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INTRODUCTION

Bose-Einstein condensates (BEC) is a macro quantum state, where numerous
microscopic particles are concentrated on the same single quantum state as a single
particle when the system’s temperature is lower than a certain temperature Tc. This
phenomenon was predicted by Einstein in 1925 for atoms with integer spins. This
prediction is based on the idea of a quantum distribution for photons given by Bose
a year earlier. Afterwards, Einstein extended Bose’s idea to particle system and
demonstrated that when cooling bosons at very low temperatures, the system accu-
mulates (or condenses) in the quantum state corresponding to the possible lowest
energy and create a new state of matter that is called BEC.

In 1995, a group of experimentalists at the University of Colorado and the
Massachusetts Technology Institute succeeded in creating BEC of such atoms as
87Rb, 23Na, 7Li. Experimental results confirming the existence of BEC were recog-
nized by the Nobel Prize in Physics 2001 which was awarded to E. A. Conell, C. E.
Wieman and W. Ketterle. Studies in this field really exploded after experimenters
succeeded in creating unmixed two-component BEC condensation (BCEs).

BEC is a quantum form of matter, quantum matter waves have an impor-
tant characteristic of lasers, which is the coherence. On the other hand, resonance
method called Feshbach allows controlling most important parameters, such as inter-
action intensity between two components, in order to create any status as expected.
Therefore, BEC(s) is the ideal environment in the laboratory that enable us to:

•Describing properties of solid-state environment systems that are difficult to
be studied in real materials.

•Checking out various quantum phenomena, such as the formation of Abrikosov
vortices, domain walls between two components, soliton status, monopoles...

•Researching quantum phenomena which are similar to phenomena in classical
hydrodynamics, such as unstable Kenvin-Helmholtz phenomena, unstable Rayleigh-
Taylor phenomena, Richtmayer-Meshkov phenomena,...

Furthermore, studies on BEC have given a lot of important applications in
practice, for example, manufacturing lasers with very small wavelengths of 10−11m,
atomic-sized electronic chips, several special gasoline for a lot of military aircraft...

Because of these above reasons, the discovery of BEC opened a rapid period
of development both in theory and experiment fields in the study of quantum ef-
fects. The research of two-component BEC is a very urgent issue, promising to offer
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several new physical properties, which will open new research directions in theoret-
ical physics, physics in dense environment and in the technology of manufacturing
electronic components. However, almost all studies on BECs have only occurred
with BECs systems in infinite space and BECs in finite space with boundary con-
ditions called Dirichlet, while experimental and practical applications have been
implemented in limited space with a wide range of different boundary conditions.
Because of these above reasons, we decided to choose the topic of the thesis, which
is ”research of two-component Bose - Einstein condensates in limited space”. In this
thesis, we use the double parabolic approximation method (DPA), the s to study the
two-component BEC system in space with different boundary conditions with the
goal of finding out some new limited effects, examining the influence of boundary
conditions on the stability of the system.

Beside to the introduction, conclusion, list of works related to the published
thesis and references, the content of the thesis consists of four chapters.

Chapter 1. Presenting an overview of gained studies on the two-component
separation BEC system in the recently years and presenting the method of studying
the two-component separation BEC system.

Chapter 2. Using the hydrodynamics approximation method (HDA) to study
capillary waves on the interface of the two-component BECs system which are bound
by a hard wall and two hard walls, with the goal of finding out the dispersion system
of the stimulating waves at the interface.

Chapter 3. This chapter presents the research in the two-component separa-
tion BEC system which is limited to half space by a hard wall (optical wall) with
different boundary conditions. From finding a solution to analyzing the basic state
of a system by the approximation method (DPA), we determined the tension at the
interface between the two components based on residual energy on the interface,
found out the tension of condensed surface at hard walls, drawn a diagram of wet
phase of condensation on a hard wall surface, researched on space limit effect and
in particular, and found out the boundary conditions which make the system most
stable.

Chapter 4. This chapter presents the research on the two-component separa-
tion BEC system limited by two hard walls with different boundary conditions to
find out new finite size effects and find out boundary conditions which make the
system most stable.
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Chapter 1

Overview and the theory of segregated
two-component BEC system

1.2. Overview of the theoretical studies of segregated two-

component BEC condensates system

In terms of theory, based on moderate field approximation (MFA), Gross and
Pitaevskii have successfully built tools to study BECs. For BECs, the wave function
represents the basic status of the system is the solution of the Gross-Pitaevskii
equation (GPEs), which is a nonlinear differential equation system with links and
there are only analytical solutions in some special cases. In order to find a general
analytical solution to the basic state of BECs, many approximate methods have
been proposed. The first study to be mentioned is the work of Ao and Chui. By
the method of linearizing the order parameters on each side of the interface, Ao and
Chui found out the approximate solution of GPEs for the BECs system, thereby
calculating the interface tension of the system with defined number of particles
which are imprisoned in a finite well. Not using the linearization method of the
order parameters like Ao and Chu and taking the approximations of strong and
weak separation into consideration instead, Brankov found out the analytic solution
for wave function of the BECs in the above limits. Another approximate method
which is quite simple but produces relatively consistent results was suggested by D.
A. Takahashi and his colleagues, it is extrapolation function method. Finally, we
want to mention a very simple approximation method but release good results, it
is the double parabola approximation given by Joseph and his colleagues. Based
on the idea of the linearizationof order parameters such as Ao and Chui, we have
replaced the fourth-order interaction in GP theory with a potential created by two
parabola. This is one of the two main approximations that we will use in this topic
to investigate static properties as well as the interface dynamics of the BECs system.

One of the important static properties of BECs system is the tension of inter-
face and the transition of wet phase. Studies have shown that BECs have superfluid
properties, which means that they also have external surface tension. Using the
main distribution and linearization of order parameters, Ao and Chui calculated
the surface tension of the BECs for a number of specific cases of confinement. The
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results show that the surface tension is the outer energy of the system for a unit of
surface volume. The most complete and detailed calculation of the interface tension
of BECs based on GP theory which was calculated by Bert in 2008. The system
surveyed in this case is infinite system and the results show that surface tension is
equal to the sum of the tension caused by each component in the system, the con-
tribution of each component is proportional to its characteristic length. External
tension directly affects the transition of wet phase of the system when the system is
exposed to a hard wall. This phase transition in the BECs was first mentioned in
2004 by Joseph and his colleagues.

Using MFA methods and other approximation methods (DPA, TPA), studies
of surface tension and the transition of wet phase of unlimited BECs have been
systematically resolved by Joseph and his team. A lot of important results have
been obtained as well.

In order to study the theory of BECs is closer to reality, scientists studied the
two-component BECs in semi-infinite and finite space and have obtained a lot of
important and meaningful results. For instance, at the hard wall, the wet phase will
change from partial wet to fully wet; when the system is confined by two hard walls
a Casimir-like force will appear and depending on the distance between the walls,
this force can be attractive or repulsive force; the interface tension in GCE and CE
no longer relates to each other as they do in infinitte systems,...

In addition to the above static properties, the dynamics properties, especially
dynamics properties of the interface, are given special attention because of its high
applicability in modern technologies. Considering only the case when the two com-
ponents are fully symmetrical, Mazet pointed out that the surface of stimulating
waves have two possibilities: capillary waves, where wave energy is proportional to
the wave vectors in the form ω ∝ k3/2 or a different form of stimulation ω ∝ k1/2.
Similarly, Brankov also demonstated that the dispersion system for surface stimula-
tion of the BECs also has two possibilities, which means that it exists both ω ∝ k3/2

and ω ∝ k1/2. Most recently, the study of Takahashi and his colleagues on the BECs
of arbitrary size, dispersion system when the system size becomes large enough,
also has the form of capillary waves,... In addition to the effect of waves capil-
laries, studies also survey other effects such as Kelvin-Helmholtz, Rayleigh-Taylor,
Richtmayer-Meshkov,...

1.4. Methods for studying the BEC system

1.4.2. Gross-Pitaevskii equations (GPs)

Considering a two-component BEC condensation system, Minimized condi-
tions called Hamiltonian lead to system of time-independent GP equations in di-
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mensionless systems.

−∂2
%1
φ1 − φ1 + |φ1|2φ1 +K|φ2|2φ1 = 0, (1.34a)

−∂2
%2
φ2 − φ2 + |φ2|2φ2 +K|φ1|2φ2 = 0, (1.34b)

in which the dimensionless coordinate %j = z/ξj, the dimensionless order parame-
ter φj = ψj/

√
nj0 with nj0 is the bulk density of condensate j. The dimensionless

quantity K = g12√
g11g22

is an independent parameter and we restrict our considerations

for two condensates that are immiscible, i.e., K > 1 and the demix state K = 1 .

1.4.4. Double parabola approximation method (DPA)

The approximation method (DPA) helps us to bring the nonlinear differential
GP equations to linear form that can be solved by analytical solution

−∂2
%j
φj + 2(φ− 1) = 0,

−∂2
%j′
φj′ + β2φj′ = 0, (1.35)

where β =
√
K − 1, (j, j′) = (1, 2) for the right side of the interface and (j, j′) =

(2, 1) for the left side of the interface.

1.4.5. Hydrodynamics approximation method (HDA)

In the Hydrodynamics approximation method, we consider the motion of par-
ticles in a condensed state as movements of fluid flows. Our goal is to find out the
equations for the motion of these flows as hydrodynamic equations which have same
classical form as Bernoulli equation, Euler equation, continuous equation,... from
which we can study the Kinetic properties of the BEC system.
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Chapter 2

Dispersion relation of two-component
Bose-Einstein in limited space

Using the hydrodynamics approximation method (HDA) to study capillary waves
on the interface of the two-component BECs system which are bound by a hard wall
and two hard walls, with the goal of finding out dispersion relation of capillary waves
at the interface.

2.1. Dispersion relation of two-component BEC system in

infinite space

Using hydrodynamics approximation method, we found dispersion relation of
capillary waves at the interface

ω =

√
α

%1 + %2
k3/2, (2.18)

in which %1 = m1n10, %2 = m2n20 and α is the interface tension.
The dispersion relation (2.18) show a Ripplon mode. This result was also found by
Joseph and colleagues but by other calculations. So, the approximate HDA method
we used is completely reliable.

2.2. Dispersion relation of two-component BEC system which

is limited by a hard wall

Considering the two-component BEC system is limited by a hard wall at z =
−h, as shown in Fig. 2.1.
Use hydrodynamics approximation method, we found dispersion relation of capillary
waves at the interface

ω2 =
αk3

%2 coth [k(z0 + h)] + %1
, (2.24)

6



Figure 2.1: The interface is located is at z = z0 and the hard wall at z = −h.

where %1 = m1n10(z0 + 0), %2 = m2n20(z0 − 0).
The small-k (long-wavelength) behavior of (2.24) reads,

ω2 ≈ α (h+ z0)

%2
k4, (2.25)

when this dispersion relation describes a Kelvin mode.
In order to get a deeper insight into the issue let us extend to the case when con-
densates flow with velocity ~Vj parallel to the interface.
Use approximate method HDA, we found dispersion relation of capillary waves at
the interface in the long-wavelength limit (k � 1)

ω ≈ cosθ2V2k ±

√√√√(h+ z0)
(
α− (cosθ1V1 − cosθ2V2)

2%1

)
%2

%2
k3/2. (2.31)

The dispersion relation at the interface (2.31) show a phonon and eq. (2.31) indicates
that the Kelvin-Helmholtz instability always occurs for V2cosθ2 < 0.

2.3. Dispersion relation of two-component BEC system which

is limited by two hard wall

Assume that the condensate 1 (condensate 2) resides in the region z > z0(z <
z0) and the hard wall 1 (2) is located at z = −h2, z = h1 as plotted in Fig. 2.2.

Use approximate method HDA, we found dispersion relation of capillary waves at
the interface

ω2 =
αk3

%1 coth [k(h1 − z0)] + %2 coth [k(z0 + h2)]
, (2.37)

The small-k (long-wavelength) behavior of (2.37) reads,

ω2 ≈ α (z0 + h2) (h1 − z0)

%1 (z0 + h2) + %2 (h1 − z0)
k4, (2.38)

this is a Kelvin mode.
In order to get a deeper insight into the issue let us extend to the case when con-
densates flow with velocity ~Vj parallel to the interface.
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Figure 2.2: The interface is located at z = z0 and two hard walls at z = −h2, z = h1, respectively.

Calculated as above, we found dispersion relation of capillary waves at the interface
in the long-wavelength limit (k � 1)

ω ≈

(
X ±

Vr
√
−%1ρ2(h1 − z0) (z0 + h2)

(h1 − z0)%2 + (z0 + h2) ρ1

)
k, (2.39)

here

X =
(h1 − z0)%2V2cosθ2 + (z0 + h2) %1V1cosθ1

(h1 − z0)%2 + (z0 + h2) %1
.

The dispersion relation at the interface (2.39) show a phonon and eq. (2.39) indi-
cates that the Kelvin-Helmholtz instability always occurs for X < 0.
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Chapter 3

Finite size effects in two-component BEC
system which is limited by a hard wall

This chapter presents the research in the two-component separation BEC sys-
tem which is limited to half space by a hard wall (optical wall) with different boundary
conditions. From finding a solution to analyzing the basic state of a system by the
approximation method (DPA), we determined the tension at the interface between
the two components based on residual energy on the interface, finding out the tension
of condensed surface at hard walls, drawing a diagram of wet phase of condensation
on a hard wall surface, researching on space limit effect and in particular, finding
out the boundary conditions which make the system most stable.

3.1. Boundary conditions

Considering the two-component BEC system limited by a hard wall at z = h′

as plotted in Fig. 3.1.

Figure 3.1: The hard wall is located at z = −h′, the interface at z = L and the component 1 (2) occupies the
region z > L (z < L). The curve j represents the condensate profile j and the interval LAj the penetration depth of
condensate j.

With the BEC system considered, from the extreme Minimizing of Hamiltonian we
obtained boundary conditions (BC) for the following components
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a) Robin BC at the interface(
dφj(%)

d%

)
%=`−0

=

(
dφj(%)

d%

)
%=`+0

=
ξ1

Λj
φj(% = `), (3.14a)

along with the continuous condition of the wave function at the interface

φj(% = `− 0) = φj(`) = φj(% = `+ 0). (3.14b)

b) The Dirichlet BC at hard wall for first condensate

φ1 (−h) = 0. (3.15)

c) The Robin BC at hard wall for second condensate(
dφ2 (%)

d%

)
%=−h

= cφ2 (−h) , (3.16)

with c = ξ1
λ2
.

d) The conditions for both condensates at infinity

φ1 (+∞) = 1, φ2 (+∞) = 0. (3.17)

3.2. Ground state in DPA

Using the approximate DPA method with the boundary conditions as above,
we obtained the basic state of the system

- In the right of interface (% ≥ `)

φ1(%) = 1 + A1e
−
√

2%, (3.18a)

φ2(%) = A2e
−β%ξ . (3.18b)

- In the left of interface (% ≤ `)

φ1(%) =B1e
−β(2h+%)

(
−1 + e2β(h+%)

)
, (3.19a)

φ2(%) =1 +B2e
√
2%
ξ

+
1√

2 + cξ
e−

√
2(2h+%)
ξ

(√
2B2 − c

(
B2 + e

√
2h
ξ

)
ξ
)
, (3.19b)

in which Aj, Bj (j = 1, 2) are the coefficient determined by the parameters of the
system from the continuous condition of the wave function and the first derivative
of the wave function.
From the wave functions found we have Fig. 3.2. Fig. 3.2 tells that

• The graphs obtained in DPA are close to those found in the GP theory in
the whole variation region of %. This implies that the DPA is a reliable method.

• h + ` is always larger than the penetration depth Λ1 = ξ1/
√
K − 1, so it is

reasonable to apply Dirichlet BC to component one at the hard wall.
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(a) ξ = 1.0,K = 3.
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(b) ξ = 1.5,K = 3.5.

Figure 3.2: The condensate profiles calculated in DPA (solid lines) and in GP equations (dashed
lines) with c = 1/

√
2, h = 0.

• The interface location dependency strongly on the system parameters such
as the ξ.
Because, the interface is defined as the intersection of two condensates. So, we
survey the dependence of the interface location on the constant interaction K by
equation

φ1 (% = `;K, ξ) = φ2 (% = `;K, ξ) . (3.22)

From (3.22), we have Fig. 3.3

Figure 3.3: The evolution of ` versus 1/K at ξ = 1.

Finally, let us calculate the value c appearing in the Robin BC (3.16). At first let
us look for φ2 (−h) from (3.19b) when h→∞

lim
h→∞

φ2 (−h) = φ2 (−∞) =
1

1 + cξ/2
, (3.24)

which must coincide with the BC for φ2 (%) in the infinite space, φ2 (−∞) = 1.
Hence we get c = 0 and then the Robin BC (3.16) turns out to be the Neumann
BC.
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3.3. Interface tension in grand canonical ensemble(GCE)

The system in GCE can be viewed as having direct contact with the bulk
reservoir and we have µj = gjjnj for pure phase j. From the wave function found,
we find the interface tension in grand canonical ensemble corresponding to the Robin
BC

γ̃12 =
γ12

P0ξ1
= −2

√
2A1e

−
√

2` − 1√
2 + cξ

X1X2, (3.29)

in which

X1 = 2e−
√
2(2h+`)
ξ

(
−1 + e

√
2(h+`)
ξ

)
ξ,

X2 =
(
−
√

2ce
√
2h
ξ ξ +B2

(
2−
√

2cξ + e
√
2(h+`)
ξ

(
2 +
√

2cξ
)))

.

Thus, with different values of c, the interface tension will receive different values
with the same set of parameter values.
Next we will find value of c for the most stable system. Firstly, we rewrite interface
tension in the following form

γ̃12 =
γ12

P0ξ1
= 4

`∫
−h

(1− φ2)d%+ 4

∞∫
`

(1− φ1)d% = a− 4

`∫
−h

φ2d%, (3.32)

here

a =
2
√

2β

β +
√

2Tanh[β(h+ `)]
+ 4(h+ `) > 0.

0 2 4 6 8 10

0.0

0.2

0.4

0.6

0.8

1.0

ϱ

ϕ
2

Figure 3.4: The profiles of condensate 2 are plotted in the interval 0 ≤ % ≤ ` at K = 3 and ξ = 1 and several values
of c, c = 0 (Dotted lines), c = 1(dashed lines) and c =∞ (solid lines).

The expression
∫̀
0

φ2d% is exactly the area of the shaded domain limited by the

condensate 2 and the interval 0 ≤ % ≤ ` in the % axis, as is shown in Fig. 3.2. It is
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easily realized that the area monotonously decreases for c changing from Neumann
BC (Dotted lines), c = 0, to Robin BC (dashed lines), c = 1, for example, and then
to Dirichlet BC (solid lines), c→∞. This implies that the interface tension (3.32)
obeys the inequality

γ12 (Neumann) < γ12 (Robin) < γ12(Dirichlet). (3.33)

The total energy of the system in DPA is

ΩDPA = Aγ12 − P0V,

where A is the interface area, V is the volume of the system.
Combining precedent equation with the inequalities (3.33) yields

ΩDPA (Neumann) < ΩDPA (Robin) < ΩDPA (Dirichlet) .

Thus, the ground state corresponding to Neumann BC is stable.
Next we surveyed the interface tension according to the interaction constant K,
from Eq. (3.29) we have Fig. 3.5.
Fig. 3.5 asserts once again the validity of inequality (3.33). Besides, from Fig. 3.5

0.0 0.2 0.4 0.6 0.8 1.0

0

2

4

6

8

1/K

γ
12

P
0
ξ 1

Figure 3.5: The evolution of the GCE interface tension versus 1/K at ξ = 1. The Dotted lines, dashed lines and
solid lines correspond respectively to Neumann, Robin and Dirichlet BCs.

we also see interface tension, strongly dependent on interaction constants K, will
decrease when K decrease from ∞ to 1 and smallest when K = 1.
Fig. 3.5 tells that

lim
K→1

∂γ̃12

∂K
=∞. (3.34)

Besides that, we have

lim
K→1

γ̃12(Neumann) = 0, (3.35)
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Combining (3.34) and (3.35) proves that as K tends to 1 there occurs a first-order
phase transition from immiscible to miscible states.
The end of Chapter 3, based on Antonov’s rule, we can draw the wet phase transi-
tion line as Fig. 3.8.

Ướt hoàn toàn

Ướt một phần

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

1

K

ξ

Figure 3.8: Wetting phase transition at h = 0. The dashed lines (solid lines) corresponds to the
Robin (Dirichlet) BC.

It is easily seen the distinction between two diagrams corresponding to two different
phase transition. Although both phase transitions are possible, but the one associ-
ated with the Robin BC is more favourable because it corresponds to the smaller
interface tension (3.33).
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Chapter 4

Finite size effects in two-component BEC
system which is limited by two hard walls

This chapter presents the research on the two-component separation BEC sys-
tem by two hard walls with different boundary conditions to find out new finite size
effects and find out boundary conditions which make the system most stable.

4.1. Ground state

Considering the two-component BEC system is limited by two hard wall as
Fig. 4.1. With the BECs system considered, from the extreme Minimizing of Hamil-

Figure 4.1: Two hard walls are located at z = h̃1, z = −h̃2 the interface at z = L, and the condensate 1(2) occupies
the region z > L(z < L). The curve j represents the condensate profile j and the interval LAj is the extrapolation
depth of condensate j inside condensate j′ 6= j.

tonian we obtained boundary conditions (BC) for the following components

a) Robin BC at the interface(
dφj(%)

d%

)
%=`−0

=

(
dφj(%)

d%

)
%=`+0

=
ξ1

Λj
φj(% = `), (4.1a)

along with the continuity of the wave function at the interface

φj(% = `− 0) = φj(`) = φj(% = `+ 0). (4.1b)
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b) The Dirichlet BC at hard wall for two condensate

φ1 (−h2) = 0, φ2 (h1) = 0. (4.2)

c) The Robin BC at hard wall for two condensate(
dφ1 (%)

d%

)
%=h1

= c1φ2 (h1) ,

(
dφ2 (%)

d%

)
%=−h2

= c2φ2 (−h2) . (4.3)

Using the approximate DPA method with the boundary conditions as above, we
obtained the basic state of the system
- In the right of interface (% ≥ `)

φ1(%) = 1 + A1e
√

2% +
e−
√

2%
(
−c1e

√
2h1 + A1

(√
2− c1

)
e2
√

2h1
)

√
2 + c1

, (4.4a)

φ2(%) = −2A2e
h1β
ξ sinh

[
β (h1 − %)

ξ

]
. (4.4b)

- In the left of interface (% ≤ `)

φ1(%) =B1e
−β(2h2+%)

(
−1 + e2β(h2+%)

)
, (4.5a)

φ2(%) =1 +B2e
√
2%
ξ +

e−
√
2(2h2+%)

ξ

(√
2B2− c2

(
B2 + e

√
2h2
ξ

)
ξ
)

√
2 + c2ξ

, (4.5b)

in which Aj, Bj (j = 1, 2) are the coefficient determined by the parameters of the
system from the continuous condition of the wave function and the first derivative
of the wave function.
From the wave functions found we have Fig. 4.2.

ϕ2 ϕ1
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(a) K = 3, ξ = 1

ϕ2 ϕ1
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j

(b) K = 5, ξ = 1.5

Figure 4.2: The condensate profiles calculated in DPA (solid lines) and in GP equations (dashed
lines) at c1 = −1, c2 = 1, h1 = h2 = 10.

Fig. 4.2 tells that:
• The graphs obtained in DPA are close to those found in the GP theory in

the whole variation region of %. This implies that the DPA is a reliable method.
• The interface location dependency strongly on the system parameters such

as the ξ.
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Finally, let us calculate the value c1, c2 appearing in the Robin BC (4.3). At first let
us look for φ1 (h1) , φ2 (−h2) from (4.5) when h1 →∞, h2 →∞

φ1 (∞) = lim
h1→∞

φ1 (h1) =
1

1− c1√
2

, (4.6a)

φ2 (−∞) = lim
h2→∞

φ2 (−h2) =
1

1 + c2ξ√
2

. (4.6b)

Otherwise, we have

φ1 (∞) = 1, (4.7a)

φ2 (−∞) = 1. (4.7b)

Combining (4.6) and (4.7) we get immediately c1 = 0, c2 = 0, which means that the
BCs at hard walls for both condensates are the Neumann ones.

4.2. Interfaced tension in the grand canonical ensemble(GCE)

The system in GCE can be viewed as having direct contact with the bulk
reservoir and we have µj = gjjnj for pure phase j. From the wave function found,
we find the interface tension in grand canonical ensemble corresponding to the Robin
BC

γ̃12 =
2e−

√
2`
(

e
√

2h − e
√

2`
)(
−2A1e

√
2h − A1

(
2 +
√

2c1

)
e
√

2` +
√

2c1

(
1 + A1e

√
2h
))

√
2 + c1

+
2e−

√
2(2h+`)
ξ

(
−1 + e

√
2(h+`)
ξ

)
ξ X

√
2 + c2ξ

, (4.8)

with

X =
√

2c2e
√
2h
ξ ξ +B2

(
−2 +

√
2c2ξ − e

√
2(h+`)
ξ

(
2 +
√

2c2ξ
))

.

When h1 →∞, h2 →∞, from (4.8) we have

γ̃12(vh) =
γ12

P0ξ1
=

4β (1 + ξ)

2 +
√

2β
. (4.9)

Combining (4.8), (4.9) we have

γ̃12 = γ̃12(vh) + γ̃12(d), (4.10)

in which d = 2h is the size of the system in the direction z.
In (4.10), the appearance of γ̃12(d) are caused by the finite size of the system and
γ̃12(d)→ 0 as d tends to infinity.
To highlight the finite size, let us investigate the h dependence of the reduced inter-
face tensions at several values of K and ξ. In Fig. 4.3 are shown the evolution of γ̃12

17



0 1 2 3 4 5 6 7

0

2

4

6

8

d

γ
12

P
0
ξ 1

Figure 4.3: The evolution of γ̃12 versus d at K = 3 and ξ = 1. The Dotted lines, dashed lines and solid lines are the
graphs of γ̃12 derived from the Neumann, Robin (c1 = −0, 5; c2 = 0, 5) and Dirichlet BCs, accordingly.

versus d at K = 3 and ξ = 1. The blue, green and red lines represent the reduced
interface tensions corresponding respectively to the Neumann, Robin and Dirichlet
BCs. The behaviors of three reduced interfaced tensions in Fig. 4.3 suggest two
interesting finite-size phenomena:
a) There emerges a new type of forces acting on two walls which are expressed by

FGCE = −1

2

∂γ̃12

∂d
. (4.11)

To clear up the character of (4.11) let us display their dependence versus d at K = 3
and ξ = 1 in Fig. 4.4 which shows that they are long-range forces, a property of
the Casimir force in electromagnetism. In addition, their behaviors look somewhat
similar to the Casimir force in other systems: they are attractive at small h and
turn out to be repulsive for larger d, we call them the Casimir-like forces.

0 2 4 6 8

-2.0

-1.5

-1.0

-0.5

0.0

d

F
G
C
E

P
0
ξ 1

Figure 4.4: The evolution versus d of the Casimir-like forces (FGCE) at K = 3, ξ = 1 in Neumann (Dotted lines),
Robin (dashed lines) and Dirichlet (solid lines) BCs.

The graphs in Fig. 4.4 also tells that the force associated with Neumann BC is
stronger than those derived from the other two BCs, Robin and Dirichlet, for small

18



d, and otherwise at larger d they merge.
b) There is an important inequality between three interface tensions derived

from the Neumann, Robin and Dirichlet BCs

γ12 (Neumann) < γ12 (Robin) < γ12(Dirichlet). (4.12)

Inequality (4.12) has been proved to be true for all parameters of the system in the
full text of the thesis.
Our foregoing results were derived within the framework of the Gross-Pitaevskii
theory in the mean field approximation, whereby the quantum fluctuations were
completely neglected, that is the Casimir energy is negligibly small comparing with
the bulk energy and surface energy. Therefore the total energy of the system is
exactly given by

ΩDPA = Aγ12 − P0V.

Combining precedent equation with the inequalities (4.12) yields

ΩDPA (Neumann) < ΩDPA (Robin) < ΩDPA (Dirichlet) .

Thus, the ground state corresponding to Neumann BC is stable.
In order to have a deeper insight into the inequality (4.12) we display in Fig. 4.7
the K dependence of the interface tensions at h = 10 and ξ = 1. Fig. 4.7 asserts
once again the validity of inequality (4.12).
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Figure 4.7: The evolution of the GCE interface tension versus 1/K at ξ = 1. The Dotted lines, dashed lines and
solid lines correspond to Neumann, Ronin and Dirichlet BCs, respectively.

In summary, the validity of the inequality (4.12) is impeccably confirmed, it provides
us with the second finite-size effect: the Neumann BC leads to the stable state while
the other two BCs, Robin and Dirichlet, correspond to unstable states. In addition,
we wish to emphasize that the Neumann BC is gotten from the consistency demand:
the BCs at hard walls have to be consistent with the conditions at infinity in the
full space.
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4.3. Interfaced tension in the canonical ensemble(CE)

In the canonical ensemble (CE) the particle number of each species is preserved
and the chemical potentials can be determined via∫

Vj

d~r|ψ(~r)|2 = Nj.

According the previous article Ao and Chui, the interface tension is determined by
the expression

Γ̃12 =

h∫
−h

(−φ1∂
2
%φ1 − ξ2φ2∂

2
%φ2)d%. (4.13)

Insert the wave function found into (4.13) we have interfaced tension in the canonical
ensemble with c1, c2 any. So, we have the evolution of the GCE interface tension
versus 1/K as Fig. 4.8
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Figure 4.8: The evolution of the CE interface tension versus 1/K at ξ = 1. The Dotted lines, dashed
lines and solid lines correspond to Neumann, Ronin and Dirichlet BCs, respectively.

Here, we also demonstrate that the energy of the smallest system corresponding to
Neumann boundary conditions and the interface tension depends strongly on the
interaction constant K.
When h1 →∞, h2 →∞, (4.13) becomes

Γ̃12(vh) =
β (1 + ξ)

2 +
√

2β
. (4.14)

Nexto, it is interesting to consider the ratio of interface tension calculated in GCE
and its counter-part in CE. Combining (4.13), (4.14) we have

γ12

Γ12
= 4 + f(d) 6= 4, (4.15)

20



which indicates that this ratio is not exactly equal to 4 as found in infinite system
although they are physically distinct quantities. The finite-size effect is expressed
by the second term in the right hand side of (4.15): it tends to zero as d increases
to infinity.
Next, we examine the dependence of interface tension in CE (Neumann BC) accord-
ing to the size of the system. d = 2h and obtained Fig. 4.9
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Figure 4.9: The evolution of Γ̃12 versus d at K = 3 and ξ = 1.

So, when d small, the interface tension depends strongly on the size of the system,
and when d is large, the interface tension depends very weak on the size of the
system.
As in the GCE, when the system is limited by two hard walls, appear a force ex-
erted on the two walls, like the Casimir force, is called a Casimir-like force. The
Casimir-like force exerted on a hard wall area unit defined by the formula

FCE = −1

2
∂dΓ̃12. (4.16)

Combining (4.16), (4.13) we have Fig. (4.10)
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Figure 4.10: The evolution versus d of the Casimir-like forces (FCE) at K = 1.1, ξ = 1.

From the figure 4.10, we have Casimir-like force in CE (FCE) is attractive at small
d and turn out to be repulsive for larger d, until d big enough Casimir-like force
disappears, the size effect does not occur.
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CONCLUSIONS AND
RECOMMENDATIONS

A. ACHIEVED RESULTS

In this thesis, we have systematically studied physical properties of the two-
component separation BEC system which are limited by hard walls with different
boundary conditions. Based on Gross-Pitaevskii (GP) theory, double parabolic ap-
proximation (DPA) method, hydrodynamic approximation (HDA) method we have
obtained important results on the effect of spatial limitations on condensing config-
uration, interface tension, wet phase tranfer phenomenon and dispersion system at
the interface. Here, we only mentioned the six most important results (as well as
six new contributions of the thesis):

1. Due to space limitations, the dispersion relation at the interface, instead of
ω ∼ k3/2 (ripplon), is changed to ω2 ∼ k4, in low momentum limit and this is
a Kelvin mode. In addition, for the system in motion parallel to the interface
the dispersion relation is ω ∼ k, at low momentum limit and, furthermore, the
system becomes unstable.

2. The ground states in DPA and in exact GP equations are very close to each
other; therefore, DPA is a reliable approximation to the GP theory for studying
the two-component BEC in limited space with different boundary conditions.
Condensing wave functions found by the DPA method allow determining the
interface tension according to specific parameters of the system in the Grand
canonical ensemble (GCE) and in the canonical ensemble (CE) in all cases from
weak separation (K ∼ 1) to strong separation (K → +∞), for every recovery
length of the condensing wave function ξ ∈ (0,+∞).

3. Interaction between atoms of component j with walls leads to different bound-
ary conditions (Dirichlet, Robin and Neumann). Using the double parabola
approximation method (DPA) for Gross-Pitaevskii equations, thesis carefully
studied the boundary conditions when the system was limited by one and two
hard walls, thereby confirming that only in the Neumann condition of three
Dirichlet conditions, consistency between the limited space and the unlimited
space is ensured by Robin and Neumann.

4. The thesis has demonstrated that the energy of the ground state with Neumann
boundary conditions is the smallest, let the ground state of the system which
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correspond to Neumann boundary conditions be the most stable.

5. In the two-component Bose-Einstein condensation system that is limited by a
hard wall, there equally manifest two possible wetting phase transitions origi-
nating from two unstable states. However, the one associated with the Robin
BC is more favourable because it corresponds to a smaller interface tension.

6. Beside the conventional Casimir force caused by the zero-point energy there still
emerges in the system a new type of long-range forces associated with different
interface tensions. They are called the Casimir-like forces and the Casimir-like
force derived from the Neumann BC is the dominant one in the system since it
is present in the stable state.

B. RECOMMENDATIONS OF SEVERAL CONTINUING STUDY IS-
SUES

Besides the results achieved in the thesis, we propose to apply the methods
used in the thesis to study the following two issues:

1. The influence of temperature on static properties of condensate systems and
the phenomenon of transition wetting phase.

2. The Casimir effect in the two-component BEC system that is limited by hard
walls with Robin boundary conditions.
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