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GIOI THIEU

Nam 1988, ly thuyét giai tich trén thang thoi gian da dugc Stefan Hilger gidi thiéu
trong Luan &n tién si ctia minh véi muc dich thong nhat va md rong ly thuyét giai
tich thoi gian roi rac va lién tuc. M6t trong nhitng bai toan quan trong la xét tinh
on dinh ctia phuong trinh dong luc trén thang thoi gian. Da cé nhiéu cong trinh lién
qua dén chi dé nay dugc cong bo trong nhitng nam qua. Noi dung luan an 1a nghién
citu tinh &n dinh va 6n dinh vitng ctia phuong trinh dong luc tuyén tinh thong qua
s6 mil Lyapunov, s6 mii Bohl va ban kinh 6n dinh.

S6 mi Lyapunov, s6 mi Bohl dugce stt dung dé nghién ciru dang diéu tiém can
clia cdc nghiém ctia phuong trinh vi phan. S6 mii Lyapunov dugc A.M. Lyapunov
(1857-1918) gidi thiéu trong Luan an tién si cia minh nam 1982, s6 mi Bohl dugc P.
Bohl (1865-1921) cong bb vao ndm 1913 trong mot bai bao'. Ca hai cing mé ta su
tang trudng cap s6 mi ctia nghiém ctia phuong trinh ¥ = A(#)x.

Phuong phép s6 mii Lyapunov 1a mot ndi dung co ban, kinh dién dugce st dung
dé xét tinh &n dinh ctia phuong trinh vi phan va sai phan. Tuy nhién, cho dén nay,
chua c6 bat ky cong trinh nao lién quan dén khai niém s6 ma Lyapunov va tinh 6n
dinh ctia cac ham xac dinh trén thang thoi gian. Ly do chinh 1a cach tiép can truyén
théng thong qua ham logarit 1a khong thé, boi vi khong c6 mot dinh nghia ham
logarit c6 thé chip nhan dugc trén thang thdi gian, ma dugc xem nhu 1a ham nguoc
ctia ham mti e, ;) (t, 5).

Luén 4n nghién ciru phuong phap Lyapunov thit nhat cdia phuong trinh dong luc
v6i cach tiép can phit hop, thay vi xét gi6i han limsup, ., 1 In|f(t)], ta st dung dao
Lf(B)]

dong cua ti s6 -~ khi t — co theo tham s6 a dé dinh nghia s6 mt Lyapunov ctia
ea(t/to)

ham f trén thang thoi gian va sit dung n6 dé€ nghién ctru tinh 6n dinh cta phuong
trinh dong luc.
X2 = A(t)x.

Mot s6 két qua nghién citu dugc trinh bay § Chuong 2 ctia Luan an, chang han: diéu
kién can va du dé ton tai s6 mi Y[f(-)] thong thuong va cac tinh chat co ban; diéu
kién can vé tinh bi chin ctia s6 ma Lyapunov Y|[x(-)], trong d6 x(-) # 01a nghiém ctia
phuong trinh x® = A(t)x; diéu kién dd vé tinh 6n dinh ctia phuong trinh x® = A(t)x
vdi gia thiét b6 sung ||A(t)|| < M, t € T, dac biét la diéu kién phd vé tinh 6n dinh
mu.

S6 mii Bohl dugc st dung dé dac trung tinh 6n dinh mi va rut ra két qua vé
tinh virng ctia cac phuong trinh vi phan thuong (ODEs). Trong bai bao Chyan et al.
(2008), cac tac gid da tong quat héa mot s két qua lién quan dén sé6 mi Bohl ctia

1Bohl P. (1913), Uber Differentialungleichungen, ]J.F.d. Reine Und Angew. Math., 144, 284-133.
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phuong trinh vi phan-dai s6, tuyén tinh c6 chi s6-1
E(t)% = A(H)x+ £(8),

trong d6 E(+) duoc gia st 1a suy bién. Nam 2009, Linh and Mehrmann da nghién ctru
phd Bohl va s6 ma Bohl ctia nghiém va ma trdn nghiém co ban ctia DAE. Tuy nhién,
s6 mii Bohl khong phai 1a muc tiéu cta ca hai bai bdo, Chyan et al. (2008), Linh and
Mehrmann (2009). Nam 2012, trong bai bao ctia minh, Berger da phat trién ly thuyét
s6 mii Bohl ddi v6i phuong trinh vi phan-dai s, tuyén tinh, thdi gian bién thién.
Nhiing két qua ctia bai bdo 1a sy tong quat nhiing két qua ctia phuong trinh vi phan
thuong trong Daleckii and Krein (1974), Hinrichsen et al. (1989)... Nam 2016, cac tac
gia bai bao Du et al. da gidi thiéu khai niém s6 mt Bohl va dac trung mbi quan hé
gitra tinh 6n dinh ma va s6 mt Bohl ctia hé cac phuong trinh sai phan tuyén tinh suy
bién véi hé s6 bién thién.

Chuong 3 ctia luan an sé gi6i thiéu s6 mii Bohl ctia phuong trinh dong luc an
Ey(t)x® = A(t)x va dic trung mdi lién hé gitra tinh &n dinh md va s6 mi Bohl. Mot
s6 két qua chinh 1a: Xay dung duoc cong thitc nghiém ctia phuong trinh E,(t)x® =
A(t)x + f(t) véi diéu kién ban dau P(tg)(x(ty) — xg) = 0; trinh bay mét s6 dac trung
vé tinh 6n dinh ctia phuong trinh dong luc dn chiu nhiéu Lipschitz, Dinh ly 3.10,
Dinh ly 3.11; m§ rong dinh ly 6n dinh kiéu Bohl-Perron; dua ra khai niém s6 ma
Bohl ctia phuong trinh E,(t)x® = A(t)x va mdi lién hé véi tinh 6n dinh ma da dugc
xem xét, Dinh ly 3.18. Tinh vitng ctia s6 Bohl dugc ching minh khi phuong trinh
Es(t)x® = A(t)x chiu nhiéu tac dong 1én vé phai hodc ca hai vé, Dinh 1y 3.21, Dinh
ly 3.22.

Van dé cubi cting dugc nghién ctru trong luén 4n 1a ban kinh 6n dinh ctia phuong
trinh dong lyc 4n trén thang thoi gian. Ta biét rang ban kinh 6n dinh cta phuong
trinh vi phan-dai s6, phuong trinh sai phan 4n da thu su cht y ctia nhiéu nha nghién
cttu. Da c6 nhiéu cong trinh dugc cong bd, nhung cac két qua vé ban kinh 6n dinh
clia hé tuyén tinh, thdi gian bién thién thi rat han ché. Khai niém vé ban kinh 6n
dinh ctia hé tuyén tinh, thoi gian bién thién dugc gidi thiéu dau tién trong bai bao
Hinrichsen et al. (1992)

+ mxgq
re(1, 4;B,C) =inf{ I=]l1.., = € PCy(R*, C"1) }

and (I, A; B, C) is not exponential stable
va cong thic tinh ban kinh 6n dinh rtit ra trong bai béo Jacob (1998),

(I, A; B,C) = sup ||ILy, || L.
tg=>0
Nam 2006, céc tac gia da nghién ctru ban kinh 6n dinh ctia phuong trinh vi phan-dai
s0, tuyén tinh, thoi gian bién thién c6 chi sb-1 trong bai bao Du and Linh (2006) va
nhédn dugc cong thic tinh,

rk(E, A; B,C) = min {sup L7, iol}-

tg>0
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Nam 2019, Rodjanadid et al. da nghién ctru va rtt ra dugc cong thic ban kinh 6n
dinh ctia phuong trinh sai phan &n, tuyén tinh, thdi gian bién thién c6 chi s6-1,

rk(E, A; B,C) = min {sup [ ltol} :
1/1020
Nam 2014, T. Berger da thu dugc moét vai can dudi vé ban kinh 6n dinh cta phuong

trinh vi phan-dai so, thoi gian bién thién c6 chi s6-1 chiu nhiéu khong cau tric tac
dong lén hé so cua dao ham,

min{I(E,A),| QG 1|1} -
x1+% min{I(E,A),[|QG1||x'} ifQ # O
I(E,A)

1 .
% ifQ=0andI(E,A) = co.
Nhing két qua nghién ctru vé tinh 6n dinh, 6n dinh viing trén thang thdi gian cia
phuong trinh vi phan-dai s6, tuyén tinh, thoi gian bién thién,

Eo()x™(t) = A(t)x(t) + f(1),
c6 dang thuan nhat tuong tng
Es(H)x®(t) = A(t)x(t).

duoc trinh bay & Chuong 4 cta luan an. Mot s6 két qua chinh: cong thic tinh ban
kinh 6n dinh c6 cdu tric cua phuong trinh dong luc an, Pinh ly 4.9; can dudi ctia
ban kinh 6n dinh ddi véi phuong trinh chiu nhiéu c6 cau tric tac dong 1én ca dao
ham va vé phai, Pinh ly 4.20, Hé qua 4.22. Nhiéu két qua trude day vé ban kinh 6n
dinh ctia cic phuong trinh vi phan/sai phan, phuong trinh vi phan-dai s6/sai phan
an vdi thoi gian bién thién cling da dugc tong quat héa bdi nhirng két qua thu dugc,
cac Nhan xét 4.10, 4.11, 4.14, va 4.15.

Luédn an dugc hoan thanh tai Truong Dai hoc Su pham Ha No6i 2, Khoa 2015 -
2019 va dugc trinh bay tai seminar cua Khoa Toan, HPU2. Nhitng két qua chinh ctia
luan an cting duoc bao céo tai

1. Hoi thao lién két Viét Nam - Han Qudc vé Hé Bong luc va cac Chu dé lién quan
(Vién Nghién ciru Cao cép vé Toan, Ha Nbi, 02-05/3/2016);

2. Hoi nghi Qudc té Thai Binh Duong mé rong lan thi 2 vé To-p6 va Ung dung
(Pai hoc Qubc gia Pusan, Busan, Han Quodc, 13-17/11/2017);

3. Pai hoi Toan hoc Toan qudc 1an thi 9 (Hoi Toan hoc Viét Nam, Nha Trang,
14-18/8/2018); va

4. Hoi thao Qubc té ve Phuong trinh Vi phan va Hé Dong luc (DHSP Ha Noi 2 va
Vién Toan hoc - Vién Han lam Khoa hoc va Cong nghé Viét Nam, Vinh Phuc,
05-07/9/2019)



CHUONG 1

KIEN THUC CHUAN BI

Nhirng kién thitc co ban nhat vé giai tich trén thang thoi gian can thiét dé nghién
citu ve tinh 6n dinh va 6n dinh viing ctia phuong trinh dong luc sé dugc trinh bay &
chuong nay. Noi dung cia Chuong 1 dugc trich dan tir hai cubn sach chuyén khao
ve thang thdi gian cia cac tac gia M. Bohner va A. Peterson dugc xuat ban vao nam
2001, 2003 va mot s6 tai lieu tham khao khac.

1.1 Thang Thoi gian va cac Phép toan

1.1.1 Dinh nghiava Vidu

Thang thoi gian duge ky hiéu bang T, 1a mot tp con tiy y, déng va khac réng ctia
tap s thuc R. Ta ludn gia thiét rang T c6 mot t6-pd duge cAm sinh tir to-pd trén R.

Dinh nghia 1.2 (Bohner & Peterson (2001), trang 1). Gia st T la thang thoi gian. V6i
moi t € T, ta dinh nghia

i) todn tit nhdy tiégn o : T — Tlao(t) :=inf{s € T: s > t},
ii) todn tr nhay i o : T — Tlao(t) :==sup{s € T: s < t},and

iii) ham hat u: T — [0,00) la u(t) = o(t) — t.

Ta dinh nghia tap hgp T =

T\(o(supT),supT] néu supT < oo,
néu sup T = oco.

Dinh nghia 1.4 (Bohner & Peterson (2001), trang 2). Mot diém t € T dugc goi la tri
mat-trdi néu t > inf T va o(t) = t; trit mgt-phdi néu t < supT va o(t) = t, va trit mdt
néu t dong thdi la trit mat-trai va trit mat-phai; cd ldp-trdi néu o(t) < t; ¢d ldp-phdi néu
o(t) > t, va cd ldp néu t dong thoi la co lap-trai va co lap phai.

Néu f : T — R la mét ham, thi f, : T — R la mot ham duge xac dinh béi

fo(t) = f(o(t)) forall t € T,nghiala, f, = f oo. VGity € T cb dinh, ta dinh nghia
tép hO’p Tto = [to, OO) NT.



1.1.2 Viphan

Dinh nghia 1.7 (Bohner & Peterson (2001), trang 5). Ham f : T — R dugc goi la khd
vi delta tai t € T néu ton tai mot ham f2(t) sao cho véi moi e > 0, thi

Fo(8)) = f(s) = fFA)(o(t) =) <elo(t) =],
véimois € U = (t—6,t+3)NT vamotvai § > 0. Ham f2(t) duoc goi 1a dao ham
delta (hay Hilger) cia ham f. Khi do f dugc goi la khd vi delta (hay Hilger) trén T*. Ta
dung cac thuat ngt dao ham, khi vi thay cho dao ham delta, khd vi delta néu khong gay
ra nham lan.

1.1.3 Tich phan

Dinh nghia 1.16 (Bohner & Peterson (2001), trang 22). Ham f : T — R duoc goi la
chinh quy néu gidi han phai ton tai (htru han) tai moi diém trtt mat phai trong T va
gidi han trai ton tai (htru han) tai moi diém trtt mat trai trong T; rd-lién tuc néu nd
lién tuc tai cac diém tru mat-phai trong T va gidi han trai ton tai (htru han) tai moi
diém tru mat-trai trong T.

Tap cac ham rd-lién tuc f : T — R dugc ky hiéula Cqy = Cq(T) = C4(T,R).
Tap cic ham f : T — R kha vi va dao ham cua no la rd-lién tuc dugc ky hiéu la
Cly = C4(T) = C4(T,R). Tap cac ham f : T — R xéc dinh trén khoang | C T,
rd-lién tuc va lay gia tri trong X duoc ky hiéu la C4(J, X).

Dinh nghia 1.17 (Bohner & Peterson (2001), trang 22). Ham f : T — R duoc goi la
tien khd vi trong mién kha vi D, néu D C T*, T*\D la dém dugc va khong chira bat
ky mot phan tir ¢6 1ap-phai nao ctia T, va f kha vi tai mdi diém t € D.

Dinh nghia 1.20 (Guseinov (2003)). Gia stt f : T — R la mot ham chinh quy.
i) Ham f duoc goi l1a tién nguyén ham cta f néu FA(t) = f(t) V't € D.

ii) Tich phan khong xac dinh cua f dugc xac dinh bdi / f(t)At = F(t) + C, trong

d6 C 1a hang s6 bat ky, F 1a mot tién nguyén ham cta f.
b
iii) Tich phian Cauchy caa f dugc xac dinh bdi / f(t)At = F(b) — F(a),Va,b € T,
a

trong do F 1a mot tién nguyén ham.

iv) Ham F : T — R duoc goi 1a nguyén ham cia f : T — R néu FA(t) =
f(t) dung v6i moi t € T*.

Dinh ly 1.25 (Akin-Bohner et al. (2005), Bohner & Peterson (2003), trang 46). Cho
a € TbeToagidsi f: T xT* — R lién tuc tai (t,t), trongdot € Tt > a. Ta
ciing gid thiét rang f2(t,-) rd-lién tuc trén khodng [a, o(t)]. Ciing gid thiét ring f(-, T) khd
vi delta differentiable véi méi T € [a, o (t)]. Gid sit ring vdi bat kij e > 0, ton tai mot lan cin
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U ciia t, sao cho |f(o(t),T) — f(s,T) — f2(t, T)(c(t) —s)| < e|o(t) —s|, vdi moi s € U,
trong do 2 ky hiéu la dao ham ciia f tuong 1ing vdi bién thit nhat. Khi do

2(t) = / Lt T)AT chira gM(E) = F(o(8),E) + / L T)AT

1.1.4 Tinh Hoi quy

Dinh nghia 1.26 (Bohner & Peterson (2003), trang 10). Ham p : T — R duoc goi la
hoi quy, néu 1+ u(t)p(t) # 0, véi moi t € TX; hoi quy duong, néu 1+ u(t)p(t) > 0,
voi moi t € T*; va hoi quy déu, néu ton tai mot s6 & > 0 sao cho |1+ u(t)p(t)| >
6, voimoit € T*.

Ky hiéu R = R(T,R) (tuong tng, RT = RT(T,R)) la tdp cac ham hdi quy
(twong tng, hdi quy duong) trén thang thoi gian.

1.2 Ham mu

Dinh nghia 1.33 (Bohner & Peterson (2001), trang 59). Néu p(-) € R, thi ham ma
trén thang thoi gian duoc dinh nghia la

t
ep(t,s) = exp (/ éy(T)(p(T))AT> forall s,t €T,

Log(1+zh)

trong d6 &, (z) 1a phép bién déi try, &,(z) := f et >0
z neu h = 0.

1.3 Bt dang thitc

B6 dé 1.36 (B dé Gronwall-Bellman, Bohner & Peterson (2001), trang 257). Cho y €
C.q(T,R)vak € RT(T,R), k > 0, « € R. Gid thiét ring y(t) thda man bat ding thiic

t

y(t) < a+ [k(s)y(s)As, forall t € T,t > to. Khi dé, y(t) < aey ) (t, to) ding voi moi
to

teT,t >t

Dinh 1y 1.39 (Bat dé'mg thic Holder, Bohner & Peterson (2001), trang 259). Cho a, b €

T. Vi moi ham rd-lién tuc f,g: (a,b) = R, p,q > 0,p > 1 va % +% =1,taco

[ rtgwiac<{ [ If(t)\”At}; {r \g(t)\th};,



1.4 Phuong trinh Dong luc Tuyén tinh

Cho A : T* — R™" la mot ham rd-lién tuc. Xét phuong trinh dong luc tuyén
tinh n-chiéu x® = A(t)x véimoit € T.
Dinh ly 1.42 (Hilger (1990)). Gid thiét A(-) la ham gid tri ma trin rd-lién tuc. Khi do, vdi
moi tg € T*, bai todn gid tri ban dau

X2 = At)x, x(ty) = xg (1.1)

c6 nghiém duy nhat x(-) xdc dinh trén t > to. Hon nita, néu A(-) la hoi quy thi nghiém nay
xdc dinh trén t € T*.

Nghiém cuia phuong trinh (1.1) dugc goi la todn tir Cauchy, hay ham mii ma trin va
ducjc k}} hiéu la CI)A(t, i’o) hay Cb(t, to).
Dinh ly 1.44 (Bohner & Peterson (2001), trang 195). Cho A : T — R"™ ™ va f :
T* x R™ — R™ la rd-lién tuc. Néu x(t), t > to, la mot nghiém ciia phuong trinh dong luc
xB = A(t)x + f(t, x), x(ty) = xq, thi

x(£) = @4 (1 to)xo + / @4t 0(s))f(5,x(5))As, t> to.

fo

1.5 Tinh On dinh ctia Phuong trinh Dong luc

Cho T la mét thang thoi gian, tg € T. Xét phuong trinh dong luc c6 dang
2= f(tx), x(t)=x€R", tecT, (1.2)

trong d6 f : T x R™ — R™ 1a rd-lién tuc. Néu f(t,0) = 0, thi phuong trinh (1.2) c6
nghiém tam thuong x = 0. Ky hiéu x(#; t, x) 1a nghiém ctia bai toan Cauchy (1.2).
Dinh nghia 1.45 (DaCunha (2005a), Hilger (1990)). Nghiém tam thuong x = 0 of
dynamic equation ctia phuong trinh dong luc (1.2) dugc goi 1a 6n dinh mii néu ton
tai mot hang s6 duong & thdoa man —a € R+ va mot sé6 duwong § > 0 sao cho véi mbi
to € T ton tai sO6 N = N(ty) > 0, nghiém ctia phuong trinh (1.2) véi diéu kién ban
déu X(t0> = Xp thoa man HX(t,’ to, XQ)” < N||x0He_,X(t, to), voi in t > tp,t € T va
|x0]] < 6. Néu hang sb N c6 thé duge lua chon doc lap véi tg € T thi nghiém x = 0
ctia phuong trinh (1.2) dugc goi 1a 6n dinh ma déu.



CHUONG 2

SO MU LYAPUNOV CUA PHUONG TRINH PONG LUC

O Chuong 2, ta sé nghién ctru phuong phép Lyapunov thi nhat déi véi phuong
trinh dong luc trén thang thoi gian vdi cach tiép can phu hop. Noi dung ctia chuong
dua trén bai bdo s6 1 trong danh sach cac cong trinh cua tac gia. Ta da biét ré“mg,
khong thé dinh nghia ham logarit trén thang thdi gian, xem Bohner (2005), vi vay

ta stt dung dao dong cua ti s6 e‘{g?ol) khi t — oo theo moét tham sb « cu thé dé dinh

nghia s6 mii Lyapunov ctia ham f trén thang thoi gian.

Cho T la thang thoi gian khong bi chan trén, sup T = oo, va ham hat y(t) bi chdn,
tirc 14, ton tai mot sO y* = sup, . p(t) < co. Diéu nay tuong duong vdi viéc ton tai
cac sb duong my, my sao cho véi méi phan ti t € T, ton tai mot dai luong phu thudc
t,c = c(t) € T, théoa man diéu kién m; < ¢ —t < my, xem Po6tzsche (2004). Hon

nura, theo dinh nghia, nfuax € RNRT thia > —ﬁ véimoi t € T. Két qua la, ta c6

inf(RNRT) = — 7. Ta quy uée = co.

2.1 S6 mi Lyapunov: Dinh nghia va Tinh chat

211 Dinh nghia

DPinh nghia 2.1. S6 mii Lyapunov ctia ham f xac dinh trén thang thoi gian Ty, lay gia
tri trong K, 1a mot s6 thuc a € R sao cho vdi moi e > 0 tuy y, ta 6

, |
o B @1
lim sup ’fE:,)f‘fo) = o0. (2.2)

S6 mii Lyapunov ctia ham f dugc ky hiéu la xp [f].

Néu (2.1) dung v6i moi a € RNRT thi ta quy udc rang f c6 s6 mii cuc bién trdi
kL [f] = —;}—* = inf(RNR). Néu (2.2) ding v6imoia € RNR™, thi tanéi f cd s6 mii
cuc bién phdi k1 [f] = +oo. Néu k1 [f] khong la s6 mii cyc bién trai va khong 1a s6 ma
cyc bién phai, thi ta goi x7[f] 1a s6 mi Lyapunov thong thuong (normal Lyapunov
exponent).



B6 dé 2.2. Cho f : Ty, — K la mot ham. Khi d6, f c6 s6 mii Lyapunov thong thuong néu
va chinéu A,y € R vdi A # inf(RNR™) sao cho
f(B)] f(B)]

lim ——— =0; limsup——— = oo. 2.3
t—o0 ey (t,10) t—>oop ex(t, to) 23)

Nhin xét 2.3. i) Truong hop T = R, Dinh nghia 2.1.1 1a dinh nghia kinh dién cta

s6 mi Lyapunov «.[f] = x[f] = limsup, . In |J;(f)|_

ii) Truong hgp T = Z, dé thay In (1 +«; [f]) = limsup, .., M = x[f]. Hon
nita, s6 ma cuc bién trdi la inf(RNRT) = —1.

2.1.2 Tinh chét

Taludn gia su f, g : Ty, — K la cac ham.
Bé deé 2.4. Cic khiang dinh sau day la diing:

i) ke [Ifl] = xelf];
ii) x7[0] = inf(RNRT);
iii) xp[cf] = K [f], trong do ¢ # 0 la hing so;

iv) Néua € RNR' va (2.1) thda man véi bat kiye > 0 thixy[f] < a.Néua € RNR*
va (2.2) ding vdi bat ky e > 0 thi k. [f] > a;

v) Néu

f(t)| < |g(t)| voi moi t du lon thi xr[f] < x[g];

vi) Néu f bi chin trén (hay dudi) thi xr[f] < 0 (hay ki [f] > 0). Két qud la, néu f bi
chan thi kr[f] = 0.

B6 deé 2.5. Vi bit ky A € R NC, cdc khang dinh sau la diing:
i) xrlea(- to)] = xLleg, ( to)];
ii) xp[ex (-, to)] khong phu thugc to;
iii) Néu q(-) € RT thixg[eq(-, to)]<limsup, . q(t);
iv) xler (-, to)] < limsup, ., RA(t)<|Al;
v) RA< Liminfy e RA(H) <xrlex (-, to)]-

Bo dé 2.7. k1 [f + g] < max{xy[f], x[g]} va néu xr[f] # x[g] thi ding thitc xdy ra.

36 dé 2.9. Kl [fg] < K1, [eKL[f]@KL[g] (-, to)].
Pinh nghia 2.10. Ham f goi la c¢6 s6 mi Lyapunov chinh xac & néu

/()] f(B)]

Iim ———*— =0 and lim ———*— = oo, forany ¢ > 0.
t—oc0 e“@g(t, to) t—00 eaeg(t, to) Y
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Bé deé 2.11. Néu it nhit mét trong hai ham f vi g c6 s6 mii Lyapunov chinh xdc, thi

KkLf8] = xLex, [flex, (g (+/ T0)]-

Nhan xét 2.12. Néu ca f va ¢ déu c6 sO mi Lyapunov chinh xdc, thi thi ham fg
cung vay, va k. [fg] = Kr[ey, [fax, [ (* to)]- NOi chung, néu tat cd cac ham fy, f, ..., fm
déu c6 s6 mt Lyapunov chinh xac, thi ham fif; - - - fi cling c6, va ki [fifa - -+ fm] =
KLk, (o [l (] ( F0)]-

Nhﬁl‘l xét 2.13. i) Trubng hOp T =R, K1, [fg] < Kr, [eKL[f]GBKL[g] (', to)] = K[, [f] + KL [g]

i) Truong hop T = Z, x1[f8] < xrleg, (fon, (g (o)) = kLlf] + xL[g] + xr[f]xL[g]
(hay tuong duong, x[fg] < x[f] + x[g)])-

2.2 S6 mia Lyapunov ctia Nghiém cta Phuong trinh Tuyén
tinh

2.2.1 Phé Lyapunov ctia Phuong trinh Tuyén tinh

Xét phuong trinh tuyén tinh
2= A(t)x, (2.4)

trong d6 A(t) 1a ma tran vudng cap n hdi quy va rd-lién tuc. Biét rang phuong trinh
(2.4) v6i diéu kién dau x(ty) = xg c6 nghiém duy nhat x(t) = x(t;t, xg) trén T.
Pinh ly 2.15. Gid sit M = limsup, ., ||A(t)||. Néu x(-) la nghi¢m khong tam thuong
ciia (2.4), thi kp[x(-)] < M. Hon nita, néu limsup,_,, u(t) < <, thi wdc lugng — M <
kp[x(+)] < M xdy ra.

Truong hop T = R, ta nhan duge bat dang thic —M < xr[x(-)] = x[x(-)] < M.

Dinh nghia 2.17. Tap tat ca cac s6 mi Lyapunov hitu han ctia cic nghiém ctia phuong
trinh (2.4) dugc goi la phd Lyapunov ciia phuong trinh (2.4).

Dinh ly 2.18. Ph6 Lyapunov ciia (2.4) c6 nhiéu nhat n gid tri phan biét.

2.2.2 Bat dang thitc Lyapunov
Cho {x1(t), x2(t), ..., xn(t)} 1a mot hé cdc nghiém co ban khong suy bién ctia (2.4),
titc 13, hé cac nghiém nay c6 tinh chat: S6 mii Lyapunov ctia mét vai nghiém dugc
két hop tir nhitng nghiém tuy y cia phuong trinh thi bang s6 mt Lyapunov ctia mot
nghiém c6 mat trong t6 hgp. N6i cach khac, néu
x(t) = k1X1(t) + k2x2(t) + -+ knxn(t)/

thi xp [x(+)] = xp[x;(-)] véimotvaii € {1,...,n}.
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Ky hieu S = {ay,ap,...,ana; < ag < --- < a,} la tdp pho Lyapunov cua (2.4).
Hon ntra, ta gia st ré“mg ;€ RNRT,véimoii =1,2,..,n.

Dinh ly 2.19 (BAt dang thic Lyapunov). 1 [eq (-, to)] < KL [eax;eme..au, (- f0)]-
Truong hop T = R, ta c6 xp[ex(-, tg)] = limsup,_, ﬁ ft';(trace A(s))ds, va

KL [eaye-@a, (-, t0)] = &1 + - - + &y Vi vay, ta nhan dugc Bat dang thitc Lyapunov
cta phuong trinh vi phan thuong trong bai bao Malkin (1958).

Xét phuong trinh (2.4), trong d6 A(t) = A 1a ma tran hang, hoi quy va vuéng cap
n.Gid st A;,i = 1,2,...,n 1a cac gia tri riéng ctia A. Ta ¢6 thé ching minh rfang

a(t) = A @ Agee. @ Ay (2.5)

Pinh ly 2.22. Vi bat ki gid tri riéng A; ciia ma trin A, ham mii ey, (-, to) c6 s0 mii Lyapunov
chinh xdc, khi d6 xp[ex(-, to)] = &1 |exear®...0a, (-, o)), trong do a; = xrlex (-, )], i =
1,2,...,n.

2.3 Phé Lyapunov va Tinh On dinh ctia Phuong trinh Tuyén
tinh
Xét phuong trinh
A= A(t)x, (2.6)

trong d6 A(t) 1a ma tran vudng cap 1, hdi quy va rd-lién tuc, théa man [|A(t)]| < M,
voimoit € Tr.
Dinh 1y 2.24. Phuong trinh (2.6) véi nhitng diéu kién duoc phdt biéu trén A(-). Khi do,

i) Phuong trinh (2.6) la 6n dinh tiém cdn mi khi va chi khi ton tai mot hﬁng so6a >0
théa man —a € R sao cho vdi mbi ty € T+, c6 mot s6 N = N(ty) > 0 sao cho

|Da(t to)]| < Ne_y(t,tg) véimoit > tg,t € Tr.

ii) Phuong trinh (2.6) la 6n dinh tiém cdn mil déu khi va chi khi ton tai mot hang sb
o« >0, N> 0 théa min —a € R sao cho

[@4(t to)ll < Ne—_q(t, to) vdimoit > to,t,tg € Tr.

Pinh ly 2.25 (Diéu kién phd cta tinh 6n dinh ma). Ky higu —a := max S, trong dé S la
tdp phd Lyapunov ciia phuong trinh (2.6). Khi dd, phuong trinh (2.6) on dinh tiém cdn mi
khi va chi khi a > 0.
Bay gio ta xét phuong trinh
X = Ax. (2.7)
trong d6 A la ma tran hang, hoi quy. Ky hiéu tap cac gid tri riéng ctia A 1a o(A). Tix
tinh hdi quy ctia ma tran A, kéo theo 0(A) C R.
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Dinh 1y 2.26. Néu phuong trinh (2.7) la 6n dinh tiém can mii thi xp[e) (-, to)] < 0, vdi moi
A € o(A). Hon nita, gid sit rang méi gid tri riéng A € o(A) la hoi quy déu. Khi dé, gid thiét
xrlex(+, to)] < O chi ra phuong trinh (2.7) la 6n dinh tiém cin mil.

Hé qua 2.27. Néu vdi bat ky gid tri rieng A € o(A) tacd SA # 0vaxplex(-,to)] <0, khi
dd, phuong trinh (2.7) la 6n dinh tiém cin mil.

Dinh 1y 2.28. Néu limsup, . RA(t) < 0 vdi moi A € o(A), thi phuong trinh (2.7) I
on dinh tiém cdn mii.

Hé qua 2.29. Néu 0(A) C (—o0,0) N'R™T thi phuong trinh (2.7) on dinh tiém cdn mil.

Vi du 2.30. Xét phuong trinh x2 () = Ax(t) trén thang thoi gian T = UP_[2k, 2k + 1],

trong do,
1 -24 0 48
Aﬁ( 1 24 24).
33 —72 —48
RO rang
W) = {0 if t € U [2k, 2k 4 1),
1 ift e UP {2k +1},

c6 s6 mii cuc bién trdi la —1. Hon nita, c(A) = {—2, -1+ %i, —-1-— %z} vamoi A €

o(A) 1a hoi quy deu.
i) Truong hgp Ay = —2,t € [2k, 2k + 1], tanhan dugckr[e_»(+,0)] < ki [e_%(-,O)] =
1
~1<o.

ii) Truong hop A, = —1 + 4, ta nhan dugc x[ey, (+,0)] < limsup, . RAL () =
1
7 1<0.

iii) Truong hop A3 = —1 — 4, ta nhan dugc x[ex, (-, 0)] < limsup, RA3(t) =
»—1<0.

Do d6, theo Dinh ly 2.23, phuong trinh la 6n dinh tiém can ma.
Chd y rang, phuong trinh x2(t) = —2x(t), t € T = U o[2k, 2k + 1] 1a 6n dinh

A~

tiém can md, trong khi d6 limsup, ,, R(—2)(t) = 0. Két qua nay ching to, diéu
nguogc lai ctia Dinh ly 2.23 néi chung la khong dung.
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CHUONG 3

sO MU BOHL CUA PHUONG TRINH PONG LUC AN

Xét phuong trinh dong luc an tuyén tinh c6 dang
Eq()x2(t) = A(t)x(t), t>0, (3.1)

trong do Eq(-) dugc gia thiét 1a suy bién ker A(-) 1a lién tuc tuyét doi. Néu phuong
trinh nay chiu ngoai luc f(t) tac dong thi né trd thanh,

Eq(H)x®(t) = A(H)x(t) + f(t), t>0. (3.2)

Ta sé dinh nghia s6 mi Bohl ctia phuong trinh (3.1) ¢6 chi s6-1 va nghién cttu mbi
lién hé gitra tinh 6n dinh mt va s6 mi Bohl cling nhu tinh vitng ctia s6 mi Bohl khi
phuong trinh chiu nhiéu tac dong lén cac hé s6. Noi dung ctia Chuong 3 dya trén
bai béo s6 2 va s6 3 trong danh sach cac cong trinh cua tac gia.

3.1 Phuong trinh Pong luc An véi chi sé-1

Xét phuong trinh dong luc an tuyén tinh, thoi gian bién thién (3.2) v6i moi t >
a > 0, trong d6 A, E, thudc LI9(T,; K™*™"). Gia thiét rang rank E = r, 1 < r < n, véi
moi t € T, va ker E la tron theo nghia ton tai mot phép chiéu Q 1én ker E sao cho Q
13 lién tuc kha vi véi moi t € (a,00), Q%> = Qva Q” € LI9°(T,; K™"). DatP =1 - Q,
P 1a mot phép chiéu doc theo ker E, EP = E. Khi d6, phuong trinh (3.2) dugc viét lai

E;(£)(Px)2(t) = A(t)x(t) + f(t), t > a, A := A+ E;P® € LI%(T,; K™". (3.3)

Cho H 1a mot ham lién tuc xdc dinh trong T, lay gid tri trong nhém GI(IR") sao
cho Hlyer g, 1a mot tu déng cau gitta ker E; va ker E. Ta dinh nghia ma tran G :=
E;, — AHQ,, vataphgp S := {x : Ax € imE,}.

Bé deé 3.2 (Du et.al. (2007)). Gid stz ma trin G la khong suy bién
i) Bp =G 'Ey; i) G 'AHQr = —Qo;
iii) Q := —HQ,G 1A la phép chiéu Ién ker E doc theo S, Q la mét phép chiéu chudn tic;

iv) Néu Q la mot phép chiéu Ién ker E va P =1-0Q, thi P,G 1A = P,G1AD,
Q-G 1A =Q,G1AP - H™1(Q;
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v) Cdc ma trin P,G~', HQ,G ! khong phu thuéc H va Q.

Pinh nghia 3.4. Phuong trinh dong lyc an (3.2) duoc goi 6 chi s6-1 dé diéu khién
(index-1 tractable) trén T, néu G(t) l1a kha nghich v6i hau hét t € T, va G ! €
Lloc (Ta} K" xn)-

Cho | C T la mét khoang. Ta ky hiéu tap

C'(J,K") := {x(-) € Cq(J,K") : P(t)x(t) la kha vi delta, véi hau hét t € ]} .

Pinh nghia 3.6. Ham x goi la mot nghiém ctaa phuong trinh (3.2) (c6 index-1) trén
khoadng | néu x € C!(J,KK") va thda man phuong trinh (3.2) v6i hau hét t € J.
Nhan cé hai vé ctia (3.3) véi P,G~! va Q,G~! va st dung cac phép ddi bién sb
u := Px va v := Qx, phuong trinh (3.3) dugc phan ra thanh
ub = (P2 + P,G'A)u + P,G ¥, (3.4)
v=HQ,G 'Au + HQ,G1f, (3.5)
(3.4) dugc goi la thanh phan vi phan, (3.5) 1a thanh phan dai s6. Ta tim nghiém u tir

phuong trinh (3.4), tiép theo v tir (3.5), va cudi cing x = u + v. Do d6 ta c6 nghiém
ctia (3.2) véi diéu kién ban dau la

x(t) = (1, to)P(to)xo + /t:<I>(t,U(S))PU(S)G‘l(S)f(S)As +H(HQo(DG L (Df(2).

Gia thiét 3.1. Ton tai mot phép chiéu kha vi bi chin Q lén kerE. Dit P = I — Q va
Ko = sup;, [[P()]-

3.2 Tinh On dinh caa Phuong trinh Dong luc An chiu Nhiéu
nho

Cho a € T 1a mét diém c6 dinh. Xét trudng hgp ngoai luc f(t) := F(t,x(t)), voi F
la mot ham cu thé xac dinh trén T, x R". Khi d6, phuong trinh (3.2) dugc viét lai
Eq(£)x®(t) = A(t)x(t) + F(t, x(t)), t > a. (3.6)

Gia thiét F(t,0) = 0 v6i moi t € T,, thi phuong trinh (3.6) ¢6 nghiém tam thudng

x(t) = 0. St dung ky thuat & Muc 3.1 va cac phép d6i bién s6 u = Px vav = Qx,
(3.6) duoc phan ra thanh hai thanh phan vi phan 3.7, va dai s6 3.8

ub = (P2 + P,G'A)u + P,G 'F(t,u+v), (3.7)

v =HQ,G 'Au+ HQ,G 'F(t,u +v). (3.8)

Gia thiét raing HQ,G ! F(t, -) 1alién tuc Lipschitz v6i hé s6 Lipschitz v; < 1, nghia
13, |[HQs-G F(t,y) — HQyG 'F(t,2)|| < m1t|ly — z||, Vt > a. B&i vi HQ,G ! khong
phu thudc vao su lua chon ctia H va Q, nén tinh chét Lipschitz cia HQ,G 'F(t, ")
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cting vay. Co6 dinh u € R"va chon t € Ty, ta xét anh xa Iy : im Q(t) — im Q(¢) dugc
xac dinh béi Ty (v) := H(t)Qu(1)G 1 (t) A(t)u + H(t)Qu ()G 1 (t)F(t, u + v). Dé thay
IT¢(v) — T(0")]| < y¢llo — 9’| voibatky v,v" € im Q(t). Viy; < 1, T 1a mot anh xa
co, nén ton tai mot anh xa (theo Dinh Iy Diém bat dong) g; : im P(t) — im Q(¢) thda
man

gi(1) = H(H) Qo (£)G (1) (A(H)u+ F(t,u+ g (u))). (3.9)
Ky hiéu 1 = [ H()Qo()G (AW, ta 6 lge() — gi(u)| < L u — /] Vi

vay g 1a lién tuc Lipschitz voi hé s6 Lipschitz Ly = ?_Lf: > 1. Thay thé v = ¢:(u)
vao (3.7), ta thu duogc

ud = (P2 + PoG 'A)u + PoG 'F(t,u+ g (u)). (3.10)

Ta c6 thé giai va nhan dugc nghiém u(t) tir phuong trinh (3.10). Do d6, nghiém duy
nhéat cta (3.6) 1a

x(t) = u(t) + gr(u(t)), t € T,. (3.11)
Dinh ly 3.10. Gid thiét phuong trinh (3.2) la c6 chi s6-1, bi chin déu va théa man:
i) L = SUpjeT, L < o0, va

ii) ham P,(t)G~Y(t)F(t, x) la lién tuc Lipschitz véi hing so Lipschitz k;, sao cho mot
trong hai diéu kién sau ddy dugc théa man

b) limsup,_, . ki(14+ L¢) = 6 < 15, v6i o, M duong va —x € R

Khi do, ton tai hai hang s6 K > 0, —ay hoi quy diong sao cho
1x()]] < Ke—a (£, 5) [ P(s)x(s) ],

vdi moi t > s > a, trong do x(-) la mot nghiém cila (3.6). Nghia la phuong trinh bi nhiéu
(3.6) bdo toan tinh on dinh mil.

Tiép theo, ta chitng minh Dinh ly Bohl-Perron d6i v6i phuong trinh (3.2) va tinh
on dinh mu ctia phuong trinh dong luc an (3.1).

Trudc hét ta chd y rang, khi giai phuong trinh (3.2), ham f dugc tach thanh hai
thanh phan P,G~!f va HQ,G~1f. Do d6, véi bat ky ty € T, ta xét ham f nhu mot
phan tir ctia tap

Lity) = 4 | € C ool RY) s supe, IH(H) Qo ()G () F(1)]] < o0
o va sup;s; |Pe(HGTH B f(B)]] < oo [
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Dé thay L(to) 1a khong gian Banach dugc trang bi chuan
LI = sup (IP-() GO F(DI + [H(B)Qe(GTH (B f (1))

>t
Ky hiéu x(t, s, f) la nghiém, lién két v4i ham f, cia phuong trinh (3.2) véi diéu kién
ban dau P(s)(x(s,s) — xo) = 0. Ta viét x(t,s) hay x(t) thay cho x(t,s, f) néu khéong
x4y ra nham lan.
B6 dé 3.13. Néu véi méi ham f(-) € L(tg), nghiém x(-, to) ciia bai todn Cauchy (3.2) vdi
diéu kién ban dau P(to)(x(tg) — xo) = 0 la bi chin, thi v6i moi t > to, ton tai mot hing so
k > 0, doc ldp vdi ty, sao cho

sup [|x(t, t1)[| < k|| f]- (3.12)

1>t
Dinh ly 3.14. Tit cd cic nghiém ciia bai todn Cauchy (3.2) vdi dieu kién ban dau P(tg) (x(to)
—x0) = 0, lién két vdi ham tiy y f trong L(to), 1a bi chin néu va chi néu (3.1) on dinh mil.

Nhan xét 3.15. Nhiing két qua trén da md rong dinh ly on dinh kiéu Bohl-Perron véi
dau vao/ra bi chin ddi véi phuong trinh vi phan hay sai phan, va phuong trinh vi
phan dai s6 hay phuong trinh sai phan an, khi T = R hay T = Z.

3.3 S6 mii Bohl cia Phuong trinh Dong luc An

3.3.1 Dinh nghia va Tinh chat
Dinh nghia 3.17. Gia st phuong trinh dong luc an (3.1) c6 chi sb6-1, (¢, s) la toan tur
Cauchy tuong ting. S6 mt Bohl (trén) ctia (3.1) duge dinh nghia boi
kg(E,A) =inf{a € R;IM, > 0: | P(t,5)]| < Mpen(t,s),Vt > s > to}.
Khi x3(E, A) = —% hay x5(E, A) = o0 ta goi s6 mi Bohl cia phuong trinh
dong luc an (3.1) 1a cyc bién. Truong hgp T = R (hay T = hZ), ta nhan dugc dinh

nghia kinh dién ctia s6 md Bohl va cac s mii cuc bién c6 thé la £co (hay —#, hay
+00). Hon ntra, ta c6 ménh dé dudi day:

Ménh dé 1.18. Néu « = xg(E, A) khong li cuec bién, thi vdi bit kij e > 0 ta co

) 1im LRES g i) Timsup 12 _
g eace(t,) i—seo Cace(t,s)

S—00

Gia thiét 3.2. Cdc s6 hang P,G~' va HQ,G ™! lan luot bi chin béi cic hing sé duong K3
va Ky trén Ty,.

Pinh 1y 3.23. Cic khing dinh sau la twong duong:
i) Phuong trinh (3.1) la 6n dinh mii; i) S6 mii Bohl x5 (E, A) la s6 dm;
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iii) S6 mii Bohl x3(E, A) la hitu han vdi bat kiy p > 0, ton tai mt hing sé K, sao cho

/S |D(t,5)|[PAL < Ky, VE > 5 > ty;

iv) Tat cd nghiém ctia bai todn Cauchy (3.2) vdi diéu kién ban dau P(t)(x(tg) — x9) = 0,
lién két vdi f trong L(to) la bi chin.

3.3.2 Tinh Virng cta S6 mi Bohl

Gia st rang X(-) € R™" la mo6t ham ma tran lién tuc. Ta xét phuong trinh bi
nhiéu

E-(£)x2(t) = (A(t) + Z(1))x(t), Vt > t. (3.13)
Ta c6 thé kiém chiing truc tiép, phuong trinh (3.13) tuong duong vdi phuong trinh
Eq(1) (Px)2(t) = (A(t) +2(1))x(t), Vt > to. (3.14)

Phuong trinh (3.14) 1a truong hop dac biét cta (3.6) vdi F(t, x) = X(t)x. Gia st nhiéu
>, 1a da nho, sao cho

-1
sup [|Z(8)] < (SupHQaGl(t)H) : (3.15)

t>to t>to

Theo (3.15) va quan hé (I - 2HQ,G ') "Gy = G, trong d6 Gy := E; — (A+X)HQ,,
ro rang Gy la kha nghich khi va chi khi G cting kha nghich, nghia la, phuong trinh
(3.2) c6 chi s6-1 khi va chi khi phuong trinh (3.14) cting c6 chi s6-1.

Ta c6 thé giai phuong trinh (3.14). B&i vi HQ,G !X (t)x lién tuc Lipschitz véi hé
s6 Lipschitz 7; = [|[HQ,G '%(t)|| < 1, nén ham g; xac dinh bdi (3.9) trd thanh

gt(u) = (I — HQyG 12 (t)) 'HP,G (A +X)(t)u.
Khi d6 nghiém cua (3.14) 1a x(t,s) = u(t,s) + gt(u(t,s)), trong d6 u(t,s) la nghiém
ctia bai toan gia tri ban dau
ub = (PP + P,G 1A )u+ PG 1% (u + g (u)),
u(s,s) = P(s)xo.

Dinh 1y 3.26. Gid sir Gid thiét 3.2 diing. Khi do, vdi bat kyy e > 0 ton tai s6 6 = 6(e) > 0
sao cho, néu limsup, ., |E(t)|| < 6 thixg(E,A+X) < «kg(E,A) +¢.

Cubi cling ta xét phuong trinh E,(¢)x®(t) = A(t)x(t), Vt > to chiu nhiéu hai vé
c6 dang

(Eo(t) + E-(1))x2(t) = (A(t) + Z(#))x(t), Vt > to, (3.16)
trong d6 F,(t) va X(t) la nhiéu va ker(E, + Fo) = ker E,. Ta ¢6 thé ching minh
phuong trinh (3.16) tuong duong v6i phuong trinh
E-()x2(t) = (A(t) + Z(1))x(t), Vt > to.

Dinh 1y 3.27. Gid sir Gid thiét 3.2 diing. Khi do, vdi bat ky e > 0 ton tai mot s6 6 = 6(e) > 0
sao cho bat dang thitc limsup, .. |Z(t)|| < 6 kéo theoxg(E +F, A+ %) < xg(E, A) +¢.
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CHUONG 4

BAN KINH ON DINH
CUA PHUONG TRINH PONG LUC AN

Ta sé xét tinh 6n dinh vitng ctia phuong trinh dong lyc &n tuyén tinh thoi gian
bién thién trén thang thoi gian

Eo(D)x2(t) = A()x(t) + f(1), t=to, (4.1)

trong d6 Ey(-) € LI(T;K"*"), dugc gid st lat € T, t > ty. Ma tran A(-) €
LY (T; K"*"), va ker A(-) tuyét dbi lién tuc. Phuong trinh thuan nhat tuong ting

Eo()x®(t) = A(t)x(t), t> t, (4.2)

Chuong 4 duoc viét dua trén noi dung cua bai bao s6 3 trong danh sach cac cong
trinh cua tac gia

Cho X, Y la cc khong gian véc to hitu han chiéu. Vi mdi p € R, 1 < p <

covas < t st € T, ky hiéu L,([s,t];X) la khong gian cac ham do duoc trén
1

khoang dong [s, t] vdi chuan | f||, = HfHLP([S,t],.X) = (fst ||f(T)HpAT)p < 00, va
Leo([s,t]; X) 12 khong gian cadc ham do dugc va bi chan c6t yéu (essentially bounded)
fv6ichuan || flloo = [|fllo(s%) = A-esssup.c(; 1 || f(T) ]| Ta ciing xét cac khong
gian LIPOC(T,Z; X), L1%(T,; X), chita tat ca cac ham f han ché trén [s, t], f \[S,t], tuong
ung thuodc Ly ([s, t]; X), Leo([s,t]; X), v6is, t € Ty, a <5 < t < 0.

V6i moi T > a,7 € T, todn tir chat (operator of truncation) 71; trong khong gian
L,(T,; X) duoc dinh nghia bai

u(t), néut € [a, 1],

0, néut > 1.

e (u)(t) := {
Ky hiéu L£(L,(Ts; X), Ly(T,;Y)) la khong gian Banach cacham tuyén tinh, bi chan
S dit L,(T,; X) dén Ly(Ty; Y) va voi chudn tuong ung la

== swp =l
xeLp(Ta;X), ||x]|=1

Toantat X € L(L,(Ty; X), Ly(T,;Y)) duoc goi la causal néu né thdéa man déng thic
7Tt27'(,f = 7'[,}2, vOi méit Z a.
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41 TinhOn dinh cua Phuong trinh Dong luc An chiu Nhiéu
Causal

Xét phuong trinh dong luc &n tuyén tinh thoi gian bién thién (4.1), véi moi t > a,

va phuong trinh thuan nhat tuong tng
Eq(£)x®(t,t) = A(t)x(t, to),t > a (4.3)

véi diéu kién ban dau P(to)(x(to, to) — xg9) = 0.

Vé6i P(t), Q(t) 1a cac phép chiéu trong Chuong 3, phuong trinh (4.1) duge dua vé
dang

E;(£)(Px)2(t) = A()x(t) + f(), t > a, A:= A+ E,;P® € LIO(T; K™")  (4.4)
Gia thiét 4.1. Phuong trinh dong luc dn (4.3) 6 chi sb-1 va on dinh mii déu theo nghia

riang, ton tai cic s6 M > 0, w > 0 sao cho —w la héi quy duong, ||®(t,s|| < Me_y(t,s),
t>s,t,s e,

Gia thiét 4.2. Ton tai mot phép chiéu tron, bi chin Q(t) lén ker E(t) sao cho cic todn tir
P,G~1 va HQyG ! bi chin cot yéu trén T,.
Xét phuong trinh (4.3) chiu nhiéu cau triic c6 dang
Eo(£)x2(1) = A(t)x(t) + BIOE(C()x() (1), t € T, 45)
trong 0 B € Loo(T 4 K"*™) va C € Loo(T,; K7™) 14 cdc ma tran cho trude xac dinh
cau tric ctia nhiéu, ¥ : L,(T,;K7) — L,(T,;K™) 1a toan tit nhiéu chua biét dugc

gia st 1a tuyén tinh, causal. Do d6, v6i nhiéu X, phuong trinh (4.5) tré thanh phuong
trinh vi phan-dai s6 ham an (implicit functional DAE).

Ta dinh nghia toan ti tuyén tinh Gt LLOC (T,;K") dén L};’C(TQ ; K') ma dugce viét
mot cach hinh thire béi G = (I — BECHQ,G 1)G.

Pinh nghia 4.3. Phuong trinh vi phan-dai s6 ham an (4.5) dugc goi la c6 chi s6-1,
theo nghia tong quat, néu v6i moéi T > a4, todn t G han ché trén L,([a, T]; K") ¢6
toan ti nghich dao va bi chan G L

Véi bat ky tg € T, ta thiét lap bai toan Cauchy ctia phuong trinh (4.5) nhu sau

{Ea(f)xA(t) = A(t)x(t) + B()Z(C(-) [x(-)]r) (1),

P(to)(x(to) — x9) = 0,Vt € Ty, (4.6)

, o if t € [a, to)
trong do, [x(t)]y, = {x(t) if t € [ty, )

nghiém da tot (mild solution) néu ton tai mot phan tir x(-) € L%’C (T4,; K") sao cho
voimoit > ty, taco

x(t) = ®(t, to) P(to)xo + /t:Cb(t,U(S))Pa(S)G_l(S)B(S)Z(C(')[x(')]to)(S)AS

+ H(H)Qo ()G (1) B()Z(C(-) [x()]t) (1)-
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Ta dinh nghia cac toan tir: (M, u)( ft $))Pr(s)G1(s)B(s)u(s)As, va

(M) (1) = H(t)Qa(t)G‘l(t)B(t)u(t)f (M) (8) = (M) (£) + (M0 ().
Ta c6 thé nhan thiy rang ]Mto,ﬂto € L(Ly([to,00);K™),Ly([to, 0);K")) va ton tai
cac hang so Ky > 0 sao cho || (IMg,u)(f)|| < Ko|ju HL (totim) - £ = to = a, uly g
LP ([to, t]; K™). Ky hiéu x(t; to, xo) la nghiém du tot ctia bai toan Cauchy (4.6). Khi d6
cong thic (4.7) duoc viét ngan gon la
X(t,‘ to, Xo) = q)(t, to)P(to)xO + (MtOZ(C(-)[x(-; i’o, xo)]to)) (t)

Dinh 1y 4.4. Néu phuong trinh (4.6) cd chi s6-1, thi né chdp nhin nghiém di tot duy nhat
x(+) vdi P(-)x(+) la tuyét dbi lién tuc tuong ving vdi A-d6 do. Hon nita, véi mét so tiy y
T > to, ton tai cdc hang s6 duong My = M1 (T), My = My(T) sao cho

[P(E)x(t)[| < Ma[[P(to)xoll,  [Ix(E) |z, (ro,xm) < M2 P(to)x0ll, Vt € [to, T].
Nhan xét 4.5. Gia st toan ta X € L(L,(T,;;K7), L, (T4 K™)) la causal véi moi t > a
va h € Lp([a,t];K7). Khi d6, dp dung Dinh ly 4.4, ta thdy rang ham g, dugc dinh
nghia g(s) := P(t)x(t0(s),h(s)), s € [a,t], thudc vé Ly([a,t];K"). Hon nita, dat

= [! ¢(7)AT khi d6, theo Pinh ly 1.27, ta c6
yA(t) = Pe(t)h(t) + (Wy)(t),
trong d6 Wu := (P2 + P,G ' A)u + P,G'BZC(I + D) [u]s,.

4.2 Bankinh On dinh cia Phuong trinh chiu Nhiéu Péng luc

Gia st cac Gia thiét 4.1, 4.2 dung. Nghiém tam thuong ctia (4.5) dugc goi la L,-6n
dinh toan cuc, néu ton tai cac hé“mg s6 duong M3, My sao cho, véimoi t > tg, xg € K"
[P(£)x (£ to, x0) llgen < M3 [|P(t0)Xollgn ,

4.8
It f0,x0) 5, 1 ey < M [P (0) ol 9

Dinh nghia 4.6. Gia st cac Gia thiét 4.1, 4.2 dung. Ban kinh 6n dinh cta phuong
trinh (4.2) chiu nhiéu tuyén tinh, dynamic va causal trong phuong trinh (4.5) 1a

r(Ev, A; B, C;T) = inf{ , nghiém tam thuong cua (4.5) khong } -

Ly-6n dinh toan cuc hay (4.5) khong c6 chi so-1

V6i moi tg € T,, ta dinh nghia cac toan tu: lttou = C(-)ﬂtou, Etou = C(-)Mtou,
and Lyu := C(-)My,u. Toan ti L, dugc goi la toan tir input-output lién két vdi
phuong tinh bi nhiéu (4.5). Céc toan tu Lto,ito € E(Lp(TtO;IKm),Lp(TtO;]Kq)) va
L, ||, |ILs, || gidm theo to. Hon nita

H]Iim‘ = A-esssup;.; HCHQUG_lBH < ||Lg, || -
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Bdi vi ||IL¢|| gidm theo bién ¢, do d6 ton tai gidi han ||Leo| := lim;—e || IL¢]|. Ky hiéu

_ ~ , 1
= [|Leo| ™Y, v :=||La|| 7} quy wéc 9= (4.9)

B6 dé 4.8. Gid sit B < cova a > B, trong dd B duoc dinh nghia trong (4.9). Khi do, ton
tai todn tir . € L(L,(T4;KT), Ly(Ta; K™)), cdc ham §,2 € L%OC(TQ;]KQ) va s6 tu nhién
Npy > 0 sao cho

i) | 2] < &, X la causal va c6 nhd hitu han;
ii) Lh(t) = 0wvdimoit € [0, Nolvamoi h € L,(T,;K7);

iii) 7 € Lp¢(Ta; KT) \ Lp(Ty; KT) va supp 2 C [0, Nol; iv) (I —L,2)§ = 2.

Dinh ly 4.9. Gid st cdc Gid thiét 4.1, 4.2 diing. Khi do,
rk(Es, A; B,C; T) = min{B, v} (4.10)
trong do B, v duoc dinh nghia trong (4.9).

Nhan xét 4.10. Trong truong hop T = R, cong thic (4.10) xac dinh cong thic ban
kinh 6n dinh trong bai bao Du & Linh (2006), va trong truong hgp T = Z ta thu
dugc cong thirc ban kinh 6n dinh & bai bao Rodjanadid et al. (2009).

Nhan xét 4.11. Trong truong hop T = R and E = I, cdng thiic (4.10) trinh dién mot
cong thirc ban kinh 6n dinh trong bai bao Jacob (1998).

110 p(t) p(t) 0
Vi du 4.12. Xét phuong trinh 4.3) v6i E = [0 0 0|, A(t) = | 1 -1 0},
000 0 0 1
thang this gian T — { {3k} ) [3k+ 1,3k + 2], p(t) — 4 2 1 =3
ang alglan _L:Jo{ }kgo[ 13kr2)plh) = —1 ift € [3k+1,3k+2].
Lo Lo} o
Dé dang tinh duge P = P = [% 3 0|, H=LG!= [% 10| .GiasaB=
000 0 0 -1

C = I'la cac ma tran co cau tric trong phuong trinh bi nhiéu (4.5). Ta sé tinh dugc
|IILsy || = 8, [|ILg,|| = 1. Theo Dinh 1y 4.9, ta nhan dugc r (Ey, A; B, C;T) = 1.

Cho ¥ € Loo(Ty,; KK™*17) 1a toan tit tuyén tinh, causal dugc xac dinh boi (Zu)(t) =
Z(t)u(t). Honntta, ta c6 ||Z[| = esssup; <o [ Z(1)]-

Hé qua 4.13 Gid sit cdc Gid thiét 4.1, 4.2 diing. Néu ri (Eg, A; B,C;T) > ||Z|| thi phuong
trinh (4.5) la L,-0n dinh toan cuc.

Nhién xét 4.14. Truong hop T = Rva E = [ va X(-) € Loo(R¢y; K™*7), Hé qua 4.13
chi ra can duéi dbi v6i ban kinh 6n dinh trong bai bao ctia Hinrichsen et al. (1989).
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Nhan xét 4.15. Theo ky thuat bién d6i Fourier-Plancherel nhu trong Hinrichsen &
Pritchard (1986b), va Marks II et al. (2008). Néu E, A, B, C la cac ma tran héng va
p = 2 thi ta c6 thé chung t6 rang ||Ly, || = sup, s |[C(A — AE)"1B||, trong d6 S :=
{A € C: x®» = Ax6ndinh mt déu} 1a mién 6n dinh ma déu ctia T. Hon nta,
ILs, || = lim) e |C(A — AE)1B||. Trong truong hop nay, ta thu duge cong thiic
ban kinh 6n dinh trong bai bao Du et al. (2011)

1
SUP ) casuce |C(A—AE)~1B|

r(E,A;B,C;T) =

4.3 Ban kinh On dinh chiu Nhiéu Ciu tric Hai vé

Trong muc nay, ta xét phuong trinh (4.2) chiu nhiéu tac dong 1én ca hai vé
(Eo + B1oZ15C1o) ()23 (t) = (A + BaZaCo) (£)x(t), ¢ > to. (4.11)

trong d6 B; € Leo(Tyy; K"*™),C;i € Loo(T4y; IKT*") 1a cac ma tran cho trudc, va X; €
Leo(Ty,; K™*7) 1a ma tran nhiéu, v6i i = 1,2. Ta dinh nghia tp cdc nhiéu chap nhan
duoc, S =S(E;B, Cl) = {(21,22)‘ ker(E + B121C1) = ker(E)}

Bé de 4.16. Cdc khing dinh sau diing:
i) QQ*HQ, =0; i) QuQ*P = Q»;  iii) I + Q*HQ, khd nghich;
iV) (I + QAHQU)G_l = (Ea - AHQ(T)_ll QU’G_l = QU(EU - AHQU’)_l-

DétA = A _]EO’QA/ G := IEO’_AHQO’ va B := [Blo' BZ} s Z’b = lzég ZO] :
2

B6 dé 4.17. Gid sit phuong trinh (4.2) 6 chi sd-1. Néu (X1, %) € Ssao cho ||Z]| < _HFlB|| )

khi do phuong trinh bi nhiéu (4.11) ciing cd chi s6-1.

Bo deé 4.18. Gid si phuong trinh (4.2) ¢ chi s6-1. Khi dd, phuong trinh (4.5) tuong duong
vdi phuirong trinh (4.11) vdi nhiéu & = (I + L,FB) 1%,

Pinh nghia 4.19. Gia st cac Gia thiét 4.1, 4.2 ding. Ban kinh 6n dinh phuc (thuc)
clia phuong trinh (4.2) chju nhiéu tuyén tinh c6 cau trtc trong phuong trinh (4.11)
duoc xac dinh béi

_ s |24, nghiém tam thuong ctia (4.11) khong Ly,
"k(Eq, A; By, C1, By, G T) = inf {-611 dinh toan cuc hoac (4.11) khong la chi s6-1 (-
Dinh ly 4.20. Gid st cdc Gid thiét 4.1, 4.2 diing. Khi d6, ban kinh 6n dinh ciia phuong trinh
(4.2) chiu nhiéu tuyén tinh c6 cdu triic trong phuong trinh (4.11) théa main

min{p;y}
r]K(EU’/ A;B1,Cq, By, Cz,'T) > 1"1”FBHmm{/3/"Y}
[FB|

néu B < oo hojc y < oo,

néu B = coviy = .
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trong do B, vy duoc dinh nghia trong (4.9).

100
Vi du 4.21. Xét phuong trinh dong luc an Ex® = Ax, trong do, E = {0 1 0] ,A=
000
-1 3 0
3 =1 1 | .Giasu phuong trinh chiu nhiéu c6 cau triic c6 dang E ~ [E, A ~» A
0 0 -1
1+61(t)  61(t)  61(t) —1 : 0
E=| &(t) 146 &), A= |34+6#) —1+6E#) 1+61) |,
0 0 0 5 (t) 5o (t) —1+ 6,(¢)

trong d6 6;(t),i = 1,2, 1a cac phan ti nhiéu. Dé thdy, m6 hinh nay c6 dang (4.11) v6i

1 0 100 000
By = |1]|,By= |1 ,C1:C2:[1 1 1}.ChQnP: 010|,0=1(00 0].
1 01

0 00O 0
Lo 11 0 1 1
Qua tinh toan, ta nhdn dugc B = |1 1| ,F = [ ],C = [ 22 ]
01 00 —1 -1 -1 0
. . _ 1 A43 A43 £
— _ g — - 2 2 _
Do dé ||FB]| 3vaC(A—AE)"'B TSI l2A+3 2143 .Lay T

U1 [2k, 2k + 1]. Khi d6, mién 6n dinh miidéu S = {A € C: RA +In|1 + A| < 1}.
Theo Nhan xét 4.15, ta dé dang tinh dugc B = %, v = +o0. Ap dung Dinh ly 4.20, ta

nhan dugc
1

> —.

- 11

Hé qua 4.22. Gid st cdc Gid thiét 4.1, 4.2 ding. Khi d6, ban kinh 6n dinh phitc (thuc) cia
phiuong trinh (4.2) chiu nhiéu tuyén tinh khong cau triic E ~ E + X, A ~ A + X, thoa
man

rk(Es, A; B, C1, By, Cp; T)

min{l(E,A),|HQ,G||='} % .
neu 0 hodc I(E,A) < oo,
rlK(Ea, A; I;T) > {k11‘|'k2min{l(ErA)rHQaG1001} Q7 ’ ( )

T néeu Q=0uwval(E,A) = oo.

quy udc |HQ,G || ot = oo néu |HQyG 1o = 0.

Nhan xét 4.23. Trong truong hop T = R, hé qua nay lién quan téi can dudi ctia ban
kinh &n dinh trong bai bao Berger (2014).

Vi du 4.24. Xét phuong trinh (4.3) v6i E, A, T trong Vi du 4.12. Ta ¢6 thé tinh dugc
1 .
1Plle = 5 ki = ky = 1. Do vay theo Hé qua 4.22, ta nhan dugc ket qua

1

ool

rk(Eq, A; ;T >

1+

ool
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KET LUAN

Luan 4n da dat dugc nhitng két qua sau day trén thang thoi gian:

1.

Dua ra khai niém s6 mii Lyapunov trén thang thoi gian va stt dung né dé nghién
cttu tinh 6n dinh cda céc phuong trinh dong luc tuyén tinh trén thang thoi gian.

. Thiét 1ap dugc mot s6 két qua vé tinh 6n dinh viing ctia cac phuong trinh dong

luc &n v6i nhiéu Lipschitz va md rong dinh ly 6n dinh kiéu Bohl-Perron cho cac
phuong trinh dong luc &n trén thang thoi gian.

. Dua ra khai niém s6 ma Bohl va nghién ctru mdi quan hé gitra tinh 6n dinh mu

va sO mii Bohl khi cac phuong trinh dong luc chiu nhiéu tadc dong l1én cac hé )
cta phuong trinh.

. Pua ra dugc cong thirc ban kinh 6n dinh ctia phuong trinh dong luc an trén

thang thoi gian dudi mot s6 16p nhiéu c6 cau tric tac dong 1én vé phai hodc ca
hai vé.
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