). Cho X la mot khong gian Banach véi chuan [3-tron
va 0 la mot tap con md cia X. Cho H : Q0 x R X X; — R thoa man (H0),
(H1) (tuong ing (H1)*), (H2), (H3) va

liminf(r + H(z,7r,p)) > 0 déu vdi (x,r) € Q X R. (2.42)

P[00
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Khi dé, ton tai duy nhat nghiém B-nhét cia phuong trinh (2.1)).

Chiing minh. Phép ching minh dugdc tién hanh qua nhiéu budc:
Buéc 1. Chitng minh ton tai nghiem dudi S-nhét uy va nghiém trén S-nhét
Vo.

Liy A = 0 va 7 = 0, tit gid thiét (H3) ta 6 H(x,0,0) — H(0,0,0) <

my(||z]]), do do
H(SIZ,0,0) < H(0,0,0) +mH(”x”> < |H(07070)| +mH(||$||)

Tuong tu, ta ¢c6 —H (x,0,0) < |H(0,0,0)| + mg(||z]]). Do dé |H(z,0,0)| <
|H(O7070)| +mH(||$||)

T my 13 mot modun, theo Nhan xét 2.1}, ton tai cac so6 thuc Ay, By sao

cho
‘H(.CE,0,0)‘ < Apn +BHH37H7 V€ Q.
Dat
Al :AH+0H(BH,BH>, AQIAH+O'H<BH,QBH),
By By
A=A :
1 H+0H(1—LH’1—LH)7
By 2By
A, =A
2 H+0H(1_LH71_LH)
va

vo(r) = Ay + Byllz||, uo(z) = —(As + Byl|z)).

A"+ Byllx Al + Byllx
(w. oo() = 11 EIH H, () = — 21 sz H>.
— Ly — Ly

Ta sé chi ra rang vy 1a mot nghiém trén S-nhét v ug 14 mot nghiem dudi
f-nhét ctia bai todn (2.1) tren Q. That vay, tu giad thiét (H1) (tuong ting
(H1)*) va (H2), v6imdi x € Q, p € Dﬁ_(H ) (), ta co

H(x,0,0) < H(z, A; + Bgl|z||,0)
S H(wal =+ BHHCI;H7BHP) =+ UH(BHaBH);

(t.u’. H(z,0,0) < H(x,v(x),0) + Lyvo()
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< H(x,vo(:c), ; ffzﬂp) + O'H(l ?iﬂ, 1 ?iﬂ) + LHUO(QU)).

Do do6
UO(x> + H(I,UO(CU), BHP) > Al + BHHIH + H<:E7070) o UH(BﬂaBH)
> Ay + Byl|z|| = Ag — Bu||z|| — ou(Bu, Ba) 2 0;

B
(t.u’. vo(x) + H(x vo(), n _}zHP)
B B
Z(1—LH)v0(a:)+H($,O,O)—UH(l Iz = }2 )
- H - H

/ BH BH
> Ay + Bulle] = A = Bullal| = ou (1=~ =) 20)

Tu do6 ta ¢6 vy 1a mot nghiém trén S-nhét cta (2.1).

Tu dieéu kien (H1) (tuong tng (H1)*) va (H2), v6i mdi x € Q, p € D;(H :
1)(x), ta co

H<$7u0($)7 _BHp) < H(Z,O, _BHp> < H([B,0,0) + JH(BH7QBH>°

(t.u’. H(:I:,uo(x), 5 f}}sz> < H(m, 0, 7 f}}zﬂp) + Ly|ug(x))

By, 2By
1— L, 1— LH) +LH|“0(x)|)‘

< H(x,O,O)+aH<

Do do6
ug(z) + H(x,up(x), —Bpp) < ug(x) + H(x,0,0) + 0y(By,2Bgy)
< UO(CU) + AH + BH”.I'H —+ O'H(BH, 2BH) S O,

(t.u’. uo(x) + H(a:, uo(x), 7 fgfzﬂp)

BH 2BH >
1—Ly 1 — Ly
B
H 7 2BH ) < 0)
1— Ly 1—Lyg/ —
Nhu vay ug 1a mot nghiém dudi S-nhét cua (2.1)).

< (1= Lup)ug(x) + H(z,0,0) + o

= — (A + Byllall) + Ay + Bulll| + o (

Buéc 2. Ching minh ton tai nghiém S-nhét ctia phuong trinh (2.1)).

Truéc hét ta chitng minh rang tiu dieu kien (2.42) va ug < u < v, thi

nghiém dudi S-nhét u cia phuong trinh (2.1) 1& mot ham lién tuc Lipschitz
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dia phuong. Ngoai ra, néu doan thang L(x,y) C  thi ton tai hing s6 C sao
cho |u(x) —u(y)| < C||lz —y||. Tu dieu kien (2.42)), ton tai mot s6 thye R > 0

sao cho

u(zr) + H(x,u,p) > 0néu (v,u,p) € A xR x X;va |p|| > R.

Gia st v 1a mot nghiem dudi S-nhét cia (2.1). C6 dinh x, € Q va chon § > 0
sao cho B(xg,20) C Q va u bi chan trén B(xg,2d). Lay h : [0,00) — R 1a mot
ham kha vi lién tuc sao cho h(r) = (R+ 1)rvéi 0 <r <9/2, W'(r) > R+ 1

vl r > 0 va

h(6) > 2sup{|u(x)| : x € B(xg,20)} + 1.
Co6 dinh y € B(x,d) va dat
v(@) = u(y) + h(llz —y|)) véi z € B(y,9).

Khi do6 u(y) = v(y) va v(z) > sup{|u(z)|z € B(y,d)} +1 véi x € OB(y,9).
Ta sé chi ra rang u < v trén B(y, ) bang phuong phap phéan ching, gia siu
ton tai g € B(y,d) sao cho u(xg) > v(xg). Theo Meénh deé [1.4] ton tai mot

ham g € Dy(X) sao cho ||g]lw < 3, Vgl < 5 v& u — v — g dat cuc dai
tréen B(y, d) tai mot diém trong T ctia B(y, d) \ {y} Khi d6 theo dinh nghia
nghiém du6i S-nhét ta co

u(T) + H(Z, u(T), Dv(T) + Vg(T)) < 0.

Diéu nay mau thuan véi (2.42)) béi vi

[Do(T) + Vag(@| = K7 = yl) = IVsglle > .
Khi d6 ta c6 u(x) —u(y) < v(x) —u(y) = h(||lz —vyl||) = (R+1)(||lz —y||)
néu z € B(y,d) va |z —y|| <4

Bién doi tuong tu ta c6 dugc
u(z) —u(y)| < (R+1)[lz —yl| véi z,y € B(xo,0/4).
Néu doan thang L(x,y) C Q, do tinh compact ta c6 thé suy ra ring
u(z) —u(y)| < (R+1)flz -yl
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Goi S 1a tap tat ca cac ham w : Q@ — R 1a nghiem dudi S-nhét cta (2.1)).

trén 2 thoa man vy < w < vy.

Dit u = sup{w : w € §}. Theo Ménh de I11.7 va Két luan II1.9 trong [26]
thi ©* 1a nghiém du6i S-nhé6t cta (2.1). Theo chiing minh trén thi «* 14 mot

ham lién tuc Lipschitz dia phuong.

Bay gio ta ching minh «* 14 nghiém trén S-nhét cla (2.1) bang phuong

phap phan ching. Gid st ©v* khong phai 1a nghiém trén S-nhét cia phuong
trinh (2.1]), khi d6 ton tai ¢ € Dg(X) va 29 € X sao cho Vg lién tuc va

(i) u*(zg) — (o) = 0, u* () — P(20) > 0, v6i moi x € X.

(i) w*(zo) + H (@0, u™(20), Vpp(20)) < 0.

Ta két luan rang p(xg) < vo(xo), vi néu nguge lai thi o(xg) > vo(zg) va
o(r) < u(x) < v(x). Tu day ta cé vy —  dat cuc tieu tai xy. Vi vy 1 nghiem
trén S-nhét ctia phuong trinh (2.1) nén u(xy) + H (2o, vo(x0), Vae(xe)) > 0.

Dicu nay mau thuan véi (ii).
Theo tinh lién tuc, ton tai 6 > 0 va b € Dj(X) c6 gia trong hinh cau
B(xg,0) sao cho b(xg) > 0 va
u(x) + H(z,o(x) + b(z), Vp(z) + Vb(x)) < 0 v6i moi z € B(xo, 20)
w(x) +b(z) < vg(z) v6i moi z € X.

Ta c6 thé thyc hien duge néu chon 6§, [|b||eo, ||V 5b]|oe dt nhd va tit p(xg) <
Vo(T0); @(x) < vo(x) véi moi x € X. Dat

max{p(z) + b(x);u*(z)} néux € B(xg,20)

w(z) = ,
u*(x) néu x € X\B(xg,0).

Dét Ql = X\F(l’o,(s) va, QQ = B(ZEO,2(5> Néu Tr € B(x0,25)\§(330,5) thi
u'(z) > p(x) = p(x)+b(x) do d6 w = u* 1a nghiém duéi S-nhét ctia phuong
trinh (2.1) trén ;. Mat khac tit ¢ + b va u* 1& hai nghiém duéi S-nhét cua

phuong trinh (2.1) trén 2, nén w la nghiém du6i S-nhét cia phuong trinh
2.1) tren Q = QU Q. Thx uy < w < vy, w € S nén w < u* trén Q. Nhung
©(xg) + b(zg) > w(x) = U (20) t1r A6 W(T9) > U*(T() VO I¥.

Nhu vay ta da ching minh xong su ton tai nghiém S-nhét ctia phuong

trinh (2.1). Tinh duy nhat nghiém cta phuong trinh nay dugc suy ra tir He
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qua 2.4 [

Dinh ly 2.7 (Su ton tai nghiém bai toan Dirichlet). Dudi cdc gid thiét cia

Dinh lyj |2.6| va gid s thém rang ton tai ug, vy € C(Q) sao cho uy = vy = @

trén 0); ug, vy tuong tung la nghiem dudi B-nhdt va nghiém trén B-nhdt cia
phuong trinh (2.1)) thi bai todan (2.1)-(2.2) c6 nghiém duy nhat u € C(Q).

Chitng minh. Theo Dinh 1y [2.6| ton tai mot ham u € C'(Q) 1a nghiem S-nhét
ctia phuong trinh (2.1) thdéa man uy < u < vg. Dat u = ¢ trén 0Q. Khi do

u lién tuc tai cac diem thuoc 0Q do d6 u € C'(Q) va 1a nghiém ctia bai toan
2.1))-(2.2]). []

Vi du 2.5. Trong Vi du 2.3 ching t6i da chi ra mot ham Hamilton H va
ching minh rang cac gia thiét (HO)-(H3) théa man. Bay gio, ching toi chi ra

them mot vi du ma ham Hamilton H 1& phi tuyén. Hon nita, khong gian X &
duéi day khong c6 chuan tuong duong véi chuan tron Fréchet.

Lay X = L'[0,1] hoac {'. Theo [19], X ¢6 mot chuan tuong duong v6i chuan
tron Hadamard yéu va khong kha vi Fréchet tai bat ky diem nao. Nhu vay,
két quéa ctia Crandall trong [20] khong ding trong truong hgp nay. Ta cling
de y rang L'[0, 1] khong théa mén tinh chat Radon-Nikodym (xem [15]). Lay
U=10,1vald ={a:[0,00) = U lien tuc}. Cho ham H : X x X — R
dugc xac dinh béi

H(x.p) = sup{~(p, zoa) — [[z]}a},
]S

trong dé6 xy 14 mot diém c6 dinh trong X . Khi do ta cé the chi ra rang H thoa
man cac dieu kien (HO)-(H3). Xét phuong trinh

u+ H(zx,Du) =0 trén X, (2.43)

Tt Ménh dé 2.2, Dinh 1y 2.5, phuong trinh (2.43) ¢6 duy nhat nghiém (-nhdét.

Két luan chuong 2

Trong chuong 2 nay ching toi tap trung mot s6 van dé chinh:
1. Chitng minh dugc tinh duy nhat nghiém S-nhét ctia phuong trinh Hamilton-

Jacobi.
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2. Chitng minh dudc tinh 6n dinh nghiém S-nhét ctia phuong trinh Hamilton-
Jacobi.
3. Chitng minh dudc sy ton tai nghiém (-nhét ciia phuong trinh Hamilton-

Jacobi.
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Chuong 3

UNG DUNG CUA NGHIEM B-NHGT DOI VOI BAT TOAN DIEU
KHIEN TOI UU

Chuong nay ching téi chi ra ham gia tri ctia bai toan diéu khien t6i wu véi
thoi gian vo han 1& nghiem S-nhét duy nhat ctia mot phuong trinh Hamilton-
Jacobi tuong ttng. Tinh bi chan ctia nghiém 1a khong can thiét trong chiing
minh ciia ching t6i. Ngoai ra trong chuong nay ching toi da dua ra diéu kién
can va diéu kieén du cho bai toan diéu khién t6i wu trong khong gian voé han
chiéu bang cach st dung nghiem (S-nhét. Dé ¥ ring trén khong gian hitu han
chiéu, ham chuan 1a tron Fréchet. Tuy nhién trén mot sé6 khong gian vo han
chiéu nhu L' thi ham chuan khong tron Fréchet va cac ki thuat da biét ve
nghiém nhét trong khong gian hitu han chiéu khong con st dung duge. Trong
truong hop dé khai niém (-tron déng vai tro quan trong, khi d6 ching toi ap
dung céch tiép can nhu trong bai bao [I] clia ching toi. Cac két qua trong
chuong duge viét dya trén bai bao [2] trong Danh muc cong trinh khoa hoc

clia tac gia lien quan dén luan an.
3.1. Bai toan diéu khién t6i wu véi thoi gian vo han
3.1.1. Bai toan dieu khién t6i wu-nguyén 1y quy hoach dong Bellman véi
ham gia tri tron

Chiing toi giéi thieu bai toan dieu khién t6i wu véi thoi gian vo han, bai
toan nay duge nghién citu nhiéu trong 1y thuyét dicu khién t6i wu (xem [4, 6]
9, 13, 24, 19, 136]). Trong d6 [13], 24, [36] nghién ctu bai todn diéu khién toi wu
v6i ham gia tri khong bi chin. Ta xét bai toan diéu khién téi wu (P):
Cho X 13 mot khong gian Banach véi chuan S-tron va U la mot khéng gian
métric. Xét phuong trinh trang thai

y'(s) = g(y(s), als)), s>0,
y(0) =z, a(s) € U,

(3.1)
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trong d6 z € X va g : X x U — X 1a mot anh xa cho truée vé6i dieu khién

al-) eU :={a:[0,00) = U do dugc va a(t) € U véit € [0,00) h.k.n.}.

Mot nghieém cua (3.1]) 14 ham y,(-) sao cho n6 lién tuc tuyet doéi trén céc

tap con compact ctia [0, +00) va théa man (3.1) hau khap noi. Theo [19],

néu ¢ 1a lien tuc va Lipschitz theo x € X déu trén U va ton tai K € [ sao
cho g(x,U) C K v6i moi € X, thi (3.1) ¢6 duy nhat nghiém x&c dinh trén
0, +00).

Dé thuan tién, tit nay ta ky hiéu béi y,(-, @) = y,(+) 1a nghiém ctia (3.1)).

Ta gidi thieu ham chi phi
Jw.) = [ e flunls)als)ds, 3.2
trong d6 A >0va f: X xU — R.
Bai toan diéu khién t6i wu P(x) trén X 1a tim a@(-) € U sao cho
J(x,a(-)) = inf J(z, a).

acl

Ta ky hiéu ham gia tri cia P(z) la V(x). Khi dé

V(z) = inf J(z,a) = inf (/000 eAsf(yw(s),oz(s))ds) :

acU acU

Vi du 3.1. Lay X = R, v6i borno Gateaux. Xét hé sau:

y(0) ==,

v6i tap dieu khien U = [0, 1] va ham chi phi
J(z,a) = / e *y(s)ds.
0

Khi d6 y(s) = xeh “Od vy J(z o) = / e >zl W ds Tmh toan truc
0
tiép ta co

( o0 1 .
/ re *ds=—-x néux >0,
Vie) =4/ ’

/ re ¥e‘ds = néux <O0.
\ /0
Nhu vay, trong truéng hgp nay ham gia tri khong kha vi tai 0.
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Vi du 3.2. Chung toi trinh bay mot bai toan diéu khién t6i wu (P) trong kinh
té duge phat trien bdi Aseev, S. M., Kryazhimskii, A. V. trong [6, Vi du 1.2].
Gia st rang w(t) 1a gia tri thyc cla tién té tai thoi diem ¢ > 0. Ta ciing gia
st rang tai ty = 0, gia tri thyc cla tién té bang 1, tic 1a w(0) = 1. Gia st vdi
mot khodng thoi gian nhd [t, ¢ + At], tién té bi mat gid theo cach ma gia tri
thirc clia tién té tai thoi diem ¢ + At 1d w(t + At) = w(t) — Aw(t) At + o(At),
trong d6 A 1 hé s6 lam phat (khong doi). Tit d6 ta c6

w(t) —w(t + At) = Mw(t)At + o(At).

Nhu vay, w(t) la nghiém ctia phuong trinh vi phan w'(t) = —Aw(t) vé6i gia tri
dau w(0) = 1. Nghiem dugc cho bdi w(t) = e,

Lay f(y.(t), a(t)) 1a chi phi titc thoi clia doanh nghiép tai thoi diem ¢. Do anh
huéng clia lam phét, chi phi nay gidm xudng gia tri e f(y,(¢), a(t)). Khi d6

ham muec tiéu dude cho bdi
Ta,a) = [ttt
0

mang lai tong chi phi ctia doanh nghiép trong thdi gian vo han [0, 0o). Truong
hop cu the, lay X = L'([0,00)), A = 2 va v6i x € X, ta xét phuong trinh

N6 ¢6 nghiem la y,(s) = zelo D% trong d6 tap didu khién 1a U = [0,1] va
chi phi tic thoi cho béi f(y.(t), a(t)) = ||y.(t)||. Tinh toan tryc tiép ta co
V(z) = sllzll.

2

Ta thay rang ham gia tri trong Vi du (3.1} |3.2| Ia khong bi chin. Bay gio

chiing ta dua ra mot mot so gia thiét dé nghién citu tinh chat ctia ham gia tri
clia bai toan diéu khién t6i vu:

Ham g : X XU — X va f: X X U — R la lién tuc va théa man mot trong
cac dieu kién sau.

(B1) Ton tai cac hing sb Lo, L,C,m > 0, K € 5, v6i0 < m < 2, K C

B(0, L) va modun lién tuc dia phuong w(-, -), sao cho v6i moi z,T € X
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va u € U,

|g(I,U)—g(T,U)| SLUHx_va g(ZE,U)EK,
[z, w)] < Cemll, | fz,u) — f(@,u)] < wllz =2, [lz]| v [[Z]),

trong d6 |[z|[ V [|Z]] = max{]|z]|, [|Z|]}.

(B2) Ton tai cac hang s6 Ly, L,C,m > 0, K € 3, v6i 0 < m < L%ﬂ K C
B(0, L) va mot moédun lién tuc dia phuong w(-, -), sao cho v6i moi x, T €

XvaueU,

’g(l‘,U)—g(E,UH SLU”x_fna g(O,U)EK,
[f@,w) < CA+ |z, [f(@,u) = f(@ )] <w(lz =7, ||| V|Z]).

Dinh 1y sau trinh bay nguyén 1y quy hoach dong, day 14 mot két qua quan
trong vé ham gié tri ctia bai toan diéu khién t6i vu. Két qua nay duge dung
dé tim dieu khién phan hoi téi uu.

Dinh 1y 3.1 (Nguyén ly quy hoach dong, [36, Ménh dé 6.2]). Gid st mot
trong cdc dieu kién (B1) hodc (B2) ding. Khi dé vdi moix € X vat > 0,
t
V(x) = inf {/ e f(y.(s, @), a(s))ds + eAtV(yx(t,oz))} :
0

acU
3.1.2. Tinh chéat cta ham gia tri ctia bai toan dieu khién t6i wu

Ménh dé 3.1 ([36, Meénh dé 6.1)). Gid sit mot trong hai dieu kién (B1) hodc
(B2) ding. Khi do, vdi moix € X vau(-) € U[0,00), phuong trinh trang thai
3.1) ¢6 duy nhat mot quy dao y,(-) va ham chi phi (3.2)) la duge xdc dinh.

Hon nta, ta co cac két qua sau:

(a) Néu (B1) ding thi V' la ham lién tuc déu dia phuong va cé mot hang so
M > 0 sao cho
V(z)| < Memll 2 e X,

(b) Néu (B2) ding thi V' la ham lién tuc déu dia phuong va ton tai hang so
M > 0 sao cho

V)| < M@+ |z])", =eX.
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Menh dé sau 14 mot tinh chat quan trong dugc st dung trong chitng minh

cua Dinh 1y |3.2| duéi day.

Meénh dé 3.2. Néu (B1) hodc (B2) théa man thi ton tai mot modun dia
phuong W sao cho

V(z) = V(y)| <@(|z —yll, R) wvdimoi z,y € X, |lz]| <R, |yll <R.
(3.3)

Chiing minh. V6i moi x,y € X, lay @ : RT x R™ — R dudc cho béi
w(t, R) = sup{|V(z) = V)|, |z — yll < [z, [lyll < R}. (3.4)

Khi d6 @ 1& mot modun. That vay, @ 14 ham khong gidm theo tinh chat cia
supremum. Hon nita @w(0, R) = 0. Tiép theo, ta chi ra rang lim w(t,R) = 0.
V6i moi € > 0, theo tinh lién tuc déu ctia V, ton tai 6 > 0 sao cho v6i moi
z,y € X, ||zll, |yl < R théa man ||z — y|| < 6, ta c6

V(@)= Viy)l <.
Dicu nay dan dén sup{|V(z) — V(y)|, ||z —y|| < 0} < § < e. Nhu vay,
0 <t < 9d kéo theo

w@? R) < sup{’V(.fL’) o V(@/)’? ”ZC o y” < 6} <&

tir d6 ta ¢6 limw(t) = 0.
t—0

Tiép theo ta kiém tra tinh duéi cong tinh. Lay t1,t, > 0 va 2,y € X sao cho

|z —yll <t + 1o Datz:m—%. Khi do6

(r —y)t,
t1 + 0y

(z —y)t

< t,.
t + L

lz = 2| = <t va [lz—yll = <

C6 the thay rang, véi x,y, z € X sao cho ||z||, ||lyll, ||z]] < R

Vi(z) =Vl < [V(z) = V(2)[+[V(z) = V()
< sup{|V(z) = V(2)|, |z — z[| < b, [[z]], [[2]| < R}
+sup{|[V(2) = VW), Iz = yll < to, |21, lyl] < R}
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Do do
sup{ |V (z) = V(y)|,llz —yll <t + by, [|z]], [[yll < R}
< sup{|V(z) = V()] |z — =[] < &, ||z]|, [|2]] < R}
+sup{|V(2) = V(@)l, |z —yll < Lo, lyll, l|2]] < R};

tuc 1a
Wt +t3, R) < w(ty, R) + w(ty, R).

T cong thuce (3.4) ta co (3.3). [

3.2. Ung dung ctia nghiém (-nhét dbi véi bai toan dieu khién t6i wu

Ta xét bai toan diéu khién téi wu (3.1)-(3.2)). Ta xac dinh ham H : X X
X ; — R cho béi

H(I,p) — sup{—(p,g(a?, a>> - f(ZC, a>}

acU

Meénh dé 3.3.
(a) Néu (B1) ding tha

{H@WﬁH@ﬂ)<qu,

|H(z,p) — H(y,p)| < Lollpllllz — yll + w(llz =yl |zl V [lyll).
(3.5)

(b) Néu (B2) ding thi

{Huu»—ﬂw@><qumxnp—q,
(y,p)| <

|H(x,p) — H < Lollpllllz = yll + wllz =yl =] V [lylD).
(3.6)

Ching minh.

(a) Véimoi o € U vax,y € X, ta co

—(p,g(z, @) — f(z,a) = (¢ —p,g(z, @) — (g, 9(z, ) — f(z,®)
< Lilp—q| + 325{—@,9(1‘, a)) — f(z,a)}.
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Dieu nay dan den

sup{ —(p, g(z,a)) — f(z,a)} < Ll|p — QIHsup{ (0, 9(z,a)) — f(x,a)};

acU

tuac 1a

sup{—(p, g(z, a)) = f(z, )} = sup{—(q, g(x,)) = f(z, )} < Lllp — 4|

oaceU acU

Tuong tu ta co

sup{—(¢, g(z, @)) — f(z, a)} —sup{—(p, g(z,)) — f(z, )} < L|p — q].

acU acU

Do d6 |H(xz,p) — H(x,q)| < L||p — ¢||. Chiing t6i chiing minh bat dang thic
thit hai trong (3.5). Véi moi a« € U va x,y € X, ta ¢o

—(p,9(x, ) — f(z,a) = (P, gy, a) — g(z,a)) + f(y,a) = f(z, @)
—(p, 9y, ) — f(y,a)
<|lpllLollz — yl| + w(l|lz =y, |=]| V |ly|]) + H(y, p).

Khi d6
H(z,p) < llpllLollz — yll + w(llz —yll, lzll v lyl) + H(y, p).
Bang bién doi tuong tu ta co6 dudc
[H(x,p) — H(y, p)| < Lollpllllz = yll + wlllz =yl =] vV lylD).
(b) Chitng minh tuong tu (a) ta dugc két qua. O

Dinh 1y 3.2. Cho X la khong gian Banach véi chuan [-tron. Gid si (B1)
hodc (B2) ding. Khi dé, ham gid tri V' la nghiém B-nhdt duy nhat cia

\V(z) + H(z, DV (z)) = 0. (3.7)

Ching minh. Ching minh dugc thyc hién tuong tu theo [19, Dinh 1y 3.10],
ham gid tri V' 1a mot nghiém S-nhdét ctia phuong trinh (3.7). Bay gio ta chi

can chitng minh tinh duy nhat nghiém S-nhét ctia phuong trinh (3.7)).
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Gia st rang u, v 1a hai nghiém [-nhét ctia phuong trinh (3.7). Lay o, e > 0

va xac dinh

1

U(r,y) = v@) = uly) = e = ylI" = alu(@) + u(y)),
trong d6 ham p thoa man
()] + Ju(z)]
T (3:8)

Theo dinh nghia cua W, || ||1||ir\r|l U(x,y) = —o0, do d6 ton tai s6 thyc R =
z|,||ly||[— oo

R, > 0 sao cho
U(0,0) > sup VY(z,y)+ 2.

][, lyl|=R
Dat S = {(x,y) € X x X : ||z|], ||ly]]| < R}. Theo Ménh dé (1.3} ton tai ham
d(z,y) € Dsg(X x X) tréen X x X sao cho ¥(z,y) — ¢(z,y) dat cuc dai
toan cuc trén S tai (Z,7) va ||@||e < &, ||Vsd|l < €. Néu ta lay € < 1, thi
(7, 7) 1a diem trong ctia S. That vay, néu (Z,7) € 05, thi ¥(7,7y) — o(T,7) >
U(0,0) — ¢(0,0), dieu nay dan dén

2 < \Ij(()? O) o \Ij<f7 g) < ¢(O7 0) o gb(E? g)

Diéu nay 1a khong the tit ||¢||, < e. Chi ¥ rdng (T,¥) phu thudc vao €, a va
@. Mit khac,

& o(@) — (@) |7~ 3 ~ 26(7,9) > v(3) — u(@) ~ 67 7) — 6(5,7
& %Hf —3II° <v(@) —v@) +u@) —u@) + ¢T,T) — 20(T,7) + 67, 7)

| SR
& |7 =3P < (77, B) + 4 (3.9)

Tu w 1a modun, W(||Z — 7|, R) < W(2R, R), khi d6 tit (3.9) ta c6

Iz —7II° < e(W(2R, R) + 4e).

Cho € — 0, thi ||T — 7|| — 0, két hop véi (3.9) ta co

R ST
iy || — 51]* = 0.

74



Mat khéc, ¥(x,y) — ¢(x,y) dat cuc dai dai phuong tai (T,7), khi do6 ta lay
y = 7, ham
1 _ _
o) — o lle T — ) — 62,7

dat cuc dai toan cuc tai x = . Theo dinh nghia ctia nghiém [-nhdt,
_ _ 1, _ _ _ _
M (T) + H(w, gHﬂf —Yl(Vsll - D@ —7) + aVu(T) + V0.(T, 7)) < 0.
Tuong tu, néu ta lay © = T thi

uly) + 517 — I + auly) + 6(7, )

dat cuc tiéu dia phuong tai y = 7. Cung theo dinh nghia clia nghiém [-nhdt,

Na(g) + HG, (@~ Vsl - )T =) — an() — V5,7 7)) > 0.

Diéu nay dan dén

1

No(@) — u(m) < HF, @ -5l - )@~ 5) — a¥s #(3) — V36, 7)
— H@, [T~ FI(Vs] - )@~ 5) + aVsbl@) + V507 7).

Néu (B1) dang thi lay p(z) = exp(m(1 + ||z]|*)V?) véi m < m < A/L.
Khi d6 (3.8)) thoa man. Ta ciing co

< mu(x)

IVsno)l = npta) | 52l LED

2(1 + [|[|*)+2

2(1 + [|f|?)12 =

Két hop vdi (3.5)), ta co

(G~ ~ 9Vl - )T ~7) — aVs (@) — Vo, (7. 7))

~ H@, -7~ FI(Ts] - )T ~ ) + V(@) + Vs0.(7, )

< |H(F,~@ -7l - )@ - 7)) — H@, -7~ 71(Vsl - )T - D)

(3.10)
+ L||aVs w(@) + Vo, (T, 9)|| + Ll[aVs w(T) + Ve, (T, 7))

1 o _
< LOEHT —ylIP +w(|z = 7l, R) + 2Le + amL(i(T) + p(7))
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1 o B
< LogHT —lI° + 6 + CszllT — 7|l + 2Le + amL(u(T) + (7))

1 eCy T — 7| _
< Lo |7 —gl*+ 0+ — =+ | 2€y” +2Le + amL(u(@) + ().

trong d6 ¢ 1a hang s6 duong bat ky Cs g 14 hang s6 duong phu thuoc vao § va
R. Ta ¢d dinh z € X, lay @ > 0, R > R, > ||z||. Theo (3.10) va dinh nghia

cua T,y ta co

v(r)—u(r) = 2op(z) — ¢z, 2) = U(z,7) — ¢(r,2) < VU(T,Y) — H(7,7)

1
< (@) —u(@) - lIT - glI* — a(u(@) + p@) +¢
1 § eCip, 2Le mL
< e 712 e oO,R . kb _ _
<ol + 5+ 5ot B (1= 50 ) wie) + i)
1 § eCi, 2Le
<C -z -7+~ o .
_C1€HSU gl +)\—|‘ 3\ + 3

Voi Cp = 24 & — 1 laye — 0,thi 6 — 0 va cudi cimg & — 0 thi

Néu (B2) dang, thi ta lay p(x) = (/1 + [|z]]?)™ véim < m < %O Khi do6
3.8|) thoa man. Ta ciing co
Vsl - [I*(=)

IV a(x)]| = m(y/1 + |]2)™" 20+ 2]P)

N T RS (G N i
< 1 2ym=t < 1 2ymt,
= m( + ”ZC” ) 2(1 n ||$||2)1/2 — m( + HxH )

Két hop nhitng két qua trén véi (3.6]), ta c6 dudc

H(G, -~ DVl )E —9) — aVs 4(F) — V50, )

— H@, -7~ FI(Vs] - )T — ) + V(@) + V50.(7. )
< [H@E, =@ -9Vl )@ - 7)) — B =7 =77l - T - D)
+ (L o+ Lllgl) 0¥ 43) + Vs, @ D + (L + Lollal) Vs ()

+V50.(Z,7)
< Lol — P + (e = 3l R) + amLo((y/1+ 737 + (/1 + [7])7)
+amL((y/1+ |Z])™ " + (V1 + 710" + 2(L + LyR)ae
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1 - A [\
S&EW—?W+5+@ﬂW—§Wﬂmﬂdhﬂ+ﬂﬂ% +(/1+7l»)™)

+amL((\ 1+ 2™ + (1 + [[5]1)™ ) + 2(L + LoR)as

eCip n |z — 9|
2 2

+amLo((\/1+[|Z]12)™ + (/1 + [7]1*)™)
+amL((W/1+||Z|D)™ " + (/14 [[71D)™ ) 4+ 2(L + LyR)ae.

Bay gio ta lay x € X, cho a > 0 1a 86 ¢ dinh va R > R, > ||z||. Theo

3.10) va cach xac dinh cua T,y ta co

1
gggw—@W+5+

(@) = ule) — 2apu(w) — (2, 2) = B, ) - §(z,)
< o(7) — u(F) — oI — I — alu(@) + p(m) + ¢
) &?C(?ﬂ 2(L + LoR)ac

1
<O -T2+ =
_Q€W yH+A+ T X +e

—a (1= (ule) + )

+ 22 (G ey 1+ i)

1 (5 €C§R 2(L + L()R)Ckc"i
<C\-z -7+~ + —=+ +e+aC.
= Gollz =9+ 3+ =) )
Véi Cy = 2 + & — 1 va C la hing s6 doc lap v6i o va R. Lay € — 0, thi
0 — 0 va cho a — 0 ta ¢6 dugc v(zx) < u(x). O

Mot tng dung quan trong ctia Dinh 1y [3.1]1& két qua sau, két qué nay cho

chiung ta diéu kién can va diéu kién du cua dieu khién toi wu. Chu ¥ rang ket

qua nay ctia ching t6i duge phat biéu trong khong gian vé han chiéu.

Dinh ly 3.3. Vdi moi a(-) € U, ham sau la khong giam:
S > / e M f(y.(t, ), a(t))dt + eV (y.(s,a)), s € [0,00).
0

Hon nita, ham nay la hang s6 khi va chi khi dieu khién o(-) la toi wu cho v

tri ban dau x.
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Chitng minh. Lay h(s) = / e M fy.(t, @), at))dt + eV (y,(s,a)),s €
0, 50). :

V6i moi a(-) € U, theo Dinh 1y |3.1| v6i vi tri ban dau y,(s,a) va e > 0 ta

co
V(o) £ [ € (tomlt )alt + )t + V(g0 (e 0)
-~ /0 M Fa(t +8), a(t + 8)dt + eV Yy (o0 (€, Q).
Nhan hai vé cia bat ding thic v6i e > 0 ta c6

eV (yu(s5,0)) < / e M) F(y,(t+ s), a(t + s))dt (3.11)

+ €IV (Y, (00 (8, )

_ / N (1), al®)dt + eIV (g (e )

Cong / e M fy.(t), a(t))dt vao hai vé cia bat dang thie (3.11)), ta dugc
0

eV (4 (s, @) + / e f (1), a(t))dt
e+s
< / e (g (1), a(t))dt + eIV (e + 5, @),
0
trong dé ching t6i st dung tinh chat y,(e + s, ) = Yy, (s.0)(€, @) do d6

h(s) < h(s+¢).

Két luan dau tién ctia Dinh 1y 3.3 dude chiing minh.
Néu

) = | "N (gt @) a(®)dE + eV (s, 0)), s € [0, 00)
lh mot ham hiing thi i(s) = h(0) = V(). Do d6
Viz) = /OS e f(y.(t, o), a(t))dt + eV (y.(s, ), s € [0,0).

Nhu vay, a(-) 1a téi wu véi thoi diém ban dau .
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Ngudc lai, néu a(-) 1a diéu khién t6i wu véi  thi

h0) = V(z) = / e fy(t, @), at))dt + eV (y,(s, @) = h(s),
0
diéu nay dan dén h 14 mot ham hang. O

Mot két qua khéc ciia ching toi dé 1a ching toi da dua ra diéu kién du cho
diéu khién t6i vu bing khai niém nghiém (S-nhét ctia phuong trinh Hamilton-

Jacobi.

Ménh dé 3.4. Néu V' la ham Lipschitz dia phuong va hau khdp s ton tai
pE D;V(yx(s)) théa man bat dang thiic

AV (yu(5)) = (D, ¥,(8)) — [(ya(s), a(s)) <0,
thi a(+) la diéu khién toi wu vdi x, trong do DﬁiV(z) = D;V(2) UD;V(2).
Chiing minh. Ta sé chitng minh rang ham
h(s) = /Os e M f(y.(t, ), a(t))dt + eV (y.(s,a)), s€[0,00) (3.12)
la khong tang, tic la h'(s) < 0.
Tu V 1a ham Lipschitz dia phuong, h 1a kha vi hau khap noi va
W(s)=e (f(yx(sv @), a(s)) = AV (ya(s, @)

iy V(5 9) — V<yx<s>>> |

e—0 IS

Néu p € D;V(y,(s)) ton tai ham g : X — R Lipschitz dia phuong tai y,(s)
sao cho g la 8-kha vi tai y,(s), Vgg(z) = p va V — g dat cuc dai dia phuong
tai y,(s). Gid st rang V (y,(s)) = g(y.(s)). Khi d6

v6i € dit nhé. Ta ¢é biéu dién sau

9(W2(s +€)) — 9(ya(5)) = g(Wuls) + €¥(5)) — 9(Ya(s)) — (P, Ys(s))
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+ 9(Wa(s +€)) — 9(ya(s) + €y, (5)) + e(p,y(s)).  (3.14)
Mat khac, ta c6

Yo(s + ) — Yu(8)
£

l9(ya(s + €)) — 9(Wals) + €ya(s))|]
€

<K

trong d6 K 1a hing s6 Lipschitz dia phuong ctia g. Cho ¢ — 0 ta c6

Yo (s + ) — yu(8)
€

T y;(S) — 07

tur do ta co
19(y=(s +€)) — g(ya(s) + eyl (s))]|
E

Theo (3.14) va g la kha vi S-nhét tai y,(s), ta c6

— 0.

9(y2(s + ) — g(y.(s))
g

— {(p,y.(s)) khi e — 0.

Theo (|3.13)) ta co

e—0 g

< (p,y.(s)).

Do doé
B (s) < e (f(yals; @), a(s)) — AV (ya(s, @) + (p, 4, () < 0.

Néu p € DV (y,(s)), thi ton tai ham Lipschitz dia phuong g sao cho g la
B-tron tai y,(s), Vsg(y.(s)) = p va V — g dat cuc ticu dia phuong tai y,(s).
Gia st rang V (y.(s)) = g(y.(s)). Khi d6

V(s +¢€) = V(y(s)) = 9(y(s +€)) — g(yz(s)) véi e da nho.  (3.15)

Tw g la B-tron tai y,(s), ta co

9(ya(s +€)) — g(ya(5))
g

— (p,y.(s)) khi e — 0.

T (3.15) va dé ¥ ring € < 0, ta c6

i V(s +) = V(s) _ . 9(a(s + ) = 9(ua(s))
e—0— g T o0 €

= (D, y.(5))-
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Nhu vay

H(s) < € (f(yals, @), a(s)) — AV (yal5,@)) + (0, () < 0.

Do d6, ham A la khong tiang. Theo Dinh 1y (3.3 h khong gidm. Nhu vay h 1a
mot ham hing, khi d6 a(-) 1a diéu khién tdi wu véi . ]

Meénh dé sau dua ra mot két qud quan trong vé diéu kién can cho diéu
khién t6i wu. Cach tiép can cta ching toi 14 st dung dudi va trén vi phan
[-nhdét.

Meénh dé 3.5. Néu V' la ham Lipschitz dia phuong; af(-) la toi wu vdi x, tha
AV (y2(8)) = (P ¥(8)) — f(a(s), a(s)) =0
ding véi moi p € D3V (y,(s)) vdi hau khap s.

Chiing minh. Néu p € DV (y,(s)) va s 1a mot thoi diem, thi
L Viye(s+¢) = V(ye(s))
I :=lim

e—0 IS

ton tai. Chung ta chia hai vé ctia (3.13)) cho ¢ < 0 1a lay € — 0 ta dudc

1> (p,y,(s)).

Tu h duge xac dinh béi (3.12) 14 ham hang theo Dinh 1y (3.3, khi d6

0= e (s) > f(ya(s,a),a(s)) = AV (ya(s,a)) + (p, /,(s)) v6i hau khdp s.
Diéu nay dan dén
AV (yu(s,a)) = f(yu(s, ), a(s)) + (p, y,(s)) véi hau khap s.
Mit khac, tit V' 1a nghiem dudi S-nhét ctia AV (z) + H(z, DV (z)) = 0 khi d6
AV (Y (s, ) < f(ya(s, ), als) + (p, ¥,(s))-

Nhu vay

AV (Ya(s, @) = f(ya(s, @), a(s)) + (P, ya(s))-
Véi p € DgV(y.(s)), ta bién doi tuong ty nhu trén. Nhu vay ménh dé duge
chitng minh. ]
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T nhitng két qua & trén ta c6 dinh 1y sau

Dinh 1y 3.4. Gid st riing V' la ham Lipschitz dia phuong va D5V (y.(s)) # 0
vdi hau khdp noi s > 0. Khi dé cdc khang dinh sau la tuong duong:

(a) a-) la tor vu vdi x;
(b) vdi hau khip noi s > 0 va vdi moi p € D5V (y,(s)),

AV (ya(5)) = (0, Ya(s)) — f(y, ) = 0; (3.16)

(¢) vdi hau khip noi s > 0 ton tai p € D5V (y.(s)) sao cho (3.16) ding.

Chitng minh. Trude hét, (b) duge suy ra tir (a) theo Menh dé 3.5, Va (c¢) dé
dang suy ra tir (b). Hon nita, (a) 1a hé qua truc tiép cua (c¢) theo Ménh dé (3.4,

Vay dinh Iy dugc chitng minh. ]

Két luan chuong 3

Trong chuong nay, ching t6i da chitng minh duge ham gia tri cia bai toan
diéu khién t6i uwu la nghiém S-nhét duy nhat cia phuong trinh Hamilton-
Jacobi. So sanh vé6i két qua trong [19] thi nghiém S-nhét ciia ching toi 1a
khong bi chan trong khi nghiém [-nhét duge trinh bay trong [19] 1a bi chan.
Chung to6i cling da dua ra mot diéu kién can va diéu kién du cho mot 16p bai
toan diéu khién t6i wu véi thoi gian vo han bang cach st dung nghiem S-nhét.
Tuong tu ta c6 thé dua ra nhitng két qua vé bai toan dieu khién t6i wu véi
thoi gian hitu han, thoi gian t6i thiéu va chiét khau thoi gian t6i thieu.

Ngoai ra, nghiém nhét con la céong cu quan trong trong viéc nghién ciiu
cac bai toan diéu khieén ngau nhién v6i nhiéu tng dung trong ki thuat, kinh
té, tai chinh va sinh thai (xem [28, 133]). Trong két qué ctia minh vé bai toan
thu hoach ctia hé sinh thai ngau nhién (xem [5]), chiing t6i da ching minh
duge ham gia tri clia bai toan diéu khién ngau nhién 14 nghiém nhét ctia mot

phuong trinh Hamilton-Jacobi-Bellman tuong tng.
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Chuong 4

PHUGNG TRINH HAMILTON-JACOBI VOI BAI TOAN DIEU
KHIEN TOI UU TREN KHGP NOI VOI HAM CHI PHI KHONG BI
CHAN

No6i dung ctia chuong nay la nghién cttu nghiém nhét cho ham gia tri
clia bai toan diéu khién t6i wu trén cac khép ndi. Hién nay c6 rat nhiéu hinh
thic mang trén thé gidi vi du nhu cdc mang thong tin (internet, mang xa
hoi,...), mang luéi kinh té (quan hé kinh doanh gifta cic cong ty, chuyen phéat
buu chinh va tuyén dudng giao thong,...), mang ludi sinh hoc (mang ludi than
kinh, mach mau,...). Chazmg han mang ludi giao thong, moéi canh nhu mot
tuyén dudng cac, canh gip nhau tai mot diem O. Cac mang nhu vay ta cé
the xem nhu 14 mot khép ndi. Ching t6i da chi ra ring ham gia tri 1a nghiém
nh6t duy nhat ctia mot phuong trinh Hamilton-Jacobi tuong tng va dua ra
nhitng tinh chat vé ham gia tri d6 trén khép néi. Ngoai ra nghiém nhét duode
stt dung dé thiét lap diéu kién can va diéu kien di cho mot diéu khién t6i wu
trong mot 16p bai toan diéu khien téi wu. Cac két qua trong chuong dude viét
dua trén bai bao [3] trong Danh muc cong trinh khoa hoc ciia téc gia lién quan

dén luan an.
4.1. Bai toan diéu khién t6i wu trén cac khép ndi
4.1.1. Khép noi

Trong chuong nay, ching t6i nghién cttu dya trén mo hinh 6 trong [35]. Cu
thé 1 cac khép ndi trén R? véi N nita dudng thang goi 1a canh (1 < N < d).
V6i moéii = 1,---, N, e; dudge ky hiéu la vécto don vi thad 2. Canh dugce ky

hieu b6i (J;)i=1.. y trong dé J; 1a nita duong thang déng Rte;. Niia duong
thang J; dudc gian véi nhau tai dinh O dé tao thanh khép néi G:



Hinh 4.1: Khép noi (N = 5)

Khoang cach hinh hoc d(x,y) gitta hai diém xz, y ctia G duge xac dinh béi

|z — 9 néu r,y nam trong cing mot canh J;,
d(z,y) =

|z| + |y| néu z,y ndm & hai canh khac nhau J; va J;.

4.1.2. Bai toan dieéu khien t6i wu
Chiing toi nghién citu bai toan dicu khién t6i wu vé6i thoi gian vé han c6
chi phi va quy hoach dong khac nhau cho méi canh. Vi =1,--- , N,
e tap cac diéu khién trén J; duge ky hieu béi A;,
e hé duge dieu khién béi mot hée dong luc f;,

e chi phi hoat dong /;.
Tiép theo, ching to6i gi6i thieu cac gia thiét ducce sit dung trong chuong nay.

(HO) (Tap diéu khién) Cho A la mot khong gian métric (ta c6 thé lay A =
RY). V6ii = 1,---, N, A; 1a mot tap con compact khac réng ctia A va

cac tap A; 1a roi nhau.

(H1) (Pong luc) Véit=1,---, N, ham f; : J; X A; — R 1a lién tuc va bi
chan bdi hang s6 M. Hon nita, c6 mot hing s6 L > 0 sao cho
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Tiép theo, ching toi ky hieu F;(x) 1a tap {fi(z,a)e; : a € A;}.

(H2) (Chi phi) V6i¢=1,---, N, ham ¢; : J; x A; — R la lién tuc va ton tai
hang s6 C,m > 0, v6i 0 < m < % va mot modun dia phuong lién tuc

w(+,+) sao cho
Ui(x,a) — bi(y,a)| < w(lz—yl,|x|V|y|) vl moi x,y € J;,a € A;,
0;(x,a)] < Ce™ véi moi x € J;,a € A,

(H2)® (Chi phi) Véii=1,---,N, ham{; : J; x A; — R 1alién tuc va c6 mot

hang s6 C',m > 0 va mot modun dia phuong lien tuc w(-, -) sao cho
0i(z,a) — Ci(y,a)| < w(|lx—yl|, |z V|y|) v6i moi x,y € J;,a € A,

Ui(x,a)| < C(1+ |z])™ voi moi x € J;,a € A;.

Chu y rang s6 M & trong (H2) va (H2)" duge dung trong (H1)
(H3) (Tinh 16i cia dong Iuc va chi phi) Véii=1,---, N, tap hop
FLj(x) ={(fi(z,a)e;, li(x,a)) : a € A;}
1a tap doéng va 1oi trong R3.
(H4) (Tinh diéu khién manh) Ton tai mot s6 thuc § > 0 sao cho
[—de;, de;] C Fi(O) ={fi(O,a)e; : a € A;}.

Nhan xét 4.1. Trong gia thiét (HO) cac tap A; roi nhau khong phai 1a mot
han ché. That vay, néu A, khong roi nhau, khi d6 ta dinh nghia g@ = {i} X A,
va fi(z,a) = fi(x,a), {;(x,a) = l;(x,a) néux € J; vi a = (i,a) véi a € A,.

bat
M={(z,a):x € G,a € A;néux e J\{O} vaa € UX A néuz = O}.
Khi d6 M 1a tap déng. Ta ciing dinh nghia ham trén M bdi:

filx,a)e; néux € J\{O},

v6i moi (x,a) € M,  f(x,a) =
fi(O,a)e; néuxz=0 vaaé€ A,
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Ham f 1a lién tuc trén M tir cac tap A; roi nhau. Lay ﬁ’(:ﬁ) duoc xac dinh
béi
- Fi(z néu z € J;\{O},
P - {F® \(0)
UY F;(O) néuz = 0.

Véi ¢ € G, tap quy dao chap nhan dudgc bat dau tu z 1a

. (t) € F(y,(t)) hiu khip ¢ > 0 }

e {yx < Lip(®;6): Y:(0) =z

Theo [4, Dinh 1y 1.2], c6 mot nghiem y, c6 thé duge lien két véi mot diéu
khién cho truée. Tap quy dao diéu khién chap nhan duge bat dau tit x

n—{@m> L2 (R*: M) : y, € Lip(R*:G) va

D=t [ ) atnish

Chu y rang, néu (y,,«) € T,, thi y, € Y,. Tu day, chung toi ky hiéu y, bdi
Yr.o U (Y, ) € T
Ham chi phi. Chi phi v6i quy dao (y,, ) € T, la

J(z; (Y, / 0y (1), a(t))e Mdt,
trong d6 A > 0 14 mot s6 thuc va ham chi phi ¢ dugc dinh nghia trén M bdéi

li(x,a) néux e J\{O},

V(SU,CL) - ./\/l7 f(aj7a> —
l;(O,a) néuzx =0 vaa€ A,.

Ham gia tri cia bai toan diéu khién t6i wu véi thoi gian vo han 13

v(z) = inf J(z;(y., @)). (4.1)

(Yz,) €T
Vi du 4.1. Xét khép ndi G = J; U J, trong d6 J; = Rfe; = (—o00,0] va
Jy = Rtey = [0,00). Tap diéu khien 1a A; = [—1,1] x {i} véii € {1,2}. Tap
(f(x,a),(x, a))
(fi(x, (a;,9))e;, bi(z, (a;,7)))  néuz € J,\{O} vaa = (a;,1) € A,
(f:(O, (a;,1))e;, £;(0, (a;,1))) néux =0 vaa = (a;,1) € A,
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trong d6 f;(z, (a;,1)) = xa; va li(z, (a1,1)) = x,l3(x, (ag, 2)) = 2x. Ham gia
tri cho bdi

J(z; (Y, / 0(y.(t), a(t))e *dt.

Khi d6 ta c¢6 y,(t) = xexp (fo ds) néu z € J; va

[, e Pz exp (fo a;(s ds) dt néux € J,

Ji* e 2wexp (fy ai(s)ds) dt néu € J,

Tinh toan truc tiép ta co6

.

[, e xexp (fot dS) dt néux € J
\fooo e 222 exp (— f; dS) dt néuz € J,

)
[, e tadt néux € J,
kfooo e 32xdt néux € Jy

)
r neux € J;

%x néu x € J,.
\

R6 rang ham gia tri khong bi chin trén G va khong kha vi tai O.

Chiing ta thiét lap mot s6 tinh chat ctia ham gia tri. Cu thé, nguyén 1y sau
c6 thé dat dugc theo cach tuong tir nhu trong [36, Ménh dé 6.2]; [2, tr. 2578)].

Ménh dé 4.1. Gid st (H0), (H1), (H2) hodc (H2)" théa man. Ta c6 nguyén
ly quy hoach dong:

v(x) = inf {/ 0(y,(s e Mds +e M (yx(t))} vdi moi  t > 0.

(Yo, ) ETz

Meénh dé 4.2. Ton tai mot hang s6 K > 0 sao cho cdc khang dinh sau ding.
(a) Gia s (H0), (H1), (H2), (H3). Khi d6 ham gid tri v théa man
lv(z)] < Ke™ vxeg.
(b) Gid s (HO), (H1), (H2)", (H3). Khi dé ham gid tri v théa man
lv(x)] < K(1+|z|)", Vxeg.
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Ching minh.
(a) Theo gia thiét (H1), ta c6 danh gia

. (O] < x|+ Mt, (y.,«) €T, t €[0,00).
Tu do
()] < / [€(y.(t), (1)) e Mdt < / Cemlv=Wle My
0 0

< /OO Cem(|x\+Mt)e—)\tdt < Cem\:d /OO 6—()\—mM)tdt _ €m|x|.
0 0

(b) Ta dung chitng minh tuwong ty nhu trong (a). O

B6 dé 4.1 ([35, Bo dé 2.7]). Vdi cic gid thiét (H1) va (H4), ton tai hai so
duong ro va C' sao cho véi moi x,, x5 € B(O,1ry)NG, ton tai (Yar s, g » Xy n) €

7;:1 Ud TiIJl,.’L'Q S Cd(xh xQ) s$ao ChO ywl (Tl’l,fﬂz) - $2'

4.1.3. Mot s6 tinh chéat ctia ham gia tri tai dinh
Meénh dé 4.3. Gid st (H0), (H1), (H2) hodc (H2)", (H3). Khi dé ham gid

tri v la lién tuc trén G.

Chiing minh. Ta sé chiing minh trong truong hop (HO), (H1), (H2), (H3) duge
théa man. Loi ching minh tuong tu khi (HO), (H1), (H2)", (H3) dung.

Theo Bé dé [4.1] ton tai mot sé duong ry vi mot hang sé6 C, sao cho véi

moi x, 2 € Bp(rg) NG, ton tai oy, v6i (Y, ) € T va 7., < Cd(x, 2) Vi

y-’L',Oém,z (Tx7z) = <.
V6i moi € > 0 di nho, lay T, > 0 du 16n sao cho

2K ™o
A —mM

—(A=mM)T:

& <é€

va do tinh lién tuc clia w, ta c6 the lay p. > 0 di nhé sao cho e p, < ry/4

\! |
Xw(eLTepg, ro+ MT,) < e.

Lay z € G. Ta chitng minh riang lim sup v(z) < v(z). Bat dang thiic lim inf v(z) >

Z—T Z—T

v(x) duge ching minh mot cach tuong tu.
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V6i moi € > 0 ton tai mot quy dao @ vdéi (y,, @) € T, sao cho J(z,a) <

v(x) + €. Ta chia lam hai trudng hop: (a) € Bo(re/2) va (b) & & Bo(ry/2).
(a) Néu x € Bp(rg/2), khi d6 néu z € Bp(ry) talay a sao cho (y.,a) € T,
VOl
B . (t) néu t < 7,,,
a(t) =
alt — 7., néut > 7,,.

Khi doé ta co
, Q) —/ 0(y. (1), a(t))e Mdt
a(t))e AtahH—/ 0(y.(t), a(t))e Mdt

a(t))e Mdt + e AT’“”/ 0y (t + Ton), Q(t + 7,p))e Mt

I
\\\

G(t))e Mdt + e A/ Uy, (), a(t))e Mdt.
Tu do

(2,@) — J(z, )| < / T Jeet), GVt

/ 0y (1), a(t))e Mdt

< / CemrotMe=May 1 (1 — e =) | J (2, @)
0

< ﬂ(l — MMy L A | T (2, @)
=~ )\ —mM Z2,x )

< Ce™1,, + AT (z, @) < Cd(z, z),

(1—e" ATz

trong d6 C' = (Ce™ 4 \|J(z, @)|)Cy. Do vay ta co
v(z) < J(z,a) <v(z) +e+C0d(z, ).

Cho € dan dén 0, ta c6 duge limsupv(z) < v(x) véi x € Bp(ry/2).

Z—T
(b) Néu x ¢ Bp(rg/2). Ta giad st rang x € J; va |z| > /2. Khi d6 véi z
dd gan z, z ndm trong J;. Do d6, diéu khién @ ciing 1a chdp nhan dugc véi 2
tai it nhat mot thoi diem hitu han, (1an dau T khi y, (t) hofic y.«(t) cham
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O, néu no6 ton tai). Ta sé xét trudng hop y, (1) = O hoic y,z(T) = O, néu
T ton tai.

(b1) Néu T" > T. hosic T khong ton tai, khi d6 ca y,z(t) v Yy, 5(t) nam
trong J; v6i t < T.. V6i a bat ky thdéa man (y.,a) € T, sao cho a(t)
veit <1, ta co

I
o
/N
(a8
N——"

[ J(z,a) = J(z, )] < /0 ey (8), @) — Ly (1), a(t) et

+ Kemv=0le=Map 4 K eyl o= gt
T. T.

T: 00
/ w(eH|z — x|, rg+ Mt)e Mdt +2 | KemrotMe=A gy
0 T.

A

oo

v—al,rg+ MT)+2 [ Kemrotte Ay
T.

LTe

IN
= >

w(e

mro
LT. 2Ke —(A—mM)T:

— MT. < 2e.
z—x|,ro + >+)\—mM€ 3

> |

w(e
Trong cac danh gia trén ching toi st dung cac két qua:

. (t) — y.(t)] < ™|z — 2| véimoi x,2 € G,
dieu nay c6 thé dat duge nhd bo dé Gronwall. Nhu vay

v(2) < J(z,a) <v(x) + 3e.

(b2) Néu y,a(T) = O, khi d6 ta xac dinh mot dicu khien & sao cho
(y., @) € T, nhu sau

i

al(t) néut < T,

alt) =4 ay, . ot—T) neul <t <T+7, .0

\&(t — Tymm,()) neut >1T + Ty, ()0
Chi ¥ rang diéu nay c6 thé thyc hien duge tit |z — 2| < p. n6 kéo theo

‘yz,a(T) | < et

r—z| <71y/d

Tu do ta dugce
v(z) < J(z,a) < v(x) + 3e.
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(b3) Néu 4. 5(T) = O, khi d6 ta xay dung mot diéu khien & vé6i (y., @) € T,
nhu sau:

i

a(t) néut < T,

a(t) = Y G0yt —T)  néuT <t<T+70, .,

\6(75 — T0.y. (T)) néut > 7T + TOw, it
Diéu nay c6 thé thuyc hien duge tit |z — z| < p. do vay

‘ Yo <T> | S eLTe

r—z| < rg/d
Khi do
v(2) < J(z,a) <v(z) + 3e.
[

Bo6 dé 4.2. Vi cdc gid thiét (H0), (H1), (H2) hodc (H2)*, (H3), (H}), ton
tai € > 0 sao cho vl la lién tuc Lipschitz trén J; N B(O, ¢).

Chaing minh. Theo Bo dé |4.1| va dinh nghia ham gia tri ta c6

v(z) —v(z) < /OTW U(Ysa,.)e Nt + |v(2) (e — 1)
- /Orx,z Cle™Vrow:Olg=A gy 4 v(z)|(1 — 6_’\7“)
< /OTW Ce™ldt + |v(2)[(1 — e ™)
< Ce™lr, . 4 [v(2)|(1 — e ™).

Tt z € J; N B(O,¢), v 1a bi chan trén J; N B(O, <) va 1 — e ™= 1a bi chan

b6i AT, ., nén ton tai mot hang sd6 C' sao cho

v(z) —v(z) < Cr,. < OClx — 2|.

Bat dang thic cudi ciing dat dugc nho Bo dé 4.1, Bat dang thic

v(z) —v(z) < CClz — 2|

dat dugc mot cach tuong tu. []



Ta dinh nghia Hamiltonian tiép tuyén tai dinh O bdi

H) = — min min  {/;(0,a)}. (4.2)

1=1,- 7N QEAZ, f2(07a):0

Bo6 dé 4.3. Vdi cdc gid thiét (HO), (H1), (H2) hodc (H2)*, (H3), (H4), ham
gia tri v thoa man
HT
v(0) < _TO'

Chiing minh. Tu (4.2), ton tai j € {1,--- N} vaa; € A;, f;(0,a) = 0 sao

cho

Hp=— mi . (O = —0;(0,a;).
‘ szll,lll’}N aEAi;r%I(Icl),a)=0{ 0, CL)} ~7< ’ CL])
Lay diéu khién « xac dinh bdi a(s) = a; véi moi s. Khi d6

KJ(O, CLj) o _H_g

v(0) < J(O,a) = / (;(0,a;)e Mds = = :
0 A A

Két luan ducce thuce hién. ]

4.2. Phuong trinh Hamilton-Jacobi va nghiém nhdt
4.2.1. Ham thu

Dé dinh nghia nghiém nhét trén tap G, trude hét ching ta can dinh nghia
mot 16p ham thit chap nhan duge.

Dinh nghia 4.1 ([4]). Him ¢ : G — R 1a mot ham thit chap nhan duge néu
e o la lien tuc tren G va C* tren G\{O},
® VGl moi ja .7 =1, 7N7 Slej S Cl(JJ)

Tap tat ca cdc ham thit chap nhan duge duge ky hieu bdi R(G). Néu ¢ € R(G)
va ¢ € R, thi D(z, e;) dude xac dinh Dp(z, Ce;) = (42 (x) néuz € J\{O}
va D@(O, Cez) = Climh_>0+ %(h@l)

%
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4.2.2. Truong vécto

V6ii=1,---,N, taky hieu F;7(O) va F'L{(O) la cac tap hop

Ff(0) = F,(O)NR*e;, FLI(O) = FL(0O)N (R*e; x R),

Cac tap nay khac rong nho gia thiét (H4). Cha ¥ rang 0 € N7, F;(0). T gia

thiét (H3), cac tap nay 14 compact va 16i. V6i x € G, cac tap F'(x) va F L(x)
dugc xac dinh bdéi

) Fi(x) néu z nam trong canh J;\{O},
€Tr) =
UY F(O) néux=0
va
FL@) - FLi(x) néu z nam trong canh J;\{O},

UY FLI(O) néux=0.
4.2.3. Dinh nghia nghiém nhdét
Bay gio ta dinh nghia nghiém nhét ciia phuong trinh

Au(z)+  sup {—Du(x,{) —&p =0 trén G. (4.3)
(¢.§)eF L(x)

Dinh nghia 4.2 ([4]).

e Mot ham nita lién tuc trén v : G — R 14 mot nghiém nhdét dudi cua (4.3

tréen G néu véi moi x € G, moi v € R(G) sao cho u — ¢ dat cyc dai dia
phuong tai diem x, thi

Au(z)+  sup {—De(x,() — ¢} <0.
(¢.8)eFL(x)

e Mot ham nita lién tuc dudi v : G — R 1a mot nghiém nhét trén cua (4.3

tren G néu véi moi x € G, moi ¢ € R(G) sao cho u — ¢ dat cyc ticu dia
phuong tai z, thi

M)+ sup  {—Dep(x,0) — £} >0.
(C,§)er L(z)
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e Mot ham lien tuc v : G — R 1& nghiém nhét ctia (4.3)) trén G néu noé vita

14 nghiém nhét dudi vira 1a nghiém nhdét trén cua (4.3) trén G.

Nhan xét 4.2. Tai diem z € J;\{O}, khai niéem nghiém nhét duéi (tuong
tng nghiém nhét trén) trong Dinh nghia [4.2| 1a tuwong duong v6i dinh nghia

nghiém nhét duéi (tuong ng nghiém nhét trén) cua

Au(z) + sup{—fi(z,a)Du(x) — {;(x,a)} = 0.

ac€A;

4.2.4. Ham Hamilton
Ta dinh nghia ham Hamilton H; : J; Xx R — R bdi
Hy(z,p) = max{—pfi(z,a) — li(z,a)}
va ham Hamilton Hy : RY — R béi

Ho(py, -+ ,py) = max max  {—p;[i(0,a) — £;(0,a)}.

i=1, N a€Asi f,(0,a)>0

V6i dinh nghia ctia F'L;(xz) (n6i rieng ctia F'L; (0)), tinh lién tuc ctia dit kién
va tinh compact ctia A;, ta thay rang dinh nghia sau 1 tuong duong véi Dinh
nghia 4.2,

Dinh nghia 4.3 ([4]).

e Mot ham nita lién tuc trén v : G — R la mot nghiém nhét dudi cua (4.3

tréen G néu véi moi x € G, moi v € R(G) sao cho u — ¢ dat cyc dai dia
phuong tai z, thi

\u(z) + H, (x dy (a;)) <0 néuzeJ \{O},

7dZUZ'
d d
\(0)+ Ho (520) - 520)) <0

e Mot ham nira lién tuc dudi v : G — R 1a mot nghiém nhét trén cua (4.3

trén G néu véi moi x € G, moi ¢ € R(G) sao cho u — ¢ dat cyc tieu dia
phuong tai z, thi

Au(z) + H, (x, ;ZSO (x)) >0 néuze J; \{O},

?

Au(O) + Hp (d_S"(O), L e (o)) > (.

’dﬂfN



Thuc hién cac danh gia co dien ta dat dugc cac két qua sau.

Meénh dé 4.4. Cdc khang dinh sau ding vdi moit € i,--- ,N; x,y € J; va
p,q € R.

(a) Néu (H1) va (H2) ding, thi

X

| Hi(z,p) — Hi(y,p)| < Llpllr — y| + w(lz —yl, [z] V [y]).
(b) Néu (H1) va (H2)" ding, thi

|Hi(2,p) — Hi(x, q)] < (M + Llz|)|p — ql,
|Hi(z,p) — Hi(y, p)| < Lipllz — y[ + w(lz —yl, [z] V |y]).
Dé ching minh ham gia tri 14 nghiém nhét ctia cdc phuong trinh Hamilton-

Jacobi tuong tng, ching toi giéi thieu mot s6 khai niém va tinh chat sau: Véi
moi x € G,

EI (yx,ny O‘n)nGN

f@y={ner": (y,,,a,) €T, t7_>0+fl >
o | Lm0 f (Y (t), an(t))dt =1
\ 3(t0)nen n—oo ! )

va
fl(z) =

r (Yo, Wn)nen | In > 07 va \
) ERVXR: (g ) € Ty | M o7 fan(t), an(t))dt =m &

\ 3(En)nen nlggo ol 4 ym,n(t), a,(t))dt = p

Meénh dé 4.5. Gid st (H0), (H1), (H2) (hodc (H2)") va (H3) ding. Ham gid

tri v duoc xac dinh trén (4.1) la nghiém nhdt cua

Au(z)+ sup {—Du(x,() — &} =0 trén G
(COEfU)

trong dé dinh nghia vé nghiém nhdt nhu & Dinh nghia |4.2, bang cdch thay
FL(z) bdi fl(z).
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Chitng minh. Ching minh dugc dua ra giong nhu 6 [2, Dinh 1y 3.1]. So sdnh
v6i [2], mot sy khac biét trong cong thiic ciia ching toi 14 ham gia tri ¢ the
khong bi chan. Dé khic phuc diéu nay chung toi thiét lap cac danh gia bi chin
dia phuong ctia ham chi phi £.

Ham gia tri v 14 mot nghiém nhét duédi: Ta chi can chiing minh rang
v 14 mot nghiem nhét dudi tai x = O. Lay ¢ € R(G) sao cho v — ¢ dat cuc
dai tai diém O, tic la

v(0) — 2(2) > p(0) — p(2), Yz € Bolr) N R(G).

Véi ((, &) € ff(O), ton tai a,, va t, — 0" sao cho

(= fim Poenl) Mn—/‘men ), (b)),
hm—/ﬁw% ) ()t
n—)OO
Lay T > 0 sao cho y(t) = ( ) € Bo(r)NR(G) v6i moi t < T va moi dieu
khién « sao cho (yo, ) € Tp. Tt Ménh dé 4.1

P(O) = @(Y0.0, (1)) < 0(0) = V(Y0,0,(t))

t

fglew@%@w%@»e“@+w@@%mxe”—1»

Theo Dinh nghia |4.1

P(0) = ¢ (t,6)

n

n—oo
T t,¢ = Y00, (tn) + 0(t,) va ¢ 1a lién tuc Lipschitz, ta két luan rang
P(0) = ©(Yo,au(tn))

—D¢(0,¢) = lim P
Mat khac,
nlggo—/ (Y00, (), n(s)) e ds = ¢
Do do6
~Dp(0,¢) ~ ¢ < lim ~(0(goa, (L) = 1) = ~X0(O)



Tu bat dang thic trén dung véi bat ky (¢, &) € fK(O), ta két luan rang v 1a
mot nghiém nhét dudi tai = O.

Ham gia tri v 12 moét nghiém nhdét trén. Liy ¢ € R(G) sao cho v — ¢
dat cuc tieu dia phuong tai O, tic la

v(0) —v(2) < p(0) = @(2), Vze Bo(r)NR(G).

Ta c6 the gia st rang ©(0O) = v(0) va v(z) > p(2),Vz € Bo(r) N R(G). Tu
Meénh de 4.1, v6i e > 0 va t > 0, ton tai a (phu thudc vao € va t) sao cho

v(0) +te > /0 {(Yo.a(s), a(s))e Mds + e Mv(yo.a(t)). (4.4)

Lay s € [0,1]. Khi d6 yo.«(s) 1a ham bi chan. Theo gia thiét (H2) (hoic
(H2)") thi ]f (Yo.a(s),a(s))| bi chan. Do d6, ton tai hdang s6 K théa man
0 (yo.a(s), a(s))| < K véi moi s € [0,1]. Ta c6

<K / e ™)

/ U(Wonls),als))eMds — / U(you(s). a(s))ds

1 [t —1+e ™M+ N
;/ (1 —e M)ds = v — 0 khit — 0,
0

ta co

/0 ((Yo.a(s),a(s))eds > | L(yoa(s), a(s))ds + o(t).

0

Theo (4.4)) ta co

2(0) +1e > / (Yo.a(s), a(8))ds + e (o (1)) + oft).
V61 t du nhod ta ¢co
2(0) — p(yoalt / (oa(s), a(s))ds + (1 — e )o(yoa(t)

—t6+0

Ton tai mot day ¢, — 0 va a,,,( va & sao cho ¢ = lim,,_, yo’i”(t") va &

im0 1 f" £Y0,0, (5), ata(s))ds. Do d6 (¢, €) € fUO) C To(G) x R.

RO rang ta co

et o(l) < ©(0) — ©(Yo,an (tn B _/ (Yo a(5), un(s))ds
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(1 — e )

+ t v<y0,an (tn))

Theo trén lim,,_, P(O)=¢(W0.an(tn)) _ —Dp(0, (). Do do6

in

A(0)+  sup {=Dp(0,n) —n} = A(0) = Dp(0,() — £ > —¢.

(n,1)EFL(O)

tit € bat ky ta ¢

M(0) 4+ sup  {—=Dp(O,n) —n} > 0.
(n,m)EFL(O)

Ta két luan rang v 14 mot nghiém nhdét trén tai x = O. ]
Theo [4, Bo dé 2.3], ta c6 bo dé sau.

B6 dé 4.4. Gia st (H0), (H1), (H2) (hodc (H2)") va (H3) ding. Vi moi
ham o € R(G) vax € G

sup {—Du(z,¢) =& = sup  {—Du(z,() — &}

(C.E)efl(x) (¢.E)EFL(x)

Tu Menh dé [4.5(va Bo dé [4.4] ta c6 dinh 13 sau.

Dinh 1y 4.1. Gid si (H0), (H1), (H2) (hodc (H2)") va (H3) ding, ham gid
tri v duoc xdc dinh trong (4.1) la mot nghiém nhdt cia (4.3)) trong G.

4.3. Nguyén lj so sanh va tinh duy nhét

Dinh 1y 4.2.
(a) Gid st (HO), (H1), (H2) va (H3) ding. Lay u,v : G — R thdéa man
lu(z)| < Ke™ ! |v(z)| < Ke™"!

vdi hang so0 K >0,z € G, vdi 0 < m < % va u, v lién tuc tréen G. Hon
nia ton tair; > 0 sao cho ul;,v|; la lién tuc Lipschitz tréen J;NB(O, ;).
Gid st rang w la mot nghiém nhdt dudi va v la mot nghiém nhét trén cia
4.3) tréen G. Khi dé u < v.
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(b) Gid st (HO), (H1), (H2)" va (H3) ding. Lay u,v : G — R thdéa man
u(x)] < K1+ [z])", |v(@)] < K(1+ |z])™

vdi hang s0 K > 0, x € G, v6i 0 < m va u,v lién tuc trén G. Hon nia

ton tai r; > 0 sao cho uly,v|; la lién tuc trén J; N B(O,r;). Gid st ring

u la mot nghiém nhdt dudi va v la mot nghiém nhdot trén cua (4.3|) trén
G. Khi do u <.

Ching minh.
(a) Ta dung phuong phap phéan ching. Gia st supg{u — v} > 0. Khi d6

ton tai 4o = 1,--- , N va xg € J;, sao cho u(xg) — v(zg) = supg{u — v} > 0.
Theo [23] Dinh 1y 1], ta c¢6

sup {u — v} > sup{u — v}".

:CE@JZ'O LUEJZ'O
Do do6
u(0O) —v(0) = néz}x{u(x) —wv(z)} > 0. (4.5)
Lay

() = exp(m(l + |z|HY?)  véim < m < A/M.

Theo gi thiét, u, v 1a cAc ham lién tuc Lipschitz v6i hang s6 Lipschitz Ly trén
J,NBO,r)véir>0.Véimoéit=1,---, N, >0, ta xét ham ®; cho bdéi:

@ZJZXJZ%R

1

(2,9) = u(@) = v(y) = o (=la] + [yl + 6(2))° = () + n(w)),

1
trong do o0(e) = (Lo + 1)e va v € <O, 5) . Theo dinh nghia cta &,,
lim  ®;(x,y) = —o00, do d6 ton tai R = R, > 0 sao cho

|z|,|y|—00

|lz|,ly|>R

Lay S = {(z,y) € J; x J; : |z|,|y| < R} ta c6 ®; dat cuc dai M, tai
(ﬂfi,g,,y, yi’g’ry) e S. Mat khéC,
<_|xi,s,7| + |yi,5,fy| + 5<5>)2
2€
99
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52
> mac{u(z) — of2) — 29(u(2)) —

> u(0) ~ 0(0) ~ 29(0) ~ =

Tu u(O) —v(0) > 0, vé phai cta (4.6]) 1a duong khi £, di nho. Ta cling két
luan t bat dang thic trén tinh bi chin cla w vi v trén S, ton tai hing sé

K > 0 sao cho

(4.6)

<_‘$i,6,7‘ + ’yi,eﬁ’ + 5(5))2
2¢€

do d6 2e K > (—|xicr| + |Yicn| + (€))% Khi d6 ta c6 thé lay mot day con
cla (Ticr)es (Yien)e ching cing duge ky hiéu béi (2. 4)e, (Yien)e, sao cho

K Z u(xi,s,fy) T U(%,e,v) Z

LTierys Yieny —7 Ty

khi e — 0, v6i x, € J;. Theo bat dang thiic (4.6) ta c6

(= |Tien| + |Yicn])d(e)
U(Ticry) — V(Yien) — . - . — V(W (Tiery) + 1 (Yier))

> u(0) — v(0) — 2vu(O).

Cho € — 0 ta ¢6

u(,) — v(x,) — 2yu(x,) = u(0) — v(0) — 2y(O).

Két hop véi bat dang thic (4.5) ta co

29p(0) = 2yp(a,) 2 (u(O) = v(0)) = (u(x,) —v(r,)) 20,

diéu nay dan dén p(O) > u(zx,). Theo dinh nghia ctia , bat dang thic trén
dan dén x, = O. Tu (4.6 ta co

— | L, + Yie, o(e
(—|Zien] 5’ 21)0(e) — V(X ry) + 1 Yien))

> u(0) — 0(0) — 29p(0) + el lheal)”

Cho € — 0 trong (4.7)) ta cé

u<xi,e,7) o U<yi,€,7) T

(4.7)

lim (—’371',5,7’ + |yi,€,7‘)2 _
e—0 e

0.

Ta két luan rang néu € > 0, thi ;. # O. That vay, gia st phan ching

rang ;.. = O.
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(i) Néu y;., > 0, thi

U(0) = 0(yes) = o (lphesl +5(6))? = 7(1(0) + iz
S(ep
2¢

Z u<yi,€,’7) - U(yi,a,v) - _ 72/u(yz',6,7)'

Tu u 1a lien tuc Lipschitz trén B(O,r) N J;, ta thay rang véi € du nho

1,e 2 i€ 5 e
Lolyics| = w(O) — u(y;..) > |?J,2;\ L 1w 76| (¢)

1,E,7Y 5
> el 0) <) )

+Y(1(O) = ((Yier))

Chia hai vé cta (4.8) cho |y;.| va choe — 0tacé Ly > Lo+ 1 — 7.

. < 1
Dieu nay mau thuan véi v € | 0, 5/

(ii) Ngugc lai, néu y; ., = O, thi

> u(ge;) —v(0) — %(—6 +6(e))” — v(ulees) + 1(0)).

Tu u 1a lien tuc Lipschitz trén B(O,r) N J;, ta thay réang véi € du nho

Loe > u(O) —u(ce;) > —(—e*42e6(e)) —ve —y(u(ee;) — u(0)). (4.9)

2

Chia hai vé ctia (4.9) cho € va cho € — 0 ta c6 Ly > —%—{—Lo—i—l—v
. s 1
dieu nay mau thuan véi v € (0, 5) :

Tiép theo, ta xét hai truong hop.

e Ton tai mot chi s6 j € J; sao cho y;., > 0. Do d6 két luan duge chiing
minh. Tiép theo ta c6 thé ap dung bat dang thitc nghiem nhét cho u tai

Tje~ Va VOL U tal Y e -

_‘xjﬁﬁ| + ‘yj,e,vl +4(¢)
E

Nu(z,..) + H, (sc _ +v\w<xm>\) <0
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_‘xj,€ﬁ| + ‘yj,e,vl +4(¢)

)\v(yj,s,’y) + HJ (yjagf}/’ o 5 T fY|v/’L<yJ,8,7)|> Z 0.

Trit hai bat dang thic ta c6

)\u<xi,6,7) o Av(:yi,e,y)

< H, (yj,em el ¥ ‘g‘j 2al 066 _ W|Vu<yj,g,7)\)

— Hj | @z, — “lseal ¥ ’fj 2l 7000 YNV (e ) \)

< Hj | Yjens — —Tpeal T |;yj’€’7| il 5(€>) + M|V u(y;e-)|
— Hj | @z, — “lseal ¥ ’g‘j 2ol ¥ 5(8)> + My|Vu(ze.)|
o[l el 0O,

+ w(‘xjﬁﬁ - yj}m‘a R) + M7(|Vﬂ(%,a,7)’ + |vﬂ(yj,6,7>’)'

Cho € — 0 ta dugc A(u(O) — v(0)) < 0 hoac u(0) — v(0) < 0, dicu

nay mau thuan véi (4.5)).

e T d6y;., =0v6imoij=1,---,N. Hum

1
y = vY) + o (Tl + 1yl + o)’ +yuly), yeg

dat cuc tiéu tai G. T v 14 mot nghiém nhét trén, ta co

(O __|xj,&?,7‘ + |yj,€,*y‘ + 5(5)

j:]-a'“aN 8

+ 7V|u(:z:j,5,7)]> > 0.
Nhu vay, ton tai mot chi s6 j sao cho

_‘xj,€ﬁ| + ‘yj,e,vl +4(¢)
e

w(0)+ H, (0.~ +9| Va0 ) 20

Mat khac, tu z; > 0 va v la mot nghiém nhét dudi ta co

_’xj,e,'y| + ’yj,e,’y| + 5<5)
g

Nu(z,.) + H, (a: _ 4|Vl ) !) <0,

Diéu nay dan dén

__‘xj;&’y, + |Yjen| +0(e)
g

Nu(z;.) — Mo(0) < H, (0, ' v|w<xj,g,y>|)
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—[Zjen| + Yjeq| + ()
g

o Hj <xj,6,'ya - + 7|V:u(xj,6,7>|) .

Bing céch danh gia bat dang thitc gid tri ham H; theo cac budc giong nhu
trong truong hop y,.~, > 0 ta cing ¢6 u(0O) < v(0). Ching minh 2) gidng
nhu 12 chitng minh 1) bang cach lay ham

p(x) = (1+ |z?)™?

v6i m < m. Nhu vay Dinh 1y [4.2| dugc ching minh. O

4.4. Ung dung ctia nghiém nhét trong bai toan diéu khién t6i wu

Dinh 1y 4.3. Vi moi x € G va (y,, ) € T, ham sau la khong gidm:

5o / SN F(yat), o)t + e Mu(y(s)), s € [0, 00).

Hon nidia né la ham hang néu va chi néu dieu khién o(-) la to1 vu vdi vi tri

ban dau z.

Ching minh. Dat h(s) := /08 e M f(y. (1), a(t))dt + e Mv(y,(s)), s € [0,00).

V6i moi a(+) € U, theo Dinh 1y 4.1/ v6i thoi diem ban dau y,(s) va e > 0,

ta co

V(5 < [ € Flgio®alt + 5)dt + e ol o)
— /O6 e M fyu(t+8), alt + 8))dt + e v(Yy ) (€))-
Nhan hai vé ctia bat ding thic trén véi e > 0 ta co
e U (ya(s,0)) < /OE e N f(yu(t + 5), a(t + 8))dt + e u(y,, (4 (€))

- / e Ft), al)dt + e o(y, () (4.10)

Cong / e M f(y.(t), a(t))dt vao hai vé ctia bat ding thitc (4.10), ta co
0

i) + [ e o), ate)
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e+s
< [Nt )+ g + ),
0
trong d6 ching t6i st dung tinh chat y, (e + s) = y,,(5(€) do d6

h(s) < h(s+ ¢).

Két luan dau ctia Dinh 1y 4.3 dugc thuc hién.

Néu
) = | SN F(ya(t), o)t + e Mu(yu(s), s € [0,00)

12 mot ham hang, thi h(s) = h(0) = v(z). Do do

v(x) = /OS e M fly,(t), a(t))dt + e Mv(y,(s)), s € [0,00).

Nhu vay, a(-) 1a t6i wu véi vi tri ban dau x.

Ngudc lai, néu «(-) 1a diéu khién t6i wu véi z, thi

0) = (@) = [ e Fgult), ale)dt + e ulguls) = his),
0
tiic 1a A 13 mot ham hing. ]

Dinh 1y 4.4. Véi moi v € G, néu a(-) la mot diéu khién sao cho vdi (y,, o) €
T, va ham gid tri v la lién tuc Lipschitz va théa man

i V() + L ((5). a(5) = v(5(9)

t—0t t

+0(ya(s), a(s)) < Av(ya(s))
(4.11)

vdi hau khdp noi s, khi dé o) la toi wu vdi thoi diem dau .
Chiing minh. Ta sé ching minh rang ham
hs) = [ 0. a)dt + ol (), se o) (412)
0

la khong tang, tic 1a h/(s) < 0 hau khap noi.

Tu v 1& Lipschitz dia phuong, h 13 kha vi hau khap noi va

H(s) = e (f<yx<s>, o(5)) — No(ya(s)) + lim 25+ ED) ”%(S”) ,

e—0 I
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va ton tai mot hang so K théa méan

Tu do ta co

v(Ya(s +¢)) — v(ya(s)) V() + ef (y2(t))) — v(ya(s))

Jim : <l :
Y et L)
hay
(s ) vlnls)) _ () + ef ) — oluls)
e—0T g T g0t S

St dung (4.11)), ta dugc

e—=0t £

Nhu vay h'(s) < 0. O

Dinh 1y 4.5. Gid st rang ham gid tri v la Lipschitz dia phuong. Khi dé o)
la toi wu vdi thoi diém dav x néu va chi néu

() + 1 (0(), 0()) — 0(5(5)
t—0 t

+ L(Y2(5), a(s)) = Av(ya(s))
(4.13)
vdi hau khdp noi s.

Chitng minh. Gia st rang (4.13)) théa man. Theo Dinh 1y 4.4, a(+) 1a mot dieu
khién t6i wu. Ngudc lai, gia sit «(+) 1a mot diéu khién tdi wu, ta sé chitng minh
1.13) ding.

Tt h xac dinh béi (4.12) 1a hing s6. Theo Dinh 1y [4.3] ta c6

0=e™h'(s) > f(y.(s), a(s))—Mv(y.(s))+lim V(Y (s +€)) = v(ga(5))

e—0 S

h.k.n. s.

Tu do ta co

No(Wa(5)) > F(ya(s), als)) + lim “Fals T €) ~ vl8ls)

hau khap s.
e—0 g
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Do do

Mo(yu(s)) > lim LW2(8) + 17 (0:(8), al8))) = vy (s))

t—0 14

+ Ly (5), a(s)).

Mat khac, tu v 1a lien tuc Lipschitz, v(y,(t)) 1a kha vi hau khap noi. Ta lay

diem ma tai d6 ham v(y,(t)) kha vi. Theo gid thiét v 14 mot nghiem nhét

dudi, khi d6 v6i moi ham ¢ € R(G) va v — ¢ dat cuc dai tai y,(s), ta co
Lo V(8) + Ef((9), a(5)) — v(ya(s)

t—0 t

= Dp(y.(s), f(y(s), a(s))).
(4.14)

T (f(ya(s), a(s)), £(ya(s), a(s))) € FL(y(s)),

Ap(Yu () — Dp(ya(s), f(y(s), a(s))) — €(y(s), a(s)) < 0. (4.15)
St dung (4.14) va (4.15)), ta co6 bat dang thic

i V00(5) 1 0 (), 2(5))) = 0(0(5))

t—0 t

> Ap(Ya(8)) — L(ya(5), (s))-
(4.16)

Nhu vay, (4.13) thoa man hau khap noi s.

Két luin chuong 4

No6i dung ctia chuong nay nghién citu bai toan diéu khién t6i wu trén cac
khép noi. So sanh v6i nhitng két qua gan day, ham chi phi ma ching to6i st
dung trong mot 16p rong hon. Do d6, ham gia tri dat duge c6 thé khong bi
chan. Ching toi ciing ching minh dugc ham gia tri 14 nghiém nhét duy nhat
ctia mot phuong trinh Hamilton-Jacobi lién quan. Hon nita tinh chat ciia ham
gia tri cling dudc chi ra, tinh lién tuc, do tang, tinh bi chin trén tai diem O.
Ching t6i ciing da thiét lap duge mot dieu kién can va di cho mot diéu khien
t6i wu clia bai toan diéu khién téi wu v6i thoi gian vo han. Viéc tim cac phan
hoi t6i wu cho bai toan diéu khién t6i wu trén cac khép noi ¢6 chi phi vao, ra

]& mot huéng cé the nghién citu trong thdi gian tdi.
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KET LUAN VA DE XUAT

1. Cac két qua dat dudc

Luan an nghién cttu tng dung cua duéi vi phan cho nghiém nhé6t
ctia phuong trinh Hamilton-Jacobi trong khong gian Banach. Cu thé luan
4n nghién ctu cac van deé sau: (1) dudi vi phan S-nhét, cac tinh chat cua
dudi vi phan S-nhét, nguyen ly bién phan tron; (2) tinh duy nhat nghiém
[B-nhét cua phuong trinh Hamilton-Jacobi trong khong gian Banach c6 dang
uw+ H(x,Du) = 0 va u + H(x,u, Du) = 0; tinh on dinh va syt ton tai clia
nghiem [-nhét cho phuong trinh; (3) nghiém [-nhét clia bai todn diéu khién
téi wu trong khong gian Banach, diéu khién phan hdi téi wu clia bai toan diéu
khién t6i wu v6i thoi gian vo han; (4) nghiém nhét ctia bai toan diéu khién t6i
uu trén khép néi, diéu kién can va da cho mot dieu khién t6i wu. Céac két qua

dat dugc la:

1) Chiing minh dugc mot s6 két qua vé nguyén ly bién phan tron cho ham
nita lién tuc dudi va bi chan & trén khong gian Banach X thdéa mén gia

thiét (H}5) va trén khong gian c6 chuan [-tron.

2) Ching minh tinh duy nhat nghiém S-nhét ciia phuong trinh Hamilton-
Jacobi trong 16p ham lién tuc va bi chan cho phuong trinh Hamilton-Jacobi
c6 dang u + H(x, Du) = 0, tinh duy nhat nghiém trong l6p ham lién tuc
déu va khong bi chan doéi véi phuong trinh dao ham riéng cap 1 dang
tong quat v + H(x,u, Du) = 0. Chiing minh dudc tinh on dinh va sy
ton tai nghiem B-nhét ctia phuong trinh Hamilton-Jacobi dang tong quat
u+ H(x,u, Du) =0,

3) Chitng minh ham gia tri ctia bai toan diéu khién téi wu v6i thai gian vo
han 14 nghiém [-nh6t duy nhat ctia phuong trinh Hamilton-Jacobi tuong

tng, chitng minh dugde diéu kién can va du déi véi mot diéu khién t6i wu.
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4) Khi nghién cttu nghiém nhét trén cac khép ndi: ching minh duge ham
gi4 tri clia bai toan dieu khién t6i wu 14 nghiém nhét duy nhat cia mot
phuong trinh Hamilton-Jacobi lién quan. Chitng minh dudc mot s6 tinh
chat ctia ham gia tri nhu tinh lién tuc, do tang, tinh bi chin trén tai diem
O. Thiét lap dugc mot dieu kién can va di cho mot dieu khién t6i wu cia

bai toan diéu khién t6i wu véi thoi gian vo han.

2. Dé xuat mot so van dé nghién ciu tiep theo

Bén canh cac két qua dat dugc trong luan an, mot s6 van dé md lién

quan can dudc tiép tuc nghién cttu nhu:

e Ung dung ctia dudi vi phan cho nghieém S-nhét clia phuong trinh Hamilton-
Jacobi cap 2 va cap cao hon bao gdom tinh duy nhat nghiém, tinh on dinh

va su ton tai clia nghiém

e Dua dugc cac diéu khién phan hdi t6i wu ré rang hon, xac lap dude so do
dé tim dieu khién t6i wu cho bai toan diéu khién t6i vu véi thoi gian vo
han.

e Tim cac diéu khién phan hoi t6i uu cho bai toan diéu khién t6i wu trén
cac khép néi c¢6 chi phi vao, ra. Nghién citu bai toan diéu khién t6i wu
trén mang ludi.

e Ung dung nghiem S-nhét dé nghien citu cic bai toan thuc tién trong sinh
thai, ky thuat, kinh té, tai chinh,... nhu trong [5].

108



DANH MUC CONG TRINH KHOA HQOC CUA TAC GIA
LIEN QUAN DEN LUAN AN

[1] T.V. Bang, P.T. Tien, (2018), On the existence, uniqueness, and stability
of [-viscosity solutions to a class of Hamilton-Jacobi equations in Banach
spaces, Acta Math. Vietnam DOI: 10.1007/s40306-018-0287-7

2] P.T. Tien, T.V. Bang, (2019), Uniqueness of 3-viscosity solutions of Hamilton-
Jacobi equations and applications to a class of optimal control problems,
Differ. Equ. Dyn. Syst. DOI: 10.1007/s12591-019-00479-7

(3] P.T. Tien, T.V. Bang, (2019), Hamilton-Jacobi equations for optimal con-
trol on junctions with unbounded running cost functions, Appl. Anal. DOI:

10.1080/00036811.2019.1643012.

109



TAI LIEU THAM KHAO

[A] Tai liéu tiéng Viét
[1] Hoang Tuy (2005), Ham thuc va gidi tich ham, NXB DHQG Ha Noi.
[B] Tai liéu tiéng Anh

2] Y. Achdou, F. Camilli, A. Cutri, N. Tchou (2011), Hamilton-Jacobi equa-
tions on networks, IFAC proceedings volumes 44 (1), 2577-2582.

3] Y. Achdou, F. Camilli, A. Cutri, N. Tchou (2013), Hamilton-Jacobi equa-
tions constrained on networks, NoDFEA Nonlinear Differential Equa-
tions Appl. 20 (3), 413-445.

[4] Y. Achdou, S. Oudet, N. Tchou (2015), Hamilton-Jacobi equations for
optimal control on junctions and networks, ESAIM Control Optim. Calc.
Var. 21 (3), 876-899.

5] H. Alexandru, T.Q. Ky, P.T. Tien, G. Yin (2019), Harvesting of interact-
ing stochastic populations, J. Math. Biol. 79 (2), 533-570.

6] S.M. Aseev, A.V. Kryazhimskii (2007), The Pontryagin maximum princi-

ple and problems of optimal economic growth, Proc. Steklov Inst. Math.
257 (1), 1-255.

7] T.V. Bang, T.D. Van (2006), Viscosity solutions of the Cauchy problem
for second-order nonlinear partial differential equations in Hilbert spaces,
Electron. J. Differential Equations 47, 1-15.

8] T.V. Bang (2006), The uniqueness of viscosity solutions of second or-
der nonlinear partial differential equations in a Hilbert space of two-
dimensional functions, Acta Math. Vietnam 31 (2), 149-165.

110



9] M. Bardi, D.I. Capuzzo (1997), Optimal control and viscosity solutions
of Hamilton-Jacobi-Bellman equations, Systems & Control: Founda-

tions & Applications. Birkhauser Boston, Inc., Boston, MA.

[10] M. Bardi, M.G. Crandall, L..C. Evans, H.M. Soner, P.E. Souganidis (1997),
Viscosity solutions and applications, Lecture Notes in Mathematics, 1960.

Springer-Verlag, Berlin.

[11] G. Barles, A. Briani, E. Chasseigne (2013), A Bellman approach for two-
domains optimal control problems in RY, ESAIM Control Optim. Calc.
Var. 19 (3) 710-739.

[12] G. Barles (2013), An introduction to the theory of wviscosity solutions
for first-order Hamilton-Jacob: equations and applications, In Hamilton-

Jacobi equations: approximations, numerical analysis and applications,
Lecture Notes in Math., Springer, Heidelberg (2074), 49-109.

[13] J. Baumeister, A. Leitdo, G.N. Silva (2007), On the value function for
nonautonomous optimal control problems with infinite horizon. Systems
Control Lett. 56 (3), 188-196.

[14] R. Bellman (1957), Dynamic programming, Princeton University Press,
Princeton, N. J.

[15] J.M. Borwein, Q.J. Zhu (1999), A survey of subdifferential calculus with
applications, Nonlinear Anal. 38 (6), 687-773.

[16] J.M. Borwein, M. Fabidn (1993), On convex functions having points of
Gateaux differentiability which are not points of Fréchet differentiability,
Canad. J. Math. 45 (6), 1121-1134.

[17] J.M. Borwein, S. Fitzpatrick (1993), A weak Hadamard smooth renorming
of L1(Q2, 1), Canad. Math. Bull. 36 (4), 407-413.

[18] J.M. Borwein, D. Preiss (1987), A smooth variational principle with appli-
cations to subdifferentiability and to differentiability of convex functions,
Trans. Amer. Math. Soc. 303 (2), 517-527.

111



[19] J.M. Borwein, Q.J. Zhu (1996), Viscosity solutions and viscosity sub-
derivatives in smooth Banach spaces with applications to metric regular-
ity, SIAM J. Control Optim. 34 (5), 1568-1591.

20] M.G. Crandall, P.L. Lions (1985), Hamilton-Jacobi equations in infinite
dimensions. I. Uniqueness of viscosity solutions, J. Funct. Anal. 62 (3),
379-396.

21] M.G. Crandall, P.L. Lions (1986), Hamilton-Jacobi equations in infinite
dimensions. II. Existence of viscosity solutions, J. Funct. Anal. 65 (3),
368-405.

22] M.G. Crandall, L.C. Evans, P.L. Lions (1984), Some properties of viscosity
solutions of Hamilton-Jacobi equations, Trans. Amer. Math. Soc. 282
(2), 487-502.

23] M.G. Crandall, P.L. Lions (1983), Viscosity solutions of Hamilton-Jacobi
equations, Trans. Amer. Math. Soc. 277 (1), 1-42.

24] C. Hermosilla, H. Zidani (2015), Infinite horizon problems on stratifiable
state-constraints sets, J. Differential Equations 258 (4), 1430-1460.

125] R. Deville, G. Godefroy, V. Zizler (1993), Smoothness and renormings
in Banach spaces, Pitman Monographs and Surveys in Pure and Applied

Mathematics, Longman Scientific & Technical, Harlow; copublished in the
United States with John Wiley & Sons, Inc., New York, 64.

26] R. Deville, G. Godefroy, V. Zizler (1993), A smooth variational principle
with applications to Hamilton-Jacobi equations in infinite dimensions, J.
Funct. Anal. 111 (1), 197-212.

[27] M. Durea (2003), Applications of the Fréchet subdifferential, Serdica
Math. J. 29 (4), 301-314.

28] W.H. Fleming, H.M. Soner (2006), Controlled Markov processes and vis-

cosity solutions, Second edition. Springer, New York.

112



29] Y. Fleming, T. Namba (2017), Well-posedness of Hamilton-Jacobi equa-
tions with Caputo’s time fractional derivative, Comm. Partial Differen-
tial Equations 42 (7), 1088-1120.

130] L.C. Evans (2010), Partial differential equations, American Mathemat-

ical Society.

31] G. Evéquoz, A.S. Charles (2006), On differentiability and bifurcation.
Advances in mathematical economics, Adv. Math. Econ., Springer,
Tokyo, 8, 155—184.

[32] N. Hoang (2019), Regularity properties of viscosity solution of nonconvex
Hamilton—Jacobi equations, J. Applicable Analysis 98 (6), 1104-1119.

[33] P. Huyen (2009), Continuous-time stochastic control and optimization
with financial applications, Stochastic Modelling and Applied Probabil-
ity, Springer-Verlag, Berlin, 61.

134] H. Ishii (1987), Perron’s method for Hamilton-Jacobi equations, Duke
Math. J. 55 (2), 369-384.

135] D.M. Khang (2019), Hamilton-Jacobi equations for optimal control on
networks with entry or exit costs, ESAIM Control Optim. Calc. Var. 25
(15), 1-31.

136] X.J. Li, J.M. Yong (1995), Optimal control theory for infinite-dimensional
systems, Systems & Control: Foundations & Applications. Birkhauser
Boston, Inc., Boston, MA.

[37] P.L. Lions, P. Souganidis (2016), Viscosity solutions for junctions: well
posedness and stability, Atti Accad. Naz. Lincer Rend. Lincei Mat. Appl.
27 (4), 535-545.

[38] B.S. Mordukhovich, N.M. Nam, N.D. Yen (2009), Subgradients of
marginal functions in parametric mathematical programming, Math. Pro-
gram 116 (1-2), 369-396.

[39] B.S. Mordukhovich, Y. Shao, Q.J. Zhu (2000), Viscosity coderivatives and
their limiting behavior in smooth Banach spaces, Positivity 4 (1), 1-39.

113



140] R.R. Phelps (1989), Convez functions, monotone operators and differen-
tiability. Lecture Notes in Mathematics, Springer-Verlag, Berlin, 1364.

[41] R.R. Phelps (1974), Support cones in Banach spaces and their applica-
tions, Advances in Math. 13, 1-19.

[42] J. Zabczyk (2008), Mathematical control theory, Birkhduser Boston,
Inc., Boston, MA.

114



	Li cam oan
	Li cam n
	Muc luc
	M ÐU
	ChÆ°Æ¡ng DI VI PHÂN -.4-NHT
	Tính -kha vi
	Di vi phân -nht

	ChÆ°Æ¡ng NGHIM -.4-NHT CUA PHNG TRÌNH HAMILTON-JACOBI TRONG KHÔNG GIAN BANACH 
	Tính duy nht cua nghim -nht
	Nghim -nht
	Nghim bi chn
	Nghim không bi chn

	Tính n inh và s tn tai cua nghim -nht
	Tính n inh
	S tn tai


	ChÆ°Æ¡ng NG DUNG CUA NGHIM -.4-NHT ÐI VI BÀI TOÁN ÐIU KHIN TI U
	Bài toán iu khin ti u vi thi gian vô han
	Bài toán iu khin ti u-nguyên lý quy hoach ng Bellman vi hàm giá tri trn
	Tính cht cua hàm giá tri cua bài toán iu khin ti u

	ng dung cua nghim -nht i vi bài toán iu khin ti u

	ChÆ°Æ¡ng PHNG TRÌNH HAMILTON-JACOBI VI BÀI TOÁN ÐIU KHIN TI U TRÊN KHP NI VI HÀM CHI PHÍ KHÔNG BI CHN
	Bài toán iu khin ti u trên các khp ni
	Khp ni
	Bài toán iu khin ti u
	Mt s tính cht cua hàm giá tri tai inh

	Phng trình Hamilton-Jacobi và nghim nht
	Hàm th
	Trng véct
	Ðinh nghıa nghim nht
	Hàm Hamilton

	Nguyên lý so sánh và tính duy nht
	ng dung cua nghim nht trong bài toán iu khin ti u

	DANH MUC CÔNG TRÌNH KHOA HOC CUA TÁC GIA LIÊN QUAN ÐN LUN ÁN

