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Lo1 cam doan

Toi xin cam doan day la cong trinh nghién citu cia riéng to6i, dudi sy
huéng dan cta cac thay trong Tap thé huéng dan khoa hoc. Cac két qua,
s6 lieu trong luan an 13 trung thic va chua ting dudc cong bd trén bat ky

cong trinh nao khac. Céc tai lieu tham khao dugc trich dan day du.
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Loi cam on

Luan an nay dugc hoan thanh tai Truong Dai hoc Su pham Ha Noi 2
du6i sy huéng dan tan tinh cia GS. TS. Pham Ngoc Anh (Hoc vién Cong
nghé Buu chinh Vién thong) va TS. Hoang Ngoc Tuan (Truong Dai hoc
Su pham Ha Noi 2). T4c gia xin bay t6 1ong biét on chan thanh va sau sic
nhat t6i cac Thay.

Trong sudt quéa trinh nghién ciu va hoan thanh luan an, thong qua céc
bai giang, hoi nghi va hoi thao hoc thuat, tac gia ludon nhan duge sy quan
tam gitp do va cac ¥ kién dong gép quy bau cla cac thay/co ¢ Trudng
Dai hoc Su pham Ha Noi 2. Tac gia xin chan thanh cam on!

Xin tran trong cam on Ban giam hiéu, Khoa Toan, Phong dao tao -
Truong Dai hoc Su pham Ha No6i 2; Ban giam hiéu, Khoa Toan va Khoa
hoc T nhién - Truong Dai hoc Hai Phong, da tao moi diéu kién thuan lgi
cho tac gid trong suét thoi gian lam nghién citu sinh.

Xin chan thanh cdm on cdc anh/chi/em trong nhém nghién citu tai
phong Lab "Toan Ung dung va Tinh toan" ctia Hoc vien Cong nghé Buu
chinh Vién thong, cac ban bé dong nghiép da luoén bén canh trao ddi, dong
vién, khich lé tac gid trong suét qua trinh hoc tap, nghién citu va hoan
thanh luan an.

Nghién cttu sinh xin chan thanh cam on nhing ngusi than yéu trong
gia dinh minh, da luoén luon dong vién, chia sé va giup dd trong sudt qua

trinh hoc tap va nghién cttu sinh.

Tac gia
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MG dau

1. Ly do chon dé tai

Khi nghién cttu cac bai toan bién cho mdt 16p phuong trinh dao ham
riéng vao ndm 1966, lan dau tién Hartman, Ph. v Stampacchia, G. [39] da
dé cap dén mo hinh bat dang thic bién phan. Tit d6, bai toan nay dugc biét
dén v6i nhitng tng dung tht vi nhu mo hinh can bang kinh té Nash, mo
hinh can bang mang giao thong, mo hinh dinh tuyén t6i wu mang truyén
thong CDMA [44], 1y thuyét tro choi bat hop tac, mo hinh xtt 1y anh, ...
RAt nhiéu ng dung thuc té cta bai toan nay dugc Kinderlehrer, D. va
Stampacchia, G. [48] mo ta trong cudn sédch “An Introduction to Variational
Inequalities and Their Applications” va trong céc tai liéu [14, 31, 56|. Bai
toan bat ding thic bién phan chia dyng nhiéu 16p bai toan quen thudc,
ching han nhu 16p bai toan t6i wu 16i kha dudi vi phan, bai toan diem bat
dong Kakutani, bai toan bu phi tuyén va mot s6 mo hinh khéc.

Cho C' 1a mot tap cho 16i déng khac rong ctia mot khong gian Hilbert
thyc H vd mot danh xa F': H — H (thuong dugc goi 1a anh xa gia), bai
toan bat ding thitc bién phan v6i 4nh xa gid F va mién rang budc C, ky

hieu VI(C, F), dugc phat biéu dusi dang:
Tim z* € C sao cho (F(z*),x —2*) >0, VzxeC.

Bai toan bat dang thic bién phan VI(C, F) 1a mot ddi tugng nghién citu
pho bién trong linh virc Giai tich va Ly thuyét t6i wu. Hién nay, ton tai hai
huéng nghién ctu chinh vé bai toan nay. Thi nhat la, nghién ctu dinh tinh
veé st ton tai nghiém va tinh chat ctia tap nghiém ctia bai toan. Cac két qua,

noi bat vé huéng nghién cttu ndy phai duge nhic dén véi cac nhém nghién
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ctiu trong, ngoai nudc cua Yen, N.D va cong su [49, 88], cia Khanh, P.Q.
va cong su [50, 51], ctia Mordukhovich, B.S. va cong su [63, 64|, ctia nhiéu
tac gia khac trong [65, 54]. Thit hai la, nghién citu dé xuat cac thuat toan
giai v tng dung truc tiép véi cdc moé hinh cuy thé. Mot trong cac phuong
phap thong dung giai bai toan nay 1a phuong phap mot phép chiéu trong
[19]. So do lap c6 dang:

2’ e C,
"t = Tlg[a® — AF(2%)], Vk > 0.

Dudi gia thiét rang, 4nh xa gia F' 14 S—don diéu manh vd L—lién tuc
Lipschitz, A € (0, i—é), day {z*} hoi tu manh t6i mot nghiém duy nhat x*
ctia bai toan VI(C, F). Tuy nhién, gia thiét don diéu manh ctia anh xa gia
la kha chat. Dé giam nhe gia thiét nay, trong [52], Korpelevich, G.M. da
dé xuat thuat toin dao hdm ting cudng sau:

(

20 e C,

q y* =Tlefzh — AF(2)],

oFH = Tlea® — AF(y¥)], VE > 0.

.
Khi d6, dudi gid thiét anh xa gia F' don diéu va lién tuc Lipschitz, cic day
lap {z*} va {¥*} hoi tu yéu t6i mot nghiém cta bai toan VI(C, F). Gan
day, mot s6 thuat toan ciing da nghién citu md rong véi anh xa gia gia don
diéu khong can gia thiét lién tuc Lipschitz trong [40, 42]. Cha ¥ rang, phép
chiéu Il duge tinh toan dusi dang hién, 13 kha hiéu qua trén may tinh
v6i mot sé dang quen thuoc clia mién rang budc C. Chang han nhu, C c6
cau tric dang hinh hop, ntta khong gian, giao ctia hai nita khong gian hoic
hinh cau. Tuy nhién, khi mién C' dugc cho dudi dang tong quat, viéc tinh
toan phép chiéu ctia mot diém Ilo(z) véi o € H 1a khong dé thyc thi trén
may tinh. Khi d6, mot s6 tac gid nghién cttu véi cadc phuong phap xap xi
ngoai cua mién C la khé hiéu qua trong [22, 34]. Bén canh d6, véi anh xa
gia don diéu c6 rat nhiéu phuong phap giai khac nhu phuong phap diém
gan ké [61], nguyén 1y bai toan phu [24], phuong phap egordic [20], phuong
phap diém trong [32], phuong phap dao ham ting cudng quan tinh [29] va
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nhiéu phuong phap tha vi khéc [23, 53, 66, 71, 78, 89].

Cho C' 1a mot tap con 16i, déng va khac réng ctia khong gian Hilbert
thuc H, I ={1,2,---}, cdc anh xa S; : H — H], (i € I). Trong luan an nay,
chiing t6i nghién citu dé xuit cac thuat toan mdi giai bai toan bat dang
thitc bién phan trén tap diém bat dong, ky hiéu 1a VIF(Q, F'), dugc phat

biéu nhu sau:
Tim z* € Q sao cho (F(z*),z —z*) >0, Vze€Q, (1)

G day Q = NjerFix(S;) va Fix(S;) = {z € H: x = S;(x)}. Ro rang, khi
S; 1a anh xa dong nhat, bai toan VIF(Q, F) dugc viét dudi dang bai toan
bat dang thic bién phan thong thuong VI(C, F).

Nghién cttu thuat toan dau tién giai bai toan VIF(Q, F) dugc nhic dén
véi cong trinh cta Sibony, M. trong [72], 6 day mién rang buoc 2 1a tap
nghiém ctia phuong trinh toan t& don dieu. Khi Q 13 tap diém bat déng
ctia mot anh xa khong gian S : H — H, trong [84], Yamada, I. da dé xuét
thuat toan duong doc gan két véi day lap kha don gidn sau:

2° ¢ H,

oFHt = S(a%) — AF(S(2%)), VEk>0.
Duéi gia thiét S-don diéu manh va L-lién tuc Lipschitz clia anh xa gia F,
va A € (0, i—é), day lap {z*} hoi tu manh t6i mot nghiem duy nhat cta bai
toan VIF (S, F). Md rong két qua nay cua Yamada, I. vA Xu, H.K. [82]
dua ra thuat toan lip xoay vong v6i mién rang buoc clia bai toan thanh tap
diém bat dong cia ho hitu han cic 4nh xa khong gian. Trong [45], Iemoto,
S. va Takahashi, W. nghién cttu md rong thuat toan cho mién rang budc la
tap diem bat dong ctia diy cac anh xa khong gian. Mot sé két qua nghién
citu thi vi véi anh xa gia don diéu tong quéat va mién ring buoc Q 1a giao
clia cac anh xa gia co chit (hodc cic anh xa tya khong gian) duge dé xuat
bdi nhidu tac gid, ching han nhu phuong phap xap xi [60], phuong phap
néi 16ng quan tinh [36], phuong phap chiéu dudi dao ham [6], phuong phap
co quan tinh [12] vA mot s6 phuong phap khac [7, 9, 87]

Nhu ta da biét, trong [1, Proposition 2.2], mot diém z* € C' la nghiém
clia bai toan bat dang thitc bién phan VI(C,G) (6 day G : H — H) khi va
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chi khi n6 1a mot diém bat dong clia anh xa nghiem S : H — C nhu sau:
S(z) =¢glr — A\G(x)], Vx e H,

& day A > 0. Trong truong hop nay, bai toan bat ding thic bién phan
trén tap diém bat dong VIF(Q, F) v6i Q = Fiz(S), tré thanh bai toan
BVI(C, F,G), dugc phat biéu nhu sau:

Tim v € Q sao cho (F(u),z —u) >0, VzeQ,

6 day Q = {z* € C: (G(z*),y — 2*) > 0, Vy € C}. Vé thuat toan giai
bai toan bat dang thitc bién phan BVI(C, F,G), da c6 mot sd két qua
thong dung nhu phuong phap dao ham tang cuong ciia Anh, P.N. va cong
su trong [4, 8], phuong phap xap xiI gin két cia Maingé, P.E. trong [59],
phuong phap xap xi duéi dao ham cta Vuong, P.T. va cong sy trong [80],
va mot s6 phuong phap khac trong [27, 41, 59, 73, 79, 85, 86].

Vé cac ting dung ctia bai toan VIF(Q, F), ta phai nhic dén ting dung
tha vi trong cdc mo hinh x1t Iy anh [25, 74, 33)]. Anh k§ thuat s6 dugc hidu
nhu mot ma tran xép lién tiép cac diém anh (goi 1a cac Pixel), mdi cot
la mot véc to trong khong gian R”. Tt mdt bitc anh da bi lam mad hoac
gay nhiéu, ta phai tim vé bitc dnh gbc ban dau nho vao cac thuat toan
tim diém bat dong [18, 33, 38, 57, 74]. Hiéu qua ctia thuat todn phuc hdi
anh c6 thé danh gia khach quan qua hai chi s6: Sai s6 tin hiéu nhiéu dinh
PSNR trong [76] va chi s6 cAu tric tuong duong SSTM trong [67].

Bai toan VIF (£, F) 1a bai toan kho, vi mién rang budc Q la giao céc
tap diém bat dong ctia ho anh xa va khong dudce cho dudi dang hién. Theo
hiéu biét ctia chiing t6i vé cac thuat toan hién nay cho viéc giai bai toan
bat dang thiic bién phan trén tap diém bat dong VIF(Q, F), nhin chung,
déu c6 mot sé dic diém sau:

- Sy hai tu clia cac thuat toan doi hoi cac gid thiét don diéu manh va

lien tuc Lipschitz ctia 4nh xa gia F hodac mot s6 gia thiét don dieu

chinh quy (kha phtc tap);

- Cac thuat toan lip chua thyc sy hiéu qua trén may tinh, khi mién

rang budc C phic tap. Tai mdi budc lip trong mot s6 thuat toan, day
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lip dugc tinh 14 nghiém ctia mot bai toan bat dang thic bién phan
phu khac. Sy hoi tu ctia thuat toan doi héi tinh chinh xac cac nghiém
tai mdi budc lip, tuy nhién, tinh toan thyc té trén may tinh chi dugc
nghiém xap xi c6 sai s0;
- Thuat toan va tinh toan tng dung vio cac mo hinh thic té con nhiéu

han ché.

Vé6i cac 1y do trén, ching toi chon nghién cttu dé tai luan an “Mot
s6 phuong phdp gidi bai todn bat dang thic bién phan trén tap diém bat
dong”. V6i muc tiéu chinh 13 dé xuat cac thuat toan méi dé giai bai toan
VIF(Q, F), ching to6i da nghién citu md rong ciac phuong phép trong t6i
wu va cac ky thuat lip diem bat dong, ching han nhu kj thuat lai ghép,
ky thuat quan tinh, k¥ thuat lap, k¥ thuat chiéu ndi 16ng, ... Sy hoi tu
manh va yéu ciia cic thuat toan dé xuat dudgc chitng minh, cic vi du c6
tinh chat minh hoa va so sanh vdi cac két qua thong dung khac dugc lap

trinh tinh todn trén phan mém Matlab.

2. Muc tiéu nghién citu

Muc tiéu trong ludn an cua ching toi la nghién cttu cac thuat toan méi
gidi bai toan VIF(, F). Cu thé nhu sau:

e Nghién citu ky thuat lai ghép co quan tinh, 1a sy két hgp giita k¥
thuat lai ghép ctia Yamada va kj thuat quan tinh, dé giai bai toan
VIF(Q, F), trong truong hop anh xa gid F' 1a don diéu manh va lién

tuc Lipschitz, con ho cic 4nh xa {S;};.; thod man dieu kién (Z2).

e Nghién citu k¥ thuat xap xi song song quan tinh dé giai bai toan bat
déng thic bién phan trén tap diém bat dong khi ho cac anh xa {S;},_;,
J ={1,2,...,m} 1a ho hitu han, thod man gia thiét nita co, con anh

xa gid F' la don diéu manh va lién tuc Lipschitz.

e Nghién cttu 4nh xa nghiém ctia bai toan bat ding thic bién phan va

dé xut thuat toan giai cho bai toan bat ding thic bién phan trén tap



6
diém bat dong ctia anh xa nghiém bing cach st dung cac phép chiéu

va phép chiéu néi 16ng lén nita khong gian déng.

e Dé xuiit thuat toan chiéu co giai bai toan BVI(C, F,G) cho trudng
hop trong khong gian R".

e Trién khai tinh todn bang cac vi du gidi s6 cho cac thuat toan, va ap

dung vao mo6 hinh xtt Iy anh.

Déi tugng nghién citu:

Déi tuong nghién ciu. Luan an nghién citu 16p cac bai todn bat dang
thitc bién phan trén tap diém bat dong trong khong gian Hilbert thyc H.
Cu thé 1a: Bai toan bat dang thitc bién phan véi rang budc 1a tap diem
bat dong ctia cdc anh xa {S;},.;, bai todn bat dang thic bién phan véi
rang buoc 1a giao cia tap diém bat dong va tap nghiém ctia bai toan bat

dang thic bién phan khac.

Pham vi nghién ctu. Luan an chi nghién cttu cac thuat toan giai, cai
tién cac phuong phap xap xi nghiém cho bai toan bat dang thic bién phan
trén tap diém bat dong, trong tam 13 mé rong phuong phap chiéu, phuong
phép lip, phuong phap lai ghép. Bén canh d6, chitng minh sy hoi tu cta
thuat toan, phan tich cho sai s6 trong mot s6 truong hop, 4p dung thuat

toan vao mo hinh xtt 1y anh,. ..

4. Phuong phap nghién citu

Dé dé xuat thuat toan mdi vi ching minh sy hoi tu cta day lip giai
bai toan bat ding thic bién phan trén tap diém bat dong, ngoai viéc si
dung cac ki thuat co ban trong giai tich, Giai tich 16i, Giai tich da tri va
Giai tich phi tuyén, chiing toi dya trén cAc phuong phap da dugce sit dung
trong bai toan tdi wu, bai toan bat ding thic bién phan nhu phuong phap
chiéu, phuong phap dao ham ting cudng, phuong phap diém gan ké, ky
thuat quan tinh, ki thuat tinh toan song song, k¥ thuat chiéu néi léng,. . .



5. Két qua cua luan an
Mot s6 két qua da dat duge ctia luan an nhu sau:

e Dé xuat thuat toan lai ghép co quan tinh v chiing minh sy hoi tu

manh trong khong gian Hilbert thuc H dé giai bai toan VIF(Q, F).

e Dé xuat thuat toan xap xi song song quan tinh v chitng minh sy hoi
tu manh trong khong gian Hilbert thiyc H dé giai bai toan VIF(Q, F).

Ap dung thuat toan nay vao mo hinh xit 1y anh.

e Dé xuat thuat toan chiéu néi 1éng va chitng minh sy hoi tu manh trong
khong gian Hilbert thyc H dé giai bai toan bat ding thiic bién phan
trén tap diem bat dong ctia mot anh xa giao v6i tap nghiém cia bai

toan bat dang thic bién phan khéc.

e Dé xuat thuat toan chiéu co va chitng minh su hoi tu trong khong gian

R" d& gidi bai toan BVI(C, F,G).

Noi dung ctia luan 4n dugc viét dya trén két qua clta 4 bai bao, trong
d6 3 bai bdo ducc xuat ban trén tap chi SCIE xép hang Q2, 01 bai béo
da dugc xuat ban trén tap chi Scopus. Cac két qua chinh ctia luan an da

dudc bao cao tai

e Hoi nghi quoc té “The International Symposium on Applied Science
ISAS2022”. (14 - 16/10/2022 tai Truong Dai hoc Bach khoa thanh phd
HO6 Chi Minh),

e Hoi thao: “Téi wu va Tinh toan Khoa hoc” lan thi 21 (20-22/4/2023
tai Ba Vi),

e Hoi nghi Toén hoc toan qudc lan thi X (8-12/08/2023 tai Da Néng),

e Seminar b6 mon “Giai tich va toan ng dung”, Truong Dai hoc Su
pham Ha Noi 2,

e Seminar phong Lab “Toan Ung dung va tinh toan”, Hoc vien Cong

nghé Buu chinh Vién thong.



6. Cau tric luan an

Ngoai cac phan muc luc, danh muc cac ky hiéu va chit viét tat, mé
dau va tai lieu tham khéo, noi dung chinh ctia luan an dugc chia thanh 3

chuong nhu sau:
e Chuong 1: Bai toan bat dang thiic bién phan trén tap diém bat dong.
e Chuong 2: Cac ky thuat quan tinh.

e Chuong 3: Phuong phap anh xa nghiém néi long.



Chuong 1

Bai toan bat dang thic bién phan

trén tap diem bat dong

Trong chuong mdé dau ctia luan an, chiing to6i nhic lai mot s6 khai niém
cting nhu kién thtc co ban trong gidi tich ham va giai tich 16i, lam co
sé dé nghién citu 6 cac chuong sau. Bén canh d6, cac khai niem vé bai
toan bat dang thic bién phan trén tap diém bat dong, sy ton tai nghieém,
cac bd dé bo trg, mo hinh xi& 1y anh vA mot vai phuong phap thudng
gap dé gidi bai toan bat dang thitc bién phan trén tap diém bat dong
nhu: Phuong phap lip, phuong phap lai ghép dudng déc, phuong phap
chiéu ciing dudc ching toi trinh bay trong chuong nay. Noi dung clia
Chuong 1 dugc viét dya trén mot so6 két qua trong cac tai lieu tham khao
[1, 2, 16, 21, 28, 30, 31, 53, 59, 82, 83].

1.1 Mot s6 kién thitc co ban
1.1.1 Phép chiéu va anh xa don diéu

Xét trong mot khong gian Hilbert thuc H véi tich vo hudng (-, ) va
chudn duge xic dinh bdi ||z| = \/(z, ) v6i moi » € H, mot day {=¥} Cc H
dugc goi 13 hoi tu manh t6i 2° € H néu ||2F — 2°] — 0 khi k& — +o0.
Day {y*} C H dugc goi 1a hoi tu yéu téi y° € H néu (y, 3" — 3°) — 0 khi
k — +oo, v6i moi y € H. Mot day hoi tu manh thi hoi tu yéu, nhung diéu
ngudc lai khong ding. Tuy vay, theo [15], néu day {y*} hoi tu yéu dén ¢
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va c6 chuan ||3"|| hoi tu téi ||3°]| thi {y*} hoi tu manh dén 1.
B6 dé 1.1. [21, Lemma 2.1] Véi moi z,y € H, ta c6
(@) llz = ylI* = lel® = Iyl* = 2 ¢ — v, 9);
(i) [l +yll* = [lz* + 2(2, y) + llyll*;
(i) [lz +ylI* < =] + 2(y, = + v);
(iv) lte + (L=t yl* = tlz|*+ 1 =) yl*~t QA=) o =y |, VieR.

Dinh nghia 1.1. Cho C' la mé6t tap con cua mot khong gian Hilbert thyc
H. Khi d6, tap C' dugc goi 1a

(i) mot tap 16i, néu C chita doan thang di qua hai diém bat ky clia né.

Tiic 1a, C 14 161 khi va chi khi Vx,y € C, Va € [0,1] ta ¢6
ar + (1 —a)y € C
(ii) tap déng, néu moi day {z*} C C théa man z* — x khi k& — +oo ta
déu c6 z € C;

(iii) tap déng yéu, néu moi day {z*} C C théa man z¥ — z khi k — 400

ta déu c6 x € C;

iv) tap compact, néu moi day {z*} C C déu c6 mot day con hoi tu manh
y y

vé mot phan ti thuoc C.

Dinh nghia 1.2. Cho C 1a mot tap con 16i, déng, khac rong clia mot
khong gian Hilbert thyc H. V6i mdi phan ti 2 nadm trong H, hinh chiéu
ciia z lén C, ky hiéu IIo (), 1a diém thuoc C dude xac dinh dudi dang

eo(z) = argmin {||ly —z|| : y € C}.

Mot s6 tinh chat co ban ctia phép chiéu dugc cho trong cac ménh dé

sau.

Meénh dé 1.1. [16, Section 4.3] Cho C' la mét tdp con loi, déng va khdc
rong cua H. Khi do,

(i) hinh chiéu No(z) cia x trén C luon ton tai va duy nhat;
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(ii) (z —lg(z),y — e(x)) <0, Vyel,xeH;

(iii) [Te(z) —He@)|?* < (He(z) —Tey),z —y), Va,y€H;

(iv) [He(z) —Te) < [lz —yl,  Va,y € H;

(V) llz = He(@)|” < lz =yl = ly — He(@)|?, Vo eH, yeC;

(vi) |Te(z) —Te@)|* < [le—yl*—[Te(z) —z+y—Te(y)|?, Y,y € H;

Meénh dé 1.2. [59, Proposition 4.1] Cho C la mot tdp con loi, déng va
khdac rong cia H, y =1e(x —7r),r e H,z,y € C. Khi dé,

(1) fly = [l < lIll;
(i) orl* + e —al* = lly —all* = 2(z —q,7), VqgeC.

Dinh nghia 1.3. Cho g : H — R la ham loi, nia lién tuc dudi, chinh

thuong va c € R. Mot dnh za prox(y : H — C:

cg)
. 1 2
prox) (v) = argminq cg (y) + 5 lly — |, y € Cp Vo € H,
duoc goi la dnh wa gan ke.
V6i méi u € C, tap hop
Ne(u) ={weH: (w,y —u) <0, VyeC}

dugc goi 14 nén phap tuyén ngoai ctia C' tai u.
Cho ham ¢ : H — R 1a ham 16i, chinh thuong, véc to w € H dugc goi 1a

dué6i dao ham cia ¢ tai u néu
g(v) > (w,v —u) +g(u), YveC.

Tap tat ca cac duéi dao ham clia clia g tai u goi 1a duéi vi phan cia g tai
u, ky hiéu 1a dg(u).

B6 dé 1.2. [17, Theorem 6.39] Vdi moi z,y € C,c > 0, cic khing dinh
sau day la tuong duong:

(a‘) U = PTroOX (cq) (33),

(b) (z —u) € dg(u) + Ne(u);
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(c) (x —u,y —u) < g(y) —g(u), Vy € C.
B6 dé 1.3. [17, Theorem 6.42] Cho g : C — R la ham loi, nita lién tuc
duoi. Khi do, vdi moi x,y € H, z € C, ta co
(a) (don diéu manh ngugc)

2

I

(& =y, prox(eg) () — prow(g) (y)) > ||prowe) (x) — prox ey (v)
(b) (khong gidn)
[proz gy (x) — prow(g) (W)|| < llz = yll;
(c) (twa khong gian)
[proz(eg) (2) — 2||° < llo — 2|* = ||z — proz(ey) (2)|

—2¢ [g (prox(ey (x)) — g (2)] -

Dinh nghia 1.4. Cho C la mét tap con loi, déng va khdc rong cia H.
Anh za F: C — H dugc got la

(a) ~v-don diéu manh trén C néu
(F(z) = F(y),x —y) > |z —ylP’, Va,yeC;
(b) don diéu trén C' néu
(F(z) = F(y),z —y) 20, Va,yeC;
(c) don diéu chit trén C' néu
(F(z) = F(y),z —y) >0, Yo,y € C, x £ y;
(d) gid don diéu trén C' néu
(F(y),x —y) 2 0= (F(x),x —y) 20, Va,yedl;
(e) 3-don diéu manh ngugc trén C néu
(F(x) = F(y), = —y) 2 B|F(z) = F(y)lI*, Va,ye C;
(f) para-don diéu trén C néu F don diéu trén C va

(F(x) = F(y),z —y)=0= F(x) = F(y), Va,y€C;
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(g9) para-don diéu chat trén S C C néu F gid don diéu trén C va
{zeSyel (Fly),z—y)=0t=yes;
(h) L-lién tuc Lipschitz trén C néu
|F(x) — F(y)|| < L||lx —vyl||, Yz,yeC.

Dinh nghia 1.5. Cho S : H — H la anh za, diem 2 € H duoc goi la
diém bat dong cia S, néu nhu S(z%) = 2°. Tap tat cd cdc diém bat dong

cia S ky hiéu la Fix(S):
Fix(S)={z € H: S(x) =z}.

Dinh nghia 1.6. Cho C la mét tap con loi, déng va khdc rong cia H.
Mot anh xa S : C — C' dudgc goi la:

(1) dnh za co, néu ton tai hang s6 & € [0,1) thod man

15(z) = Sl < €llx —yll, Ya,yed;

(ii) mita co vdi hang s6 d, viét gon la d—nia co, néu Fiz(S) # 0 va d €
[0,1) sao cho bt ding thic sau ding

1S(2) — 2*|]* < ||o — 2*||? +d||z — S(z)||*, Vel z*c Fix(S);
(iii) tua khong gian, néu Fix(S) # (0 va
|1S(z) —x*|| < ||z — z*||, VzeC, 2" € Fix(S);
(iv) mita déng tai 0, néu véi moi {x*} C C, ta cé
{2" =&, ||S(2") —2"|| = 0} = S(7) = &.

Dinh nghia 1.7. [13, Page 2| Cho day dnh xa {S;}icr, Q = () Fix (S;) #
i€l

0, dugc goi la théa man diéu kién (Z), néu vdi day {x'} bj chan trong H

ma

lim ||z' — S;z'|| = 0,
71— 00

thi moi diém tu yéu cia day {z'} déu thudc mién .
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1.1.2 Bai toan bit ding thic bién phan

Dinh nghia 1.8. Cho C la mot tap con 161, déng, khdc rong cia H va danh
za F - C — H thuong duge goi la anh za gid (trong mot vai trudng hop,
F di te H téi H). Bai todn bat ddang thic bién phan, ky hiéu la VI(C, F),
dugc cho dudi dang:

Tim z* € C sao cho (F(z*),x —2") >0, VzxeC. (1.1)

Ménh dé 1.3. [35] Diém z* € C la mot nghiém cia bai todn bit dang
thitc bién phan VI(C, F) khi va chi khi
ot =g [z" — AF(z")],

trong dé X la hang so duong bat ky.

Viéc giai bai toan bat dang thitc bién phan lién quan t6i viec giai bai
toan doi ngau (ky hiéu la DVI(C, F)):

Tim z* € C sao cho (F(z),z —2") >0, VzeC.

Nghiém ctia bai toan VI(C, F) néu ton tai, ciing 1a nghiém cta bai toan
DVI(C, F).
Nhan xét 1.1. Cho C la mét tap con 1o, compact va khdc mong trong
khong gian Hilbert thuc H, anh xa F : C'— H la dnh xa lién tuc. Khi do,
bai todn bat dang thiic bién phan VI(C, F) cé nghiém.

Khi mién rang budc C la khong compact, dinh 1y sau cho ta két qua
khéc vé sy ton tai nghiém ctia bai toan bat dang thic bién phan.
Dinh 1y 1.1. [46, Lemma 2.1] Cho C' la mot tap con loi, déng va khdc rong
trong khong gian Hilbert thuc H, dnh xa F' : H — H la lién tuc. Khi do, bas
todn bat dang thitc bién phan VI(C, F) cé nghiém khi va chi khi ton tai so
thuc R > 0 sao cho bai todn bat dang thic bién phan VI(C N B(0, R), F)
c6 mot nghiém zg théa man ||zgr|| < R.
Dinh 1y 1.2. [71, Lemma 2.3] Cho C la mot tap con loi, déng va khdc

rong trong khong gian Hilbert thuc H, danh za F : C — H la lién tuc va
don dieu tren C. Khi dé, bai todn VI(C, F) c¢6 tap nghiém 101 va déng.
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Bo6 dé sau chi ra tinh duy nhat nghiém ctia bat dang thitc bién phan
don diéu.
B6 dé 1.4. [84, Proposition 2.7] Cho C la mét tap con loi, dong va khdc
rong trong khong gian Hilbert thuc H, anh za F : C — H la dnh za 5-don
diéu manh va L-lién tuc Lipschitz. Khi dé, bai toan VI(C, F) cé duy nhat
nghiém.
Dinh 1y 1.3. [26, Theorem 2.1] Cho C' la mét tdap con loi, déng, bj chan
va khdc rong trong khong gian Hilbert thuc H, dnh za F : C — H la gia
don diéu va lién tuc trén cdc khong gian con hitu han chiéu cia H. Khi do,
bai todn VI(C, F) ¢6 nghiém.

1.1.3 Bai toan diém bat dong

Cho S : H — H 14 mot anh xa. Tap diém bat dong cta S ky hieu la
Fix(S).

Dinh 1y 1.4. [69, Theorem 1.3] Cho S : H — H la mot anh za co. Khi do

ton tai duy nhat 2° € H sao cho S(x°) = 2°.

Dinh 1y 1.5. [43, Proposition 4.14] Cho C' la tdap con déng, khdc rong
trong khong gian Hilbert thuc H va dnh xa S : C' — H la dnh za lién tuc.
Khi dé tap diem bat dong Fiz(S) la tap dong.

Dinh 1y 1.6. [62, Proposition 2.1] Cho C' la tdp con loi, déng, khdc rong
trong khong gian Hilbert thuc H va anh xa S : C — C' la dnh za f—nua
co. Khi dé tap diém bat dong Fin(S) la tap loi, dong.

1.1.4 Mot sbé bd dé co ban

Bo dé 1.5. [60, Remark 4.2] Cho S : H — H la dnh za K-nita co, Fix(S) #
0 vaael0,1—K]|. Khidé,

|Suz — Z|* < ||z — Z||* — a(1 = K — a)||Sz — z||?>, Vz e Fix(S), = € H,

d diy So = (1 — )Id + S va Id la dnh xa dong nhat.
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B6 dé 1.6. [70, Lemma 2.6] Cho {s;.} la day s6 thuc khong am va {py}
la day s6 thuc. Cho {ax} la mét day sé thuc trong khodng (0,1) sao cho
Sore g = 00. Gid st rang
Spv1 < (I — ag)sy + agpr, k€N
Néu moi day con {si,} cia {s.} ma

lim inf(skiﬂ - Sk,;) Z O,

1—00

kéo theo limsup px, < 0, thi kht doé limy_, 53, = 0.

1—00
Cho Q € R™" 13 ma tran déi xting, A € R™*" 13 mot ma tran va cac

véc to ¢ € R", b € R™. Xét bai toan quy hoach toan phuong:
1
min{ ) 1= 5(Qoa) + (g.a) 0 € O (1.2

§day, C = {x € R": Az > b}. Ta goi € R" la diém Karush-Kuhn-Tucker
(viét tit 13 diem KKT) cta bai toan quy hoach toan phuong (1.2) néu va
chi néu ton tai véc td A € R” sao cho

Qr+q— (A, \) =0, Az > b, A >0, (AT — b, \) = 0.
Dit F(r) = Qx + ¢, xét bai toan bat dang thic bién phan VI(C, F), ta
c6 quan hé gitta Sol(C, F') va nghiém ctia bai toan (1.2) dugc chi ra thong
qua ba Bo dé 1.7, 1.8, 1.9 nhu sau:
B6 dé 1.7. [37, Page 834] Diém & € C la mot diém thuoc tip nghiém
Sol(C, F) néu va chi néu né la mot diem KKT cia bai todn quy hoach
toan phuong (1.2).
Bo6 dé 1.8. [58, Theorem 2.3] Cho p > 0 wva Sol(C, F) # (. Khi do, ton
tai hai s6 duong € >0 va 3 > 0 sao cho

d(z, Sol(C, F)) < 8 ||z — 1o [az - %(Qx + q)] H ,

vo1 mot x € C va

x —Ilo [x—%(@x—i—q)”‘ <,

¢ day d(z, Sol(C, F)) = min{||z — y|| : y € Sol(C, F)}.



17

B6 dé 1.9. [58, Lemma 3.1] Cho K1, ..., K, la tdt cd cdc thanh phan lien
thong cia tip Sol(C, F) cia Bai todn (1.2). Khi dé, ta cé cdc tinh chat
sau:
(a) Sol(C, F) = Ul_ K;;
(b) véi moii=1,2,...,r, tip K; la hop hitu han cia cdc tap 101 da dién;
(c) cic tap K; (i = 1,...,r) tach roi nhau, tic la, ton tai 6 > 0 sao cho

néu i # j thi d(x, K;) > 6 vdi moi x € K;;
(d) ham f cho bdi (1.2) la hang s6 trén moi tip K.
B6 dé 1.10. [60, Remark 4.4] Cho diy s6 thuc khong am {a;}. Gid sit vdi

bat ky so tw nhién m, ton tai s6 tu nhién p sao cho p > m va ap < api1.

Cho ko la mot so tu nhién théa man ar, < Ary41, V00 mot k > kg, ta goi
T(k) = max{i eEN:ky<i<k,a; < ai+1}.

Khi d6, 0 < ap < arpy11 vdi moi k > ko. Hon nia, day s6 {7(k)}isk, la

khong gidm va tién dén +oo khi k — oo.

B6 dé 1.11. [84, Lemma 3.1] Cho F : H — H la (—don diéu manh va
L—Lién tuc Lipschitz. Khi do, dnh xa S = Id—&F la d—co vdi & € (0, %),
Id la anh za dong nhat va 6 = \/1 — £(2¢ — £L?). Hon nia,

|z —anF(z)] — [y —anFy)]| < (1 —af)|lz —yl, Vz,yeH,

g day o € (0,1),n € (0,%), B=1—+/1—-n(2( —nL?) € (0,1).

1.2 Bai toan bat dang thic bién phan trén tap diém bat dong
1.2.1 Phéat biéu bai toan va vi du

Dinh nghia 1.9. Cho S; : H — H, Vi € I la mot ho cdic anh za va

F:H — H la dnh za giq. Dit Q = () Fix (S;). Bai todn bat dang thaic
iel

bién phan trén tap diém bat dong, ky hieu la VIF(Q, F), tic la tim 2* €

sao cho

(F(z*),x —2") >0, Vo € Q.
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Vidu 1.1. Cho ho dnh za S; : R? - R?, i =1,2,..,

. T
Si(x) = (:Ul, sin @, %[Eg) ,

S (z) = (xl, %ZCQ, Sinxg)T, Vi > 2.

Cho cdc ma tran

23 0 0 -1 2
P=1321|, H= 1 0 =2,
01 3 -2 2 0
700 —2
K=102 0], b=15

0 0 5 7

Dit B = PPT + H+ K va goi F(z) = ar + Bx +b Vo € R, a €
R. Xét bai toin VIF(, F) vdi tap diém bat dong Q = () Fix (S;) =

i€l

{(:El, 0, O)T . 11 € R} va dnh za gid F. Ta tinh duoc

20 11 5
B=1]13 16 3
17 15

Theo [11], néu o« > ||B||, L = ||l + B]| thi F la don di¢éu manh vdi hang
s0 8 = a — ||B|| va L—lién tuc Lipschitz. Ta cé6 |B|| = 31,9762, chon
o = 32, khi dé, B = 0,0238 va L = 63,98. Ré rang, theo BS dé 1.4, bai
toan VIF(Q, F) ¢6 duy nhat nghiém.

1.2.2 Mot sbé trudong hop dic biét

a. Bai todn toi wu l6i. Cho C' 1a mot tap con 16i, déng, khac rdng trong
khong gian Hilbert thyc H va ho anh xa S; : H — H, V¢ € I, sao cho
C=Q=)Fiz(S;). Cho ¢ : C — R 1a ham 16i, kh& vi. Ta xét bai toan

iel

t6i wu 101, ky hieu 1a OP(C, ¢), nhu sau:
Tim min{p(z) : x € C}.

Ta dit F(x) = Vp(x), bai toan VIF (), F') trd thanh bai toan tim z* € C,
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sao cho

(Vo(z"),x —x*) >0, Va € C.

Gia stt 2* 1a nghiém cta bai toan t6i wu 16i OP(C, ¢), ta suy ra
ox* +t(x — ")) > p(z"), VYt €[0,1],Vz € C,

tiic 14 o(+) dat cyc tidu tai 2*. V6i moi z € C, ta dit
o(t) = p(a* +t(x — x%)), t € 0,1}, r6 rang, dao ham cua ¢(t) tai t = 0:

¢(0) >0,z €C,

hay
(Vo(x*),z —2%) >0, Vz € C.

Nhu vay bai toan OP(C, ) 1a mot truong hgp riéng cua bai toan VIF(2, F).
b. Bai todn bt ding thite bién phan. Cho C 1a tap con 16i, dong, khac réng
cua khong gian Hilbert thyc H va ho anh xa .S; : H — H, Vi € I thoa man
C=Q=/()Fix(S;). Cho F: H— H la anh xa gia. Bai toan VIF(Q, F)

el

trd thanh bai toan bat dang thitc bién phan VI(C, F):
Tim z* € C sao cho (F(z*),x —2") >0, VuzeC.

c. Bai todn diém bat dong chung. Cho ho anh xa S; : H — H, Vi € I va
F :H — H la anh xa gia. Bai toan tim diém bat dong chung, ky hieu 1a
(CFP), dugc phat biéu nhu sau:
Tim z* € Q = ﬂFz:U (S5).
iel
Ta thiy nghiém z* clia bai toan VIF(), F') ndm trong tap €2, do d6, né
chinh 1a mot nghiém cia bai toan (CFP).

1.2.3 M6 hinh x& Iy anh

a) Bai todn phuc hoi dnh. Trong dnh k§ thuat s6, mot bitc anh dugc
hiéu 1a ma tran xép lién tiép cac diém anh, goi 1a cac Pixel, & do, chita

thong tin vé ba mau co ban R,G,B. Mot véc to cot cia ma tran do, c6 the
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goi 1a véc to x € R". Gia stt x thudc anh gbc chua biét va y € R™ thuoc
bitc anh bi lam md va da biét, thod man mo hinh
y = Bz +¢, (1.3)

4 day, ma tran B € R"™*" 14 toan ti lam md, con ¢ 1a nhiéu. Bai toan phuc
hoi anh 1a:

Tim € R" déﬁ::argmin{HBa}—yHQ}a (1.4)

rER™
# 1a tin hiéu 4nh gan diang ctia 2. Theo Hansen, P.C. va cac cong sy [38],
ta thuong gip 2 c6 chuan rat 16n, nghiém cta bai toan phuc héi anh tré
nén vo nghia. Dé kiém soat diéu nay, ta c6 hudéng tiép can khac dé phuc
héi anh [33, 74, 77], d6 Ta gidi bai toan:

1
Timi":argmin{—Hy—BﬂcH;Jr)\Hle}, (1.5)

z€R" 2
& day A 1a mot s6 thuc khong am, ||-||, 1a chuan 1 va chuan |||, 1a chuan

Euclid.

b) Vin deé cuc tiéu loi. Cho f; : R” — R 1a ham 13i, kha vi va Vf; 1A
ham lién tuc Lipchitz v6i hé s6 L. Cho fy : R" — R U {co} 1a ham 16, nita
lien tuc dusi. Xét bai toan tim cyc tiéu, ky hieu 13 (M CP), nhu sau:

Tim z* € argmin {f; (x) + fo(x), = € R"}. (1.6)
Bai toan (1.6) 1a trudng hop tong quat ctia bai todn phuc hdi anh (1.5).
Ménh dé 1.4. [25, Ménh dé 3.1] Cho prox(.p,) : H — H la anh za gan ke,
E la ma tran don vi cap n va ¢ > 0 la hang s6 bat ky. Gid s

T = proxy,) (£ —cV fi) (%), (1.7)

khi do, x* la nghiém cia bai todn (1.6).
Nhan xét 1.2. Tw Ménh dé 1.4, ta thay nghiém cia bai todn (1.6) duoc
tim thong qua bai todn diém bat dong (1.7). Do dé cdc thuat todn tim diém
bat dong, tim diém bat dong chung, gidi bat ddang thic bién phan trén tap
diém bat dong ... déu co thé dp dung vao bai todn phuc hoi dnh.

c) Mot s6 thudt toan phuc hoi dnh. Trong phan nay, ching to6i nhic lai

mot vai thuat toan dé giai Bai toan 1.6.
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Thuat toan 1.1. [57, Thuat toan phan chia tién-lui (FBSA)]
Budc 1. Chon z1 € R", day tham so {c.} > 0.
Budc 2. Tinh

Tpy1 = ProZe, ) (B — &V f1) (wx), k> 1.
Budc 3. Dat k:=k+1, quay lai Budc 2.
Dinh Iy sau chi ra sy hoi tu cua day lap {zx} trong Thuat toan (1.1).

Dinh 1y 1.7. [57] Véi diéu kién day tham s6 {cy.} thod man 0 < ¢, < %, ¢
day L la hé so Lipschitz trong bai todn (1.6), day s6 {xy} sinh bdi Thudt

toan 1.1 hoi tu dén nghiem x* cia bai todn (1.6).

Thuat toan 1.2. [18, Thuat toan co rit nhanh (FISTA)]
Budc 1. Chon x1 = yy € R", tham s6 t; = 1.
Budc 2. Tai budc lap tha k > 1, tinh

Yr = proxiy, (E — %Vﬁ) (),

1+\/1+4tz ek _ -1 (18)

thy1 = 2 ’ TS E

Tr1 = Y + Ok (Yk — Y1) -
Budc 3. Dat k:=k+1, quay lai Budc 2.

Dinh 1y 1.8. [18] Day so {xy} sinh bdi Thudt todn 1.2 héi tu dén nghiem

x* cua bai todn (1.6).

1.2.4 Mot vai thuat toan thong dung giai bai toan VIF(Q, F)

Trong thdi gian gan day, bai toan bat dang thic bién phan trén tap
diém bat dong nhan dugc sy quan tam nghién cttu ctia nhiéu tac gia [45],
[82], [84], [90]. Sau day, chiing toi diém qua mot sé thuat toan gidi thong
dung c6 lién quan dén luan an.

a) Thudt todan lai ghép duong doc cia Yamada

Nam 2001, khi nghién cttu md rong gidi bai toan bat diang thitc bién
phan trén tap diém bat dong, Yamada, I. [84] xét bai toan VIF(Q, F) v6i
cac gia thiét nhu sau:

(A1) Anh xa S : H — H la anh xa khong gian, dit Q = Fiz(S) # 0;
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(A2) F : H — H la anh xa L-lién tuc Lipschitz, 5-don diéu manh trén Hi;
(A3) Cac tham s6 p va {\} thod man
( 2
pe (0.),
< {)\k}kzl - (07 1] ) kh—g)lo Ak = 0,
Z/\k;:-l-oo, lim M:O.

E>1 k—o00 k+1

\
Thuat toan 1.3. [84, Thuat toan lai ghép duong déc (HSDA)]
Budc 1. Chon xo € H bat ky, cdc tham s6 p, A\i thod man (A3).
Budc 2. Tai budc lap thi k, k=1,2,... tinh

Thi1 = S(@k) = Mo (S(zp)] -
Budc 3. Dat k .=k + 1, quay lai Budc 2.
Dinh 1y 1.9. [84, Theorem 3.2| Vdi cdc dieu kién (A1), (A2) va (A3) duoge
thod man, day lap {xi} tao bdi Thudt todn 1.3 héi tu manh vé nghiém duy
nhat x* cia bai toin VIF(Q, F).
b) Thudt todn lai ghép do doc gidm dan
Phat trién tit k¥ thuat cia Yamada, I. nam 2003, Xu, H.K. v& cong su
[82] da giai bai toan VIF (2, F'), trong trudng hop ) 1a giao cua ho hiu
han cic 4nh xa khong gian, véi cac gia thiét nhu sau:
(B1) F : H — H la mot anh xa L-lién tuc Lipschitz va f-don diéu manh;
(B2)S;:H—H,i=1,2,...,N la ho N anh xa khong gian;
N
(B3) Tap diém bat dong Q = () Fiz (S;) # 0.

=1
Dat anh xa S[?C] : H — H, sao cho

S[Ak]a: = S[k]x — )\,MF(SWI'), x € H,
& day, [k] = kmod N, A € [0,1], u > 0.

Thuat toan 1.4. [82, Thuat toan lai ghép do doc giam dan|
Budc 1. Chon xq bat ky thuéc H, cdc tham sé A, € [0,1], u > 0.
Budc 2. Tai budc lap thi k, k=1,2,... tinh

Lh41 = S[)‘k"jhxk = S[k+1]xkﬂ - )\k+1,LLF (S[k+1]xkﬂ) 3 k > 0. (1.9)

Budc 3. Dat k .=k + 1, quay lar Budc 2.
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Dinh 1y 1.10. [82, Theorem 3.2] Vdi cdc gid thiét (B1), (B2), (B3) va
day cdc tham so A, € [0,1] thda man:

Y o=

i) > Ay = 00;
n=1

. o A
iii) lim A)‘" =1 va lim (/\—“V) = 0.
n—oo "ntN n—00 n+N

Khi do véi p € (O, i—é) thi day lap sinh boi Thuat toan 1.4 sé hoi tu manh
vé nghiém duy nhdt x* cia bai todn VIF(Q, F).

Trong thuat toan nay, Xu, H.K. va cong sy da md rong giai bai toan
VIF(Q, F) trén tap diém bat dong ctia mot ho hitu han 4nh xa, 13 nghién
citu tong quat hon ctia Yamada, 1., tuy nhién, cac budc lap phai tinh toan
xoay vong va diéu kién déi véi hé tham s6 tuong ddi phic tap, d6 ciing 1a
diém han ché cua thuat toan.

d) Thuat todn lai ghép do doc gidm dan cho ho vé han dnh xa khong
gian

Nam 2008, Iemoto, Sh. va cong su [45] md rong nghién citu bai toan

o
VIF(Q,F) trén tap Q = () Fiz(S;) cta ho vo han dém dugc cac anh xa
i=1
khong gian véi cac gia thiét nhu sau:
(C1) Ho &nh xa S; : H — H, ¢ = 1,2, ..., la caAc anh xa khong gian.
(C2) Anh xa F : H — H 13 a-don diéu manh ngudc va L-lién tuc Lipschitz.
(C8) Day céac tham s6 thod man:
(0<a<y<b<1, abe(0,1), Vie N,
{Ae} €(0,1), > A = o0,
k=1
lim )\k = O,

k—o00

L r€(0,5).
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Dinh nghia anh xa W nhu sau:

Ukjr1 =1,
Ui = VSkUp 1 + (L — ) 1,
Uk -1 = V—1S6-1Uk i + (1 — v21) I,

Uk = 725U 3 + (1 — 7)1,
Wk = Uk,l = 'YlslUk,Q + (1 — ’)/1) I.

Thuat toan 1.5. [45, Thuat toan lai ghép do doc giam dan|
Budc 1. Chon xy € H bat ky, cdc tham sé thod man (C3).
Bude 2. Tinh xp11 = (I — M\pF') Wyzy.

Budc 3. Dat k .=k + 1, quay lai Budc 2.

Dinh ly 1.11. [45, Theorem 3.1] Dudi cdc gid thiét (C1),(C2) va (C3),
day lip trong Thudt todn 1.5 hoi tu manh vé nghiém duy nhat * cia bas
todn VIF(Q, F).

Uu diém trong thuat toan trén 134 md rong giai bai todn bat dang thiic
bién phan trén tap diém bat dong ctia vo han anh xa, tuy nhién, diém han
ché 1a viéc tinh toan W), 1a rat phtc tap, cac budc lap chua thé tinh toan

song song.

Két luan Chuong 1

Chuong 1 nhic lai cac khai niém, két qua can thiét trong Giai tich ham,
Ly thuyét t6i wu trong mot khong gian Hilbert thuc H nhu: Phép chiéu,
anh xa don diéu,... Tiép sau d6, bai bat ding thic bién phan, bai toan
diém bat dong, bai toin bat ding thiic bién phan trén tap diém bat dong
VIF(Q, F), cac diéu kién ton tai nghiém va mot s6 thuat todn thong dung

dugc trinh bay trong chuong nay.
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Chuong 2
Cac ky thuat quan tinh

Khi nghién cttu mé rong bai toan bat dang thic bién phan VI(C, F),
Yamada, 1. [84] da thay thé mién rang budc C bang tap diém bat dong clia
mot anh xa, nghiém cua bai toan dugc tim thong qua thuat toan lai ghép
duong déc (HSDA). Tt phuong phép nay, ching toi dé xuat thuat toan
(HICA) giai bai toan bat dang thic bién phan trén tap diém bat dong
VIF(Q, F), thuat toan 1a sy két hgp gitta ky thuat quén tinh va phuong
phap lai ghép. Két qua hoi tu manh dudc ching minh trong mot khong
gian Hilbert thyc H. Thuat toan (PIPA) la su két hop gitta ky thuat tinh
toan song song vdi ki thuat quan tinh dé giai bai toan bat dang thic bién
phan trén tap diém bat dong VIF(Q, F), § day Q la giao cac tap diém
FixS;, J={1,2,...,m}. Phan

cudi chi ra cac tinh toan minh hoa, cic ting dung trong mo hinh xtt Iy anh

bat dong cta cac anh xa ntta co Q =,

va cac so sanh v6i mot vai thuat toan thong dung.
Noi dung chuong nay duge viét dya trén hai bai bao [CT1] va [CT3]

(Danh muc cong trinh c¢6 liéen quan dén luan an).

2.1 Ky thuat lai ghép co quan tinh
2.1.1 Thuat toan (HICA)

Cho F': H — H la anh xa gia va ho anh xa S; : H — H, Vi € I thoa

man cac gia thiét sau:

(Aq) Anh xa F 13 [B-don diéu manh va L-lién tuc Lipschitz;
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(Ay) V6i méi i € I, S; 1a {-nita co, théa man dieu kien (Z) va
Q= ﬂFiX(SZ‘) # 0;
el

(As) V6i moi k > 0, cac tham s6 duong Bk, Vi, Tk, Ak VA g thoa man

(

O0<c <Br<eca<l, pup <m,

ap € (0, 1— &"k], inf, a > 0,

lim % =0, € (£,%), a€(0,1),

V1I=2XN0+ N2 <1—a.
\

Thuat toan 2.1. Thudt todn lai ghép co qudn tinh (HICA)
Khdi dau: Cho 2, 2 € H bat ky. Tai bude lap thet k, k=1,2, .. ..
Budc 1. Tinh hé 50 qudn tinh

: Tk 2 k k-1
S — — 0
" mm{,uk, T2 xk—lH} neu ||x® — x| # 0,

Lk truong hop con laz,
Budc 2. Tinh
wh = zF + O (2% — 2F71),
Spw = (1 — ap)w” + apSpw*,
§ 2= (1 =) Skw +  [wF — N F(wh)] (2.3)
Sp2® = (1 — ay) 2" + apSp2*,

htl = (1 — ﬂk)gkwk + ﬁkgkzk

\

Budc 3. Dat k .=k + 1 va quay lai Budc 1.

2.1.2 Dinh ly hoi tu

Dinh 1y 2.1. Gid st rang cdc gid thiét (Ay), (As) va (As) dudc théa man.
Khi dé, day ldp {x*} cho bdi Thudt todn 2.1 hoi tu manh tdi nghiém duy
nhat x* cia bai toin VIF(Q, F).
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Chitng minh. Tt gid thiét F 1a S-don diéu manh va L-lién tuc Lipschitz
trén H, v6i moéi A\, > 0, ta co:
fw* =AeF (w*)] = [2* = N F (7))
=[|w® — z*||? — 22X (F(w") — F(z*), w® — z*)
+ AP F () = F(a)|?
< — 2| = 228l w” — 2P + ML w® — 27
=(1 = 2\8 + M LY |w* — z*|% (2.4)
Tit gid thiét F 13 don dieu manh va Q # 0, nén theo B6 dé 1.4, bai toan
VIF(Q, F) c6 duy nhit nghiem z* € , hién nhién, 2* € Fix(Sy), két hop
Bo6 dé 1.5, ta c6
1Skw® — 2*[* < [Jw* —2*|?
— (1 = & — ) | Spw® — w||?
< =27, (2.5)
két hop véi (2.3) va (2.4), ta ducc
sz — || = H(l — ’yk)gkwk + Vi [wk — )\kF(wk)} — "
< [[[w" = M F(w*)] = 2| + (1 = ) | S — 2|
< [[[w* = M F(w*)] = [2* = M F ()]
+ A | F ()] + (1= )| Spw® — =]
</l = 208 + ML — o
A [F )|+ (1 =) lw® — 2
=[1 = (1 = op)llw® — || + el F ()], (2.6)

6 day, oy := \/1 — 20 + )\%LZ € (0,1 —a).
Bing cich tuong tu (2.5), ta co:
185" — 2*|* < J|2* — 2|2
- Oék(l - fk - Ozk)HSka - ZkH2

< [l2* = a2,
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Két hop diéu nay véi (2.6) va (2.1), ta duge:

|25 — 2% = [|(1 = Br)Spw" + BiSz" — 2|
1 — Bi)||Skw® — a*|| + Br|Ske" — 2|

< (
< (1= B)llw® = 2| + Bell* — 27|
< [1 = Bin(1 = dlw” — 2| + By F ()]
< [1= Bl = a)] ([l2* — || + Oll2* — 2*71)
F(x
2
< [1 = Brm(1 = op)]ll=" — 2|
O ok k-1y, 2BIF @)
+ By (m”x — " + 72 )

< [1 = Bl = op)lfla* — 2|

0 26| F(a
+ Bl = 5) <a5:%|\xk — oy 4 2T ”')

Tu Bude 1 va diéu kién (2.1), ta suy ra
O

0< 2o — b1 < 5 50 khik — oo,
Br Yk C1Yk

suy ra M := sup; { |z* — 25| + 25IIF( )II} < +o0. Khi dé, ta c6

aBk vk

|2 = 2™ < 1= Brww(1 = dw)]ll2* — 2| + Beye(l — 61) M
< maX{ka — x|, M} .

Theo quy nap, suy ra
2% — 2% < max {||z' —z*||, M}, Vk>1.
Vi vay, day {z*} bi chin. T (2.3), ta dugc
|w® — 2| = O;]|z" — 27| < +oo0.

Stt dung (2.6), ta cling c6 cac day {z*} va {w"*} cuing bi chan. Tt (2.4) va
bat ding thic sau

|z +yl* < [|z]> + 2(y,x +y), Va,yeH,
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ta co
2|[2* — a*1?
=[|(1 = ) (Sew® = 27) + 't — NeF(wh) = (@* = MF (@) = wheF ()|
<1 =) (Skw® = 2) + plw® = NF(wh) = (2% = NeF ()|
— 2 A (F(2%), 2 — %)
<1 =) [Shw® = 2™ [P + yellw® = MF (w®) — (2" = MF (27))]?
— 2y (F (%), 2F — %)
<1 =)l — 2| + pdifw” — 2| = 29 (F(27), 2 = 2%)
<1 = (1= )] [ = 2*|® = 2y M (F (), 2 — ). (2.7)
Tit w* = 2% + 0. (2% — 2F71), ta bién ddi
Hwkz o x*HZ — ka . IE*||2 4+ eink . xk—lHQ 4 29k<xk . ZL‘*,.I'k . xk—1>
<l = 2P+ Opfla® — 2P 26k [l — 2|2t — 2
(2.8)
Tit B dé 1.5 véi o* € Fix(Sy), (2.7), (2.8) va 2+ = (1—33) Spw” + .Sk 2,
ta thu duoc
2% — 212 =11 = Br) (Spw" — &*) + Br(Sp2" — 2|
=(1 = B[ Skw" — ¥ + Bil| Sk2" — |
= Bi(1 = B)[ISkw* — Sp2"||?
<(1 = Bl — ¥ + Byl 2" — |
— Br(1 = B[ Spw" — Si2*|?
<(1 = B w® — 2 + BelL — (1 = &7)]l|w” — 2|
— 2B A{F (%), 25 — %) — Bi(1 = Bp) || Spw” — Sp2"|)?
=[1 = B (1 = )lw* — 2|1 = 28y e (F (%), 2" — o)
— Br(1 = Bp) | Spw® — Sy
<[1 = Bryi(1 = op)]lla® — 2*||* + G [|* — 12
+ 20 [|2* — 2| [|2* — 2"
— 2B A (F (%), 2% — %) — Br(1 — Bp) || Spw™ — Sp2"||?
<[ = Byt = o) la" — [P = Br(1 — Bi) || Skw" — Sp2"||?
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+ Bive(1 — 6o,

6 day
1 ‘91% k k—1)12 20, k * k k-1
Of 1= T —x + —l" —a||||" —x
—w{a P+ 2k — H
— 2\ (F(z), 2" — :1:*>}
bl o), — oy 4 (et — ) et — 2t
~a(2—a) C1Vk

0
+mmh—fn(42m*—x“w)}.
C17Yk

Tit {x*} bi chin, ta c6 sup, 0}, < 400, suy ra
2"t — 2P < [1 = Brne(1 = )] l=* — 2|
— Br(1 = B)|1Sew” — Sp2"||* + Brye(1 — 62)op.  (2.9)
Bay gio 4p dung Bo dé 1.6 cho day s := ||z — 2%, a := Bey(1-63) €
(0,1) va py, := o, theo bat dang thitc (2.9), ta c6
k1 < (1 — ag)sk, + appy.
Gia st rang {sk, } 14 mot day con bat ky cta day {s;} théa man
liminf (sg,11 — sg;) > 0.
1—00
Khi d6, stt dung dieu kién (2.1) va (2.9), ta ¢

2

0 <c1(1—¢o) limsup Hgkzwkl — S’kizki
1—»00
< limsup By, (1 — B,) HS;CZwkT — Sp, 2"

1—00

S lim sup I:Sk'i — Ski+1 + /Bsz)%l(]- - 513;1)0-]@}

1—00

2

= hm sup (Ski - Ski+1)
1— 00
= —liminf (sg,+1 — sk,)
1—00

<0

)

do do,

lim || Sg,w" — Sp,2" || = 0. (2.10)

1—00
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T (2.3), ta suy ra
12 = Spw|| = wllw® — MF (") — Spw']),

va ta co

szl — Skiwki

= Yk, Hu)kZ — )\kZF(wk’) — S’klwkz

Tu lim v, =0, ta cé
k—o00

lim ||2" — Sj,w"|| = 0. (2.11)

1—00

Tt Sg,2% = (1 — ay,) 2" + oy, Sk, 2%, (2.10) va (2.11), ta c6

2k G, 2

o, = szl — gkizki

< szz — Skiwki

|5t — 5y,
—0, khi i — oo, (2.12)

Tu (2.12), gia thiét infy oy > 0 dan dén

szz — S, 2

— 0, khii— oo. (2.13)

Bay gio ta chi ra limsup py, < 0. Tu diéu kién (2.1), ta ¢
1—00
Pk =0k

gﬁ{ CON(F(a), 2 — ) + (

7
ol — o (—’“uxk —x’f—lu) }
C1Vk

Oy,

[ — 2" ) Ol — 2|
C17Vk

1 E_ b=l 9llgk — o
S—{ —N(F(27), 2F — ) + & (,UkHSU i - o~ H) }
a(2 —a) Tk 1 C1
Tu \, € (%, i—@), tinh bi chan ctia day {z*} v& {u}, ta suy ra néu

lim sup(F (z*), z* — 2*) <0,

1—00
thi
lim sup pg, < 0.
1—00
Tit {z*} bi chin, khong mat tinh tong quat, ta gia st ton tai mot day con
{zFi} clia day s6 {z%} sao cho zFi — Z va

limsup(F (z*), 2* — 2%) = lim (F(z*), 2% — 2%).
i—00 =00
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St dung (2.13) va tut dieu kién (Z) cua day cac anh xa {S;}ics, suy ra
x € (), do do,

lim sup(F(z%), z* — 2%} = (F(2*),2* — ) < 0.

1—00

Theo B6 dé 1.6, ta két luan 2* — 2* khi k — co. Diéu phai chitng minh. [

2.1.3 Cac vi du tinh toan

Bay gid, chiing toi trinh bay mot s6 vi du tinh toan trén mAy tinh dé
minh hoa cho sy hoi tu cia thuat toan (HICA) va so sanh v6i hai thuat
toan: Thuat toan chiéu song song (PPA) [9] va thuat toan lai ghép dudng
doc (HSDA) [83].

Vidu 2.1. Cho H =I5, ho cdc anh xa S; : H — H, i € I = {1,2,...} va
F' . H — H dugc cho nhu sau,

ly := {x xl,xQ,... Zx <+oo}

F(SE’) = (2331,1}2,2333, ...,2$2i_1,$2i, )T S ]HL
Six =,

S;x = {yEHIij :ZL’Qj,ZCQj_l:O, V] 22}, Vi>2.

Khi d6, v6i moi k € I, S 1a 0-nita co, F' 13 1-don diéu manh va 2-lién tuc
Lipschitz. D& thay, tap diém bat dong chung ctia ho cac anh xa S; nhu
sau:

Q = | Fix(Sk)
kel

= {SL’ = (56’1,332, ey L9i—1, L9;, )T eH: a9 = 0, Vi > 1} . (214)

Chon puy = 1,6, = %,’yk =T = kL-H’/\k = %,Ozk = % € (0,1 —fk] voi
& = 0, va do d6 /T — 205 + NL2 = Y22 € (0,1). Chon bat ky day

{a¥ .= (zF, 25,...)7} sao cho lim ||Spz* — 2%|| = 0, ta c6
k—o00

0= lim || Spz® — 2%
k—o0

= lim ||(«},0,2%,0,...,25 ,,0,..)7|
k—o00
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= lim 4/ (z})2 + (25)2 + ...+ (2, )2+ ... .

k=00
Tit didu nay, day {*} hoi tu manh dén mot diém trén €, do d6, ho 4nh
xa {S;};c; théa man dieu kién (Z). Vi vay, cac gid thiét (A4;), (A2), (As3)
va diéu kién (Z) théa man. Chon z° x! € H, tir thuat toan (HICA), v6i
moi k > 1, ta cob:

: 1 4 k k—1 :
0 =min {1, T D — 2] } néu ||z* — 2" || =0, ngudc laify = 0,

wh =¥ 4+ Oy (2 — 2™,
Zl :(1 — ’71)51101 + ’71[1,01 — >\1A(w1)]

:(1 — ’71)51’(1)1 + ’yl[wl — )\114(’(1)1)]

et Mot - e
—251w + 5 [w 2A(w )]

(ORI O R AU U !
101902 0 L 90 M ’

2 =1 — ) Spw” + Y [w® — M A(w")]

-
k 1 1
ko ok ko k
=—— | zw{,wy, zw;3, Wy, ...

E+1\2 2
1 3 T
+ Tl [wk 10 (wa,wg, 2w§,w§, ) ]

_|_
A—k .7 A—k .7 .\
S L S S S Vi > 2

10k +1) V1072 10k + 1) B0 ’ =

va

= —F——w), =wy, ..., m——— Yk > 9
(20(]{ + 1)'UJ1) 10w27 ) 20(]€ T 1) Wo; 1, 10’(U2Z, , >

Vi du 2.2. Ta chon H = R° Ho cac anh xa S; : R® — R%(i = 1,2...)
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dugc cho nhu sau: véi mdi x = (1, 29, ..., 75) " € R?,
T
: 1 . 3
S1x = | x1,sin x9, §x3,x4,sm x5 |

1 o, 1!
Spr = x1,§x2,81n333,sm T4, 4% | Vk > 2.

Anh xa gid F : R® — R’ dugc cho nhu sau F(z) = sz +Qz +q, & day P 1
ma tran cd 5 x 5, H 1a ma tran déi xing ¢d 5 x 5, K 13 ma tran duong chéo
cd 5 x5, Q= PP"+ H+ K sit dung trong [5, 11] va ||Q|| < s € R, ¢ € R".
Khi d6, dé thay A 13 4nh xa don diéu manh véi hdng s6 5 := s — ||Q|| va
lien tuc Lipschitz v6i hdng s6 L := ||sFE + Q|| trong d6 E 13 ma tran don
vi, ho 4nh xa Si(k > 1) 1a 0—nita co. Tap diém bat dong chung ctia ho cac

anh xa {S;} dugc tinh toan nhu sau:
Q = {(21,0,0,0,0)" : 71 € R}.

Gia stt ring day {z*} C R’ thoa mén klim |Sp(2*) — 2*|| = 0. Khi d6,
—00

L T S N S S !
O,§$2,x3—smx3,x4—sm Ty, ~Ts =0,

4

k—o00

0= lim || Sg(z")—2F| = lim ‘
k—o00

va do d6 klim ok = 0 véimoi i = 2,3,4,5. Vivay, ho cic anh xa {Si}(z':1 2.)
m 2.

thod man diéu kién (7).

Tht nghiém 1. Cic ma tran P, H, K va véc to ¢ dugc chon ngau nhién

nhu sau:

(230 4 1) (001 2 1 4)
321 0 2 1 3 2 0 2
P=l0o13 1 2[,H=|2 -2 1 1 -3],
413 1 0 3 0 -11 0
\1 0 1 —1 3/ 5 2 3 0 2)
(7000 0) (—2)
0200 0 5
K=[0050 0].q=]|7
00015 0 10
\0 00 0 12/ \ 2 )
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Cho s = 80, khi d6, ching ta c6 ||Q|| ~ 78.2072, F' la $-don diéu manh
va L-lién tuc Lipschitz, 6 day 6 = s — ||Q|| ~ 80 — 78.2072 = 1.7928, L =
|sE + Q| ~ 158.1860. V6i mdi k > 1, chon cac tham s6 nhu sau:

1 1
=10, = ——, Ty = ——,a; = 0.1
Hk = T TR T +k+10’
_ _ (B 28 _
Ar = 0.0001 € (6.8644e — 05,1.3729¢ — 04) = (L2, 2 , B = 0.5+ YR

Day cac tham s6 thod man diéu kién (2.1) v két qua tinh toan s6 cia
thuat toan (HIC'A) trong Hinh 2.1 va Bang 2.1. Nhu thuong ¢, ta goi sai

s6 14 e-nghiém, néu nhu ||zF*! — 2%|] < e. Bang 2.1 trinh bay két qua giai

—F—x(1)
—4——3%2}
—S—43)
x4}

x'(5)

P2
n

The value of x"{i)
a3

1W0H X

100 120

Hinh 2.1: Thuat todn 2.1 v6i 2° = (1,2,3,4,5) ", 2! = (0,1,-1,2,3) T, sai s6 € = 1073,

s6 cta thuat toan (HICA) vé6i 10 tham s6 khac nhau.

Bang 2.2 trinh bay két qua gidi s6 ctia thuat toan (HICA) vé6i cac diem
xuat phat khac nhau.

Thit nghiém 2. So sanh thuat todn (HICA) v6i thuat todn (PPA) va
thuat toan (HSDA). Diéu kién diing ctia cac thugt toan 1a ||z* 1 —2*|| <e.
Chon ngau nhien 2° = (1,2,3,4,5)7, 2! = (0,0,0,0,0)". Tat cd cic ma

tran P, H, va K dugc chon ngau nhién. Cac két qua so sanh dudc trinh
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Case pur V% Tk oy Ak B No. Iter. CPU times
110 w5 @ 010+ 000010 0.5+ 5 109 0.0012
2 15 55 wmhg 05+ 0.00012 0 0.5+ g 112 0.0625
3 25 g oy 0154 g 0.00012 0 0.5+ o 120 0.0313
4 25 ghp gmmg 0154 gppqg 0.00012 0.5+ 5 121 0.0469
5 20 g e 016+ 5 0.00010 0.7+ gt 116 0.0156
6 2 g werm 016+ 0.00010 0.7+ ﬁ 92 0.0469
720 g wemg 016+ 45 0.00019 0.7+ 5k+2 111 0.0156
8 50 i werw 010+ g 0.00019 0.7+ ,m 156 0.0313
9 70 5 g 0104 iy 0.00019 0.7+ m 206 0.0469
10 100 =25 serm 017+ 3 0.00014 0.3+ 5y 294 0.0156

Bang 2.1: Thuat todn 2.1 véi cAc tham s6 khac nhau v sai s6 e = 1073,
Case Start. point z° Start. point 2! No. Iter. CPU times
1 (1,2,3,4,5)7 (0,1,-1,2,3) " 17 0.6875
2 (=1,2,-3,4,-5)T (o, -2,-3)T 111 0.0156
3 (0,2,0 4,0)7 (1,1,1,1, 1) 102 0.0469
4 (2,4,6,8,10)" (3,5,7,9,11)T 90 0.0469
5 (1,2,05,3,0)7 (1,2,05,3,0)" 67 0.0313
6 (1.2,2.2,3.3,44,55)7 (-2.1,3.2,-4.3,54,-6.5)T 125 0.0469
7 (1,2,05,3,0)7 (-10,2,-3,4,-5)T 324 0.0156
8  (10,20,30,40,50)" (—10,2,-3,4,-5)" 604 0.0156
9 (10,20,30,40,50)" (0,0,0,0 0) 318 0.0469
10 (15,27,0.1,5.3,1.9)7  (-1,-2,—5,-7,9)7 118 0.0313

Bang 2.2: Thuat toan 2.1 véi cac diém xudt phat khac nhau, va sai s6 € = 1073,



37

Iter. CPU times
Case | HICA PPA HSDA | HICA PPA HSDA
1 110 24 509 0.0469 0.0156  0.0781
2 111 937 541 0.0337 0.1250  0.0625
3 114 40 520 0.0483 0.0156  0.0625
4 108 30 516 0.0469 0.0313 0.0313
5 117 281 509 0.0905 0.0938 0.0156
6 96 44 500 0.0532 0.0441 0.0313
7 120 30 516 0.0716 0.0074  0.0156
8 114 159 507 0.0550 0.0663  0.0156
9 101 81 502 0.0712  0.0860  0.0469
10 119 28 522 0.0622 0.0052 0.0156

Béng 2.3: Két qué so sdnh cho thit nghiém 2 véi sai s6 € = 1072,

bay trong Bang 2.3 véi ¢ = (3,7,9,10,—17) . Dit liéu cho cac thuat toan
dudc chon nhu sau:

(1) (HICA)' pk = 15,7, =
0.7 + 5i5

S Th = s @k = 0.5+ 5, Ak = 0.00012, 5 =

STk
(2) (PPA): f(x,y) = (F(z),y — x) Va,y € R ag; = 0.01 + 2k:—41r19 (1 =

172)76147 =0, = %—iwa

(3) (HSDA): pn=0.1,\, = v6i moi k € N.

2k+1

Tat cé cac thit nghiém tinh toan dugc 1ap trinh trong MATLAB R2016a,
chay trén may tinh PC v6i chip Intel@®) Core™ i7-7800X CPU @ 3.50 GHz
32 GB Ram. T két qua tinh toan thuat todn chiéu co quan tinh thuat
toan (HICA), thuat toan chiéu song song (PPA) va thuat toan lai ghép
d6c nhat (HSDA) trinh bay trong céc bang sb, ta ¢c6 nhan xét sau:

(i) Su hoi tu cta thuat toan (PPA) la rat nhay vé6i day cac tham s6 {u},
{eds {meds {Ak} va {8}

(ii) Thit nghiém trong R®, thai gian tinh toan va sd buéc lap clia thuat
toan (HICA) nhé hon hai thuat todn (PPA) va (HSDA).
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2.2 Ky thuat xap xi song song quan tinh
2.2.1 Thuat toan (PIPA)

Cho 2°, 2! € H vA cac tham s6 théa man diéu kién sau

(

a€ (0,1),{\:} Claa] C (0, i—é) :

V1I=2XNB+ N L2 <1—a,
< cke(o,l),;ck:oo,]gggockzo,

OSTkSC]znuk>07

Ve € (b,) € (0,1 —max{; : i € J}).

Bué6ce 1: Tinh :

wk _ I‘k +&k(xk . Ikil),

ap —
[b) truong hgp con lai.

Bud6c 2: Tinh uf" = (1 — ) wh + %,iSiwk.

Dat tF =¥, & day 4 € argmaX{Huf—wk 1€ J}.

107

Buéc 3: Tinh

. Tk £ —
mlﬂ{m,ﬂk} neu ka — xk 1” # O,

(2.15)

(2.16)

(2.17)

= (1= ) t" + ¢ [t = \F (1*)] . Dat k =k + 1 va quay lai Budc 1.

2.2.2 Dinh ly hoi tu

Dinh 1y 2.2. Cho F' : H — H la dnh za 8-don diéu manh va L-lién tuc
Lipschitz va ho S; : H — H la cdc dnh za B;—niua co va nia dong tai 0
vdi moi i € J. Dudi diéu kien (2.15) va Q # 0, day {2*} hoi tu manh vé

nghiém duy nhat * cia bai todn VIF(Q), F).

Chitng minh: T gid thiét F' 13 S-don diéu manh va L-lién tyc Lipschitz,

ta co
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M=M=+ X F ()~ F @)

— 2\, (F (t") — F (z*) ,t" — z*)
< (1—208+ L) ||F - 2"

Htk — )\kF (tk) [33 — )\kF

Do do

|5 — XeF (87) — [2* = M F (2)]]] < 6 ||t (2.18)

trong d6 & = /1 — 2\;8 + A7L2. Tu (2.16) va (2.17), v6i moi x € H ta
co
lw* =z = [|2* + ax (a* — 2*71) — 2
< e — o] + e (ot - ) 219
< Hl‘k — x” + Tk

Tt Buée 2 va Bo dé 1.5, v6i mdi T € €,
It == = fjul, 2]
= [[(1 = o) WF + iy Sipw® — _H2 (2.20)
< ook =" = iy (1= iy = Biy) [|Sigeo® — |
Két hop Bude 3 va (2.18), (2.19), (2.20) ta c6
| = 2| = [0 =) "+ [t = MF ()] — a7
< (- a) [ — o o [ A ()] -
< (1—q) ||tF [tF — MF ()] — [z — MeF (o)
oAk | F ()]
<1 = (1= 8]

Sl

<[1-q(1-5) mwk 212~ iy (1= Yoy — i) 1S3y w* — b

)]

)]

e || F (27

<1 — g (1 — &) ka —
)]
)]

()]

<1 =g (1=8) )+ kx| ()]

ka — ¥
= [1—§k(1—(5k ‘

St dung diéu kién a € (0,1),0; := /1 —2\,8+ A2L2 < 1 —a cta (2.15)

ta dudc

|27 — ||+ [1 =G (1= 08)] + s [|F (=) -
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|5 — || < [1 =g (1= )] ||a% — 2| + 7 [1 — ok (1 — 81)] + e he || F (=)
< (1 — acy) HSL’k — x*H + 7 (1 — as) + s || F (2¥)]]
< (1 —asp) [|a% — 2*|| + o [1 — age + A [|F (29)]]
< (1—as) ka — x*H + ag‘kl_agk“;”F(x*)”
< (1 - ag o — ] + agehs
gmaX{ka—x* ,M}
< ..
SmaX{HxO—az* ,M},
v6i M = sup {l_ag’“Jr)‘;”F(m*)” tk=1,2, } < 400 dudc suy ra tit dieu kién

(2.15). Vi vay day {z*} bi chan. Tt diéu kién Jim 7, =0, (2.19) va (2.20)
—00

ta suy ra cac day {w"},{t*} déu bi chan. Ap dung bit ding thic
lz+yll* < lle|® + 2 (y, = +y) Va,y € H,

voi @ = [tF — NF (tF)] — [27 — M F (2%)] va y = A\ F (%), ta thu duge

2
k+1 *

Pl = ) (8 = @) o [tF = MF () — 2]

< (1 —¢) Ht’C — z*||? + §1<;Htk — N\ F (tk) — x*H2

= (1 —q) [|tF = 2*|?

—|—ng [tk — M F (tk) — (" = M F (CU*))] — N (27)

< (1= ) |tF = 2 |* + || [t = MF (#F) = (2% = M F ()] )
—2G. A, (F (z*) , 2Pt — o)

<o (- )]

|2

2

— 26 \k <F (z*), 2Pt — x*> .
(2.21)
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Két hop (2.19), (2.20) va (2.21) ta dudc

<[1—q 1=t = 2*| = 200 (F (2 *),xk+1—w*>

<1 =g (1= )] ok = 2l = o (1 = esto — Biy) || Sigte — w|?
—2G. A, (F (2%) , 2P — %)

< 1 =g (208 — AP L?)] m ’

2
o1 =

L)

~Vhio (1 = Yrsio — Bio) HS wk — wk ‘2_ — 26 \ke <F ) Lokl a:*>
< [1 -5 (8 - 2229 [~ ] + )

~ ko (1= Vedo = Pio) HS wh — wkH — 2G. A (F (%), 2" — o*)
< (L= (208 = AZLY)] | (|| — 27| +§§)2

~ ko (L= Yo = Pio) HSZOU’ - wkH — 2G. A (F (%), 2P — 2*)
= [T =k (208 = AFL?)] (Hx - H2 + 267 ||2F — 27| +glj)

s (L= i = Bio) St — w¥][?] = 26eh (F (27, 2+ — 2)

< 1= (208 = X2L2)] ||2* — *||” + o (208 — A2L2) T,
Ao (1= ito — Bio) [1 — s (208 — XL)] || Siw® — w* |,
(2.22)

trong do

G |1 = (208 — A L?)] (2H5’5k - x*HZ + Cl?) 2 (F (z*),a"*! — z*)

Iy = _
g M (28 — A, L2) 26 — A L?

Tu day {z*} bi chan va diéu kien (2.15), ta c6

[=sup{l:k=12,..} < +oc.

Do doé:
|25 — | < [1 = gk (208 — A2L2)] || — 27|* + g (208 — A2L2) T
~Yiio (1 = Yhio — Bio) [1 — sk (2A8 — ALLA)] || Siw” — wkH2
(2.23)
Dat a = H:z:k — x*H2 Ta xem xét hai trudng hgp sau:

Trudng hop 1: Ton tai s6 kg sao cho ap1 < ai véi moi k > k. Khi do6
lim a;, = A < +oo. Chuyén qua gi6i han biéu thitc (2.23) khi & — oo, stt

k—o00

dung hm ¢ = 0 va diéu kien (2.15) ta thu dugc hm HS wh — wkH = 0.
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Tit didu kien y,; € (E,B) C (0,1 —min{f;:ieJ}) véimoi k€ N,i € J,

ta co
0< BHwk — SzwkH < Vi Hwk — SzwkH SgHwk — SiowkH — 0,

suy ra lim Hwk — SzwkH = 0 v6i moi 2 € J. Chon day {xkﬂ} la day con
k—o00

cua {xk} sao cho

lillfrgglf (F(z%), 2" —2*) = jlggo (F(x%),aM —2*).

Viday {:L'kjﬂ} bi chan nén ton tai mot day con {azkﬂ'h} sao cho {xkﬂ'h“} —
T khi h — oo. Tu 5; la ntta déng tai 0 v6i moi ¢ € J, ta thu dugc
T € (;e; Fiz (S;). Diéu nay dan dén:

. . % k+1_*:- * kj, +1
11]£r_1>£f<F(as),x z*) ]}LIEO<F(x),x z*)

= (F (2"), 7 —2") >0,

hay z* 13 nghiém ctia bai toan VI(F, Q). Tu diéu kien (2.15) va (2.22) ta

CO:

limsup 'y < 0.

k—o0
Két hop v6i bd dé 1.4, ta c6 z* — z* khi k — .
Trudng hgp 2: Khong ton tai s6 ky sao cho a1 < ap v6i moi k > k;. Do
do, véi moi s6 tu nhién m, ton tai s6 p > m dé a, < a,,1. Tt bo dé 1.10,

Maingé stt dung day con {a,)} cta {ar} nhu sau:

T(k)=max{i e N: kg <i<k,a; <aji1},vk > k.

Khi do, ta co
T (k) /‘ 400, 0 < Qg < aT(k‘)—f—la aT(k) < a7(k)+1, VEk > k’o. (224)

Do {%(k)} 13 day tadng vA bi chin, nén ton tai gidi han lim argpy = M <
k—o0

+o00. Tt tinh chat bi chian ctaa {xT(k)}, ton tai day con hoi tu yéu dén 7.
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Khong mat tinh téng quat ta gia sit ™% — 7. Tir (2.23) va (2.24) ta c6

Ar(k) < Gr(k)41 2

= 1 — |
< [1 — Sr(k) (2/\T 0B — A2 LQ)} Qr(k) T Sr(k ( b = XL )
ko (1= Vr(k)iia BZO) [ = Sr(k) (QATU@ p- AQ >L2>}

X ||Si0w7(k) — w™®) H .

Cho k — oo va st dung lim a.;) = M, ta dugc
k—o00

lim (k) _ (k) H _0
k—oo 0 ’
do do
lim B _ wTUf)H —0.Viel
k—o00

Vi S; la nita dong nén = € Q). Tuong tu truong hgp 1, ta cling co

limsup I'7;;) < 0. (2.25)

k—o0

Tir (2.22) ta ¢6

Ar(k) < Qr(k)+1

< [1 — (k) (%(k)ﬁ - A3<k>L2)] () + Sr(k) <2>‘T(k)5 - Afag)LQ) T -
Do d6: 0 < ar(p) < Loy, VEk 2> ko, két hop véi (2.25), ta dugc

lim sup a, () = 0,
k—o00

Va suy ra klim arky+1 = 0. Tt (2.24), ar — 0 khi k& — oo, ta c6 dieu phai
—00

chiing minh.

2.2.3 Ap dung vao mo hinh phuc hdi anh
Xét bai toan cuc tiéu 13i (1.6), dé phuc hoi cac bic anh trong khong
gian Euclidean H = R®, v6i hai ham bat ky f; va f» théa man cac diéu
kién sau:
e Ham f; : R® — R 14 ham 16i kha vi sao cho dao ham Vf; 1a L—lién
tuc Lipschitz, tic la
IVfi(z) = Vi)l < Lllx =yl v6i moiz,y € R
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e Ham fy : R® — R 13 ham 16i, ntta lién tuc dudi;
e Tap nghiém cua bai toan (1.6) 14 tap khac rong.
Cho ¢; € (O, %) va anh xa S; : R® — R*® dugc xac dinh béi
Si(x) =proxy, (E — €&V fi) (z)

véi moi x € R?, ¢ € J. Khi d6, S; la anh xa khong gian. Do d6 S; la anh
xa 0—ntta co trén R*, dong thoi theo [68, Lemma 2|, S; khong gian cling 1
nita dong tai 0. Mat khac, chon F' 1a anh xa § — don diéu manh va L—lién
tuc Lipschitz. Ap dung thuat todn (PIPA) cho trudng hgp nay, thuat toan
giai bai toan (1.6) c¢6 dang:

Thuat toan 2.2. Chon diém khdi dav la 2°, ' bat ky trong R*.
Budc 1: Tinh

w = 2 + o (2 — "),
Va1
- Tk 4 k k—1
min{ —————, g ¢ neu ||z¥ —x 0,
e (= I R 7 (2.26)
[ truong hop con lai.

Budc 2: Tinh
Uf - (1 - ’Yk,i) w” + ProXe,f, (E - Eivfl) (wk) :

Dat tF = ufo, trong do iy € argmaX{Hui.C — wkH 1€ J} ,
Budc 3: Tinh

= (1 =)t + o [t — N F (87)]
Dat k =k + 1 va quay lai Budc 1.
Dinh 1y 2.3. Cho F : R® — R® la dnh za S— don diéu manh va L—Ilién

tuc Lipschitz. Dudi gid thiét (2.15) vae; € (0, %) vdi moii € J, day {"}

tao bdi Thudt toan (2.2) hoi tu vé nghiém x* ciua Bai todn (1.6).

Chon cac ham sb6

1
fi(@) = S| B — yla: fo(2) = Al
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khi d6, V f, () = BT (Bx — 1) va he sb Lipschitz ctia V fi(z) 1a L = || B||>.
Céac thuat toan dugc lap trinh trén Matlab R2016a véi bo xit Iy PC Intel(R)
Core(TM) i9-9900 CPU @4.00GHz 32.0BG Ram. Ta diing Matlab dé tinh
toan proz.,y, (I — ¢V fi) (wk) qua chuong trinh con fmincon trong Tool-

box. Nhu thuong lé, diéu kién ding ciia cac thuat toan 13 ka“ - mkH <e.

Thit nghiém 1: Ap dung thuat toan (PIPA) cho mé hinh phuc hoi
anh, danh gi4 sai s6 qua hai chi s6 PSNR (Peak Signal-to-Noise Ratio),
don vi 13 decibel (dB) va chi s6 SSIM (Structual Similarity Index Metric).
Day 13 hai chi s6 thudong duge diing dé danh gia chat luong ciia cac biic Anh
dugce phuc hoi [76, 67]. Cac tham s6 ay, Tk, g, Yri va sp duge chon khéc
nhau cho mdi thit nghiém. Cac bitc anh duge lam md bdi kieu Gaussian,
v6i ma tran B := fspecial('gaussian’, [256 256],4). Cho F(z) := 0.7x,
e4=0.1,eo =0.3vae3=0.7. Khi d6, tac6 =L =0.7.

Két qua tinh toan ducgc trinh bay trong Hinh 2.3 va bang tinh toan sau:

Case | g Tk Yei | Sk AL PSNR | SSIM | CPU time/s
1 ey |9 | S | ok | 0.01 | 28.1825 | 0.9016 | 3677.0425
2 001 |19 | L | kg ]0.01 | 31.3307 | 0.9615 | 3402.5581
3 e |97 |k | gy | 1073 ] 28.9304 | 0.9083 | 3677.7022
4108 |0 | | i | 001 26.9910 | 0.7048 | 3633.9307
5 | o | oo | o | doe | 1070 | 323016 | 0.9204 | 3509.5591

Béng 1: Két qua phuc ché anh bang thuat toan (PIPA) tuong ing véi cic
hé s6 khac nhau va sai s6 14 e = 1072,

Thi@ nghiém 2: So sanh thuat toan (PIPA) v6i ba thuat toan phuc
ché anh thong dung la (FBSA) [57], (FISTA) [55] va (FV FA) [47] (Fast
Viscosity Forward-Backward Algorithm), danh gi4 bang hai chi s6 PSNR
va SSITM.

Tru6c hét, lam md biic dnh (Hinh 2.4) kieu Gaussian véi

B := fspecial('gaussian’, [288 288],13)
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Original image Gaussian blur

Hinh 2.2: Mot biic 4nh bi lam md kiéu Gaussian

Hinh 2.3: Két qua phuc hoi bitc &nh 256 x 256 bing thuat toan PIPA

cho biic anh gbc ¢ 288 x 288 véi do lech chuan o = 13. Tham sb trong

cac thuat toan dudc chon nhu sau:

(i) Trong thuat toan (FBSA): A\ = vl moi k =1,2,..;

_1
50k+1
(ii) Trong thuat todn (FISTA): y° = 2°, ty = 1, 5;

e 15 k
(iii) Trong thuat toan (FVFA): 7, = 45, py = TooETTr Yk = m,
Br =T

Original image

Hinh 2.4: Anh gbc

Thit nghiém 3: So sanh thuat toan (PIPA) véi ba thuat toan (FBF A),
(FISTA), (FVFA) dé phuc hdi btic &nh Original trong Hinh 2.6 da dugc

lam md kiéu Motion véi B = fspecial('motion’, len, §) v6i do rong chuyén
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FBSA (PSNR=29.0362, SSIM=0.9052) FISA (PSNR=34.7025, SSIM=0.9305) FVFA (PSNR=35.2280, S$IM=0.9573) IPPA (PSNR=36.0184, SSIM=0.9607)

Hinh 2.5: Anh so sanh céc thuat toan

dong 1a 20 pixels (len = 20) va géc chuyén dong 1a 45° (6 = 45). Két qua
dugc mo ta trong cac hinh anh cua Hinh 2.7.

Original image

- "]g ,

Hinh 2.6: Anh géc

FBSA (PSNR=28.3172, SSIM=0.8751) FISA (PSNR=32.0371, SSIM=0.3005)

FVFA (PSNR=34.1042, SSIM=09167)

IPPA (PSNR=34.8407, SSIM=0.9275)

Hinh 2.7: Anh so sanh céc thuat toan

Két luan chuong 2

Chuong nay da trinh bay mot s6 két qua chinh nhu sau:

e Xay dung va chiing minh sy hoi tu ctua cac day lap cua thuat toan lai
ghép co quan tinh (HICA), dé gidi bai toan bat dang thiic bién phan
trén tap diém bat dong ctia cac anh xa nita co trong mot khong gian
Hilbert thyc H. Thuat toan dudc viét dya trén ky thuat quan tinh va
ky thuat lai ghép. Bang cach chon tham s6 thich hop, ching toi da chi
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ra sy hoi tu manh clia thuat toan (HICA) vé nghiem duy nhét cua
bai todn VIF(Q, F).

Dé xuit thuat toan méi (PIPA) giai bai toan VIF(Q, F), & day mién
rang buoc € 1 tap diém bat dong ctia m anh xa nita co. Bing cach két
hop gitta ky thuat tinh toan song song va ky thuat quan tinh, ching
toi chi ra rang cac day lap ctia thuat toan hoi tu manh vé mot nghiem
cta bai toan VIF(Q, F).

Ung dung thuat toan (PIPA) vao mo hinh phuc héi anh. Cac két
qud tinh toan vé phuc hoi dnh dudc so sanh tinh todn hiéu qud véi
cac thuat toan thong dung khac nhu (FBSA), (FISTA) va (FVFA).
Cac két qua tinh toan dugc do bang chi s6 PSNR va SSIM cho thay

sy hiéu qua cta thuat toan (PIPA) véi cac bo tham s6 da dugce chon.
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Chuong 3

Phuong phap anh xa nghiém néi

long

Khi nghién citu anh xa nghiém cho bai toan bat ding thiic bién phan,
chiing t6i phat trien dua trén mot sé két qua vé tinh khong gidn cla
Yamada, I. da chi ra trong tai lieu [84], ching toi dé xuat céc két qua
méi vé tinh chat tya khong gian clia cdc 4nh xa nghiém ndi 16ng. Anh xa
nghiém 1a mot sy md rong cia phép chiéu trén tap C' thanh phép chiéu
trén mot nita khong gian. Khi d6, ching t6i xay dung dugc thuat toan
chiéu néi 1ong (RLPA) dé giai cho bai toan bat dang thic bién phan, &
day, mién rang buoc la giao ciia tap diem bat dong va tap nghiém cta bai
toan bat dang thic bién phan khic. Két qua nay da dugc cong bd trong
[CT4] (Danh muc céc cong trinh lien quan dén luan &n). Hon nita, ching
toi dé xudt thuat toan chiéu co (PCA) dé giai bai toan bat dang thiic
bién phan trén tap diém bat dong ctia anh xa nghiem BV I(C, F,G) trong
R". Céac két qua nay duge cong bd trong [CT2]. Ung dung ciia thuat toan
(RLPA) va (PCA) véi cac tinh todn minh hoa va so sanh véi cac thuat

toan khac dugce chi ra trén phan mém Matlab.
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3.1 Phuong phap chiéu néi 16ng
3.1.1 Thuat toan (RLPA)

Bang su két hop gitta phép chiéu thong thudng va phép chiéu néi 16ng
len nita khong gian, ching t6i xay dyng thuat todn (RLPA) dé giai bai
toan bat dang thitc bién phan trén tap diem bat dong, dugc phat biéu nhu
sau:

Cho C 1a mot tap con 10i, déng, khac rong cia mot khong gian Hilbert
thuyc Hvachocaicanhxa F:H—H, G:H— Hva =: H — H.

Tim u € Q sao cho (G(u),z —u) >0, Ve, (3.1)

& day, tap Q = Fiz(2) N Sol(C, F), trong d6 tap diém bat dong Fiz(Z) =
{r e H:x=Zx} va tap Sol(C, F) la tap nghiém cta bai toan VI(C, F).
Cac ham gia I, G va day cac tham s6 thod man mot sd gia thiét sau:
(B1) Tap Q2 khac rong;

(B2) Anh xa gia I 1a gid don diéu, Lg-lién tuc Lipschitz va lién tuc yéu
trén C

(B3) Anh xa gia G 1a f-don dieu manh va Le-lien tuc Lipschitz;

(By) Anh xa = 1 khong gian va théa man tinh chat I — S nita déng tai 0;
(Bs) Vé6i moi s6 ty nhién k > 0, cac tham s6 duong &, ve, Tk, g, T VA UV
théa man cac diéu kién sau:

(

v € (0, min{1, ﬁ ),a € (0,1 —vLp),

b>0,¢& € <b, min{—LlF, ‘ /—LVF}> €= klim &k,
—00
Yk € (O,min{l_g’a%, 1”3FG}) ;

7 € (e.d) € (0,1), 7€ (0, 22),
ar € (0,1), lim a =0, > a = occ.
k—o00 k=0

\
Thuat toan 3.1. (Thudt todn chiéu ndi long (RLPA))

Chon 2° € H, k = 0, v > 0, chon cic day s6 duong {&.}, {v.}, {7} va
{ak}7
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Bude 1. Tim hinh chiéu
y" =Te[z" — & F (")),

Budc 2. Tinh w* = 2% — v& F(y*) va t*F = 72" + (1 — 7,)22%, ¢ day

- wk — ”xk_kod(’;k)_kaQ(a:k — & F(2%) — o) néudy >0,

wk truong hop con lat,

vdi dy = (& — G F (%) — yF, b — ) — lly® — 2F|.
Bude 3. Tinh ¥+t = t* — ap7G(t*). Dat k := k + 1 va quay lai Budc 1.
3.1.2 Anh xa nghiém

V6i méi v € Hva & >0, tagoiS:H— C la anh xa nghiém cua bai
toan VI(C, F'), dugc cho nhu sau:

Sz = o[z — £F(x)]. (3.2)

Ta da biét x € C 1a nghiém cta bai todn VI(C, F) néu va chi néu né la
diém bat dong ctia anh xa nghiem S. Cho v > 0, ta goi nita khong gian

H, nhu sau:
H,={weH: (x—{F(z)— Sz,w— Sz) < 7|z — Sz|*}. (3.3)

Goi K la tap nghiém cta bai toan VI(C, F'). Tu dinh nghia cia phép
chiéu Tl va tir (3.2), ta co:
(x —EF(x) — Sx,y — Sx) <0, Vyedl,
do do:
Khi d6, C C H, v6i moi x € H. Mt khac, véi mdi z € H, thi hinh chiéu

cta z trén H, dugc cho dudi dang hién nhu sau:

r—EF(x)—Sx,2—Sz)—v|x—Sx|/? £
() = 7 — =t H)ac—{F(x)—g'x\’\é” E(z— ¢F(z) — Sz) néu 2 ¢ H,,

z truong hgp con lai.
(3.4)
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Tiép theo, ta dinh nghia 4nh xa nghiém 7 : H — H cta bai toan VI(C, F),
nhu sau:
Tx =1y [v — vEF(ST)], (3.5)
v6i tham s6 v > 0.

Bo dé sau chi ra mot s6 tinh chat quan trong clia 4nh xa nghiém 7' va

S.
Bo dé 3.1. Gid st tip K khdc rong, la tap nghiém cia cia bai todn
VI(C,F). Ta c6 cic khdng dinh sau:

(1) Néu F la tva don diéu trén K va L—1lién tuc Lipschitz, & € (0, %), v E

: LY wa v € ,min { ——L, , khi do a tya khong gian

0, =55 wa 2Lomin {22,1}), khi d6 T la tua khong gid
manh trén K. Hon nta, véi moi x € H, z* € K,

|72 — 2*|> <[l — &"]? = v(1 - vL — 29)|ja — S|
— (v = &L)|Ta - Sel? - (1L - v)|Te — 2% (3.6)

(ii) Néu F' la n-tua don dieu manh nguoc trén K, thi S la tua khong gidn
manh trén K vdi diéu kién m € (%, 1—27),7€(0,1) va
0 <& < 2n(l —2v). Hon nia, véi moi x € C,
* * € *
ISz — ™[ <[z — 2| — 2¢ (77 — 5 ) I1F(x) = F(z )|1?
m
—(1=m—2y)||z — Sz|*.

(111) Néu F' la (-tua don dieu manh trén K va L- lien tuc Lipschitz trén H,
thi S la twa co vdi hing s6 6 == ———— € (0,1), vdi £ € (0,%).

Vi =
Ching minh: (i) Gia st z* € K va F' la tya don diéu. Tu (F(z*), Sz —

x*) > 0 va gia thiét tya don diéu cha F, suy ra (F(Sx), Sz —z*) > 0. Khi
do, stt dung Menh dé 1.2 va (3.5), ta c6 z* € H, va
T2 — 2*||* =|Tg, [¢ — vEF(Sz)] — g, (")

<|le - v&F(Sz) = &"|* — |l& — vEF(Sz) — Ta||?

=||z — 2*||* — 20&(F(Sx), Tz — 2*) — ||z — Tz||?

—||z — 2*||* — 20&(F(Sx), Sz — 2*) — 20E(F(Sx), Tx — Sx)
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= |lz = Tz|]* (3.7)
<||x — z*||* = 2vE(F(Sx), Tx — Sz) — ||z — Tx|?
=z — z*||* + 2v{x — Sz — £F(Sz), Tx — Szx)
+20(Sx — 2, Tz — Sx) — ||v — Tx|?
=||z — 2*||? + 2v{x — EF(x) — Sz, Tx — Sz) — (1 — v)||z — Tz|?
+ 20€(F (2) — F(Sz), Tz — Sz) — vz — Sz||* — v|| Sz — Tz,

(3.8)
bat dang thitc cudi ciing dugc suy ra tir:
2(Sx — x,Tx — Sx) = ||Tx — z||* — | Tz — Sz|* — ||Sz — z|)*.
Tu (3.5) va v > 0, théoa man Tx € H, va tu
v(iz — EF(x) — Sz, Tx — Sz) < vy|lr — Sz?, (3.9)

stt dung bat dang thitc Cauchy - Schwarz va diéu kién lién tuc Lipschitz

cua F, ta suy ra

2VE(F(z) — F(Sx), Tx — Sx) <2E||F(x) — F(Sx)|| ||Tx — S|
<2Lv¢|lx — Sz| [Tz — Sz
<L(V*||x — Sz||* 4+ &€*|Tz — Sz|?). (3.10)

Két hop (3.8), (3.9) va (3.10), ta c6

| T2 — 2*||? <|lz — 2*||* + 2v{x — EF(z) — Sz, Tz — Sz) — (1 — v)||Tx — 2|2
+ 20€(F (2) — F(Sx), Tz — Sx) — vz — Sz|?* — v|| Sz — Tx|?
<[l —a*|* + 2vy||x — Szl — (1 = v)|| T2 — [|* + v’L|z — Sz|
+ &L\ Tz — Sz||* — v||z — Sz||* — v||Sz — Tx|?
=[x —2*|* = v(1 = vL = 2y)|la — Sz|* - (v - €L)||Tz — Sz||?
— (1 =v)||Tz — 2|
Khi d6 anh xa T 1a (1 — v)-tya khong gian manh trén K dudi gia thuyét

£€(0,1),v € (0, 1_522L2) va v € (€21, 52). Hon nifa,

1T — 27|* <[lw = 2"||* = v(1 = vL = 29) ||z — Sz|* - (v — L) | Tw — Sx|*
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—(1=v)||Tz - xHQ

(i7) Gia st rang anh xa F 1a n-tya don diéu manh ngugc trén K. Tu

dinh nghia phép chiéu (3.2), ta c¢6
(x — EF(z) — Sa,y — Sx) < v||Sz —z||?, VyeC.
Thay y = 2* € K C C vao bat dang thic trén, ta co
(x — EF(z) — Sx, 2% — Sx) < 4| Sz — 2|
Suy ra:
Sz — z|* + E(F(z), 2% — Sx) > (x — Sx, 2" — Sx). (3.11)

Tu F 1a n-tya don diégu manh nguge trén K va (F(z*), Sx — z*) > 0 véi
Sz € C, véi moi m € (0,1), ta co:
E(F(x),x" — Sz) =¢(F(x) — F(2"), 2" — Sz) + £(F(2), 2" — Sx)
<¢(F(z) = F(z%), 2" — Sx)
={(F(x) — F(a"), 2" —x) + {(F(x) — F(a%),x — Sx)
< — || F(z) — F(a*)|]? + €| F(z) — F(z)|||lx — Sz

<—n¢|lF(@) = F@)* + 3= l1F(2) = F)|”

+ 2~ P
=& (1= 5 ) 1F@) - F@IP + o - Sal?

(3.12)
Ap dung bt ding thic:
(a,b) = %(HGH2 +[[Bl* = [la = b]I*), Va,b€H,
Véia=x—Sxvab=2z*— Sz, taco
|z — Sz||* + ||=* — Sz||* — ||z — 2*|* = 2(x — Sx,2* — Sx).

Két hgp diéu nay véi (3.11) va (3.12), ta co:
§

o= Salf + " = 527 = o = 2'I? < =€ (20 - £) 1P @) - FIP
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+(m + 27|l — Sz|*.
Do do

1Sz—"|* < [lo—a"|*~¢ (277 - é) 1F (2)—F (")~ (1=m—27)||lz—Sz|*.

m

Tt didu kien m € (%,1—27) va 0 < & < 2n(1—27),suyra2n—= >0 va

ISz — 27[* < [la — 27| = (1 = m — 29) |z — Sz||*.
Vi vay, anh xa S [a (1 — m — 27v)-tya khong gian manh trén K.

(774) Gi& st rdng anh xa gia F' 1a (-tya don diéu manh trén K va lién
tuc Lipschitz trén H. Tu F la (-tya don diéu manh trén K va z* € K,
(F(x*),Sx —a*) >0, ta c6

(F(Sz), Sx — 2*) > ¢||Sz — o*|)*. (3.13)
Tt dinh nghia cta Sz trong (3.2) va z* € C, suy ra

(x —EF(x) — Sz, — Sz) <0.
Két hgp vdi (3.13), suy ra

lz = Sa||* + ||l2* — Sz||* — |z — 2"||*
=2(x — Sz, 2" — Sx)
<26(F(x),z" — Sx)
=2¢(F(x) — F(Sx), 2" — Sx) + 26(F(Sx), 2" — Sx)
<2 F(x) — F(Sz)|llla" — Sz — 2¢¢]|2" — Sa||*
<2%L|jx — Sa||l|lz" — Sz - 2¢¢|2" — Sx|*
<||w — Sz||? + EL2||z* — Sx||* — 2£¢||* — Sz||?, Vo € H.

Do do,
1Sz — 2|2 < L |z —2*|?, VeeH
—1426¢ — 212
Vi vay, anh xa S 14 tya co v6i tham s6 § := ———2—— € (0,1) trén K,

\/1+26¢C—€2L2

voi € € (0,%5).
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3.1.3 Dinh ly hoi tu

Céc bd dé sau dudc st dung dé chiing minh sy hoi tu ctia day lip trong
thuat toan (RLPA).
Bo6 dé 3.2. Cho {2*} va {y*} la hai day so sinh ra bdi Thudt todn 3.1 va
goi v* € K. Khi dé, véi cic gid thiét (By), (Ba) va (By), ta ¢ khang dinh
sau:
125 = 2| < fla* —a*|* = v(1 = vLp — 2y)||2" — *|?
— (v =&GLp)|2" =y IIP = (1 = v)l2" = 2" (3.14)
Chitng minh. Tt (3.2) va bude 1, ta c¢6 y* = Sa*, v6i anh xa S dugce cho
béi (3.2). Két hop véi (3.3), (3.4), (3.5) va Budc 2, suy ra
=1y, [o" — v&F(y")], 6 day,
Hpo={w e H: (a8 — &F(z") — Sa¥ w — Sz¥) < vlla" — Sa"||°}.
Thc la
2P = Tak.
St dung tinh chit tya khong gian manh ctia anh xa T trong Bo dé 3.1(i),
gia thiét (Bg) va (By), ta thu dugc
|12 — || = T2* —2*|)”
<[la* —a*|* = v(1 = vLp = 27)[|2" — Saz*|?

— (v = GLp)ITa" = Sa*|” = (1 = v)| 72" — 2"|%,
diéu phai chiing minh.
Bo dé 3.3. Gid su day {a*} dugc sinh bdi thudt toan (RLPA) la bi chdn
va {z%} C {2*} sao cho x% — Z, néu lggo 2% — %] = 0 vdi {y*} la
day con tuong ung, thi khi do, x € Sol(C"j, F).
Chatng minh Tit dinh nghia cta day y* = Ig[o" — &F(2%)] va {a} C

{2*}, ta co

<37kj - gkjF(xkj) - ykjax - ykj> <0, Veel
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Do do,
&y (F(a), @ — a) + & (F(ah), 2% —yh) > (@ — b0 —yb).
Tt F 1a Lp-lien tuc Lipschitz va day {z*} bi chin, suy ra day {F(2%)}
ciing bi chan. St dung lim & = £ > 0, lim ||z — ¢ = 0,2 — 7, va
k— o0 J—00
lay gi6i han khi 7 — oo, ta ¢
yhi —~ z,0 < liminf (F(2"), z — 2F7).
j—00
Nghia la:
lim inf (F(y*), x — ") =liminf [(F(y"), "% — ") + (F(a"), 2 — )
j—00 j—00
+(F(y") = F(a"),z — ah)]
> liminf [ — [ F(y")|[ll2" -y || + (F(2"), 2 — 2*)
J—00
— Lplly" — a%|l[lz — "]

>0.
Mat khéc, tir tinh chat nta lien tuc dudi yéu ctia chuan, ta cé,
lim inf || F(y*) || > [|F(z)] > 0.
j—00

Néu F(Z) = 0 thi Z 1a mot nghiém cua bai toan VI(C, F). Trong trudng
hop ||F(Z)|| > 0, khi d6, ton tai mot day con duong {r;} va n; /> thoa
man

lim r; = 0, |F(y"™)| > 0,(F(y"),z —y') +7; >0, Vi>n; (3.15)
j—00

Dit ¢ = mmﬂ). Khi d6, (F(y"),q") = 1. Tt (3.15) suy ra
lim sup r; lim r;
0 < limsup ||r;¢"] < = L b 754" ]| = 0,
= oo ~ liminf [Pyl — |F(@)] Joe

(3.16)
va
(F(y"),z —y") +r;(F(y"),q"%) >0, VaeC.
St dung gia thiét gia don dieu (As) cua F, ta dugc

(F(z+ri¢"),x +1jq" —y"™) > 0.
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Két hop vdi diéu kién lién tuc Lipschitz ctia F, ta c¢6
(F(z), 2 —y") =(F(z) = Fz +rjq"V), 2 — y")+
") = (Fx+75q"),rq")
< () = F(z +7iq"), x —y™) — (F(x +71;4"),7;4")
= Lpllrjg"|lle = y™ | = [[F (@ 4+ r;jq")|[|lrjq™ |-

(F(z +7jq"), v +1;q" —y

| \/

Lay gi6i han bat dang thitc cudi cling khi j — oo va sit dung (3.16), ta
suy ra

(F(z),r — ) = lim (F(x),z —y") >0, VxeC.

Jj—00
Vi vay, T 1a mot nghiém cua bai toan VI(C, F).
Dinh ly 3.1. Cho cdc dnh za gid F va G théa mdn cdc gid thiét (By),
(By), (B3), (By) va cdc tham sé thod mén dieu kién (Bs), hai day s6 {z*}
va {y*} trong thudt toan (RLPA) hoi tu manh dén nghiem duy nhat u ciia
Bazi toan 3.1.
Chitng minh. Gia st rang v 13 nghiém duy nhat ctia Bai toan 3.1. Tu
Budc 3 va Bo dé 1.11, ta ¢b
2" =l =[1t" — TG (") = ul|
=[|[t* — apTG(t")] — [u — apTG(u)] — T G(u)]|
<[[t" — G ()] = [u — G (u)]|| + ap|| G(u) |
<(1 = ) |t* —ull + e[| G(u)],
1 —ap0) |7 (2" = u) + (1 = 1) (E2" — w)[| + ay7| G (u)]

IA

( )

(1= ard)[7ll " = ull + (1 = m) 22" = ull] + 7| G (u)
(1 = axd)[=" — ull + ax7]| G (w)]] (3.17)
THG( )

IA

IA

(1 — apd)||lz® — ul| + apd—-22

gmax{uwk u||j\|G5< )H}

< r;ax{|m0 all, THGa( wl }
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v6id =1—+/1—7(26 —7LE) € (0,1) va T € (0, %). Khi d6, day {z*} bi

chan. Do d6, cac day {y*}, {t*} va {z*} cling bi chan.
Stt dung cac Bo dé 1.11, Bo dé 3.2 va bat dang thiic

lz +yll* < llel* +2(y, 2 + ), Vao,y €,
ta co
25 — w2 =] — aprGE)] — [u — aprGlu)] — arrG(u)
<||[t* = aprG ()] = [u — aprG(w)]|* = 2047 (G (w), 2" — u)
<(1 — apd)?||tF — ul]* = 204,7(G(u), 2" — )
<(1 — o0 || (2" —w) + (1 — ) 22" — )|
— 20;,7(G(u), 2" — ) (3.18)

<(1-— ozk(?)sz — uH2 = 20sz<G(U),$k+l — u)

()
(u)

<(1 = ) |lla* = ul? = v(1 = vLp = 299) 2" — 9|
— (v = &Le)lF — P - (1= )2 - oF|?]
— 205, 7(G (), 2" — ). (3.19)

Dit ay := ||2% — u||? v6i moi k > 0. Ta xét hai trusng hgp ctia day aj nhu
sau:

Trudng hgp 1. Ton tai mot s6 ty nhién kg € N sao cho a1 < aj v6i
moi k > ko. Khi do, ta lay giéi han kh—>Holo ar, = A € [0,00). Chuyén qua gi6i

han cta (3.19), duéi gid thiét (As) ctia cac hé s6, ta dugc
lim ||y — 2| = lim ||z — 2*|| = 0. (3.20)
k—o00 k—o0
St dung klim o, = 0 va {G(#*)} 1a day bi chin, suy ra
—00

lim ||z — 7| = lim |G ()| = 0. (3.21)
—00

k—o00
Tit tinh chat bi chan ctia day {x*}, khi d6 ton tai mot day con {z%} clia

{2*} hoi tu yéu vé 7 € H va

limsup(G(u), v — 2*) = lim (G(u),u — 2%) = (G(uv),u — Z).  (3.22)

k—o0 Jj—00
Stt dung Bo dé 3.3 v6i hé thiic klim |y* — 2¥|| = 0, ta c6 & € Sol(C, F)
—00
(tic 1a mot nghiém cta bai toan VI(C, F)).
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Tiép theo, ta chitng minh Z € Fiz(Z). That vay, tit (3.18) va dang thiic
sau
o+ (1=Nyl* = AllP+1A=Nly[I*=AA=N[z—yl*, Vz,y € LA ER,

ta co

o1 — ul? (1 - ) — ) + (1= 7)E(E — W)
— 204,7(G(u), 2" — )
—(1 - ad) [l — ul? + (1 = TS - WP
— (1 = )| — E252] — 2007 (G(w), 2" — u)

<(1-— aké)sz — uH2 —7(1 —73)(1 — ak(S)sz — Ezk|\2

— 204, 7(G(u), 2" — u)

<(1 — oy0) || 2" —uH? c(1 —d)(1 — od)||2" — 22|

— 203.7(G(u), 2" — )

<(1 = ) U||2 c(1 = d)(1 — yd)|| 2" — =247

— 204, 7(G(u), 2" — u), (3.23)

v6i bat dang thitc (3.23) duge suy ra tit Bo dé 3.2. Liy gidi han k — oo
cta (3.23), ta c6

lim [|2% — Z2F|| = 0.
k—o0

Khi do, tit gi6i han 2% — z, (3.20) va tinh chat nita déng tai 0 clia 4nh
xa I — S, ta duge 2M — z va z € Fiz(Z). Nhu vay, Z € . Hon nita,

[tF — 25| = (1 — ) ||2" — 22F) < (1 = ¢)||2" — Z22F|| = 0 as k — .
Tit (3.21), ta c6

2P — 2F || < || =R 4 ||t = 2K+ ]2 = 2F|| = 0 as k — .
Két hgp diéu nay véi (3.22) va 7 € Q, ta c6

lim sup(G (u), v — ") =lim sup(G(u), u — z*) + lim sup(G (u), 2" — 1)

k—oo k—oo k—o0
<limsup(G(u),u — *) +limsup |G (u) [[[|2* — 21|
k—o0 k—00

=(G(u),u —7)
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<0

§ day, bat dang thiic cudi dudc suy ra tit # €  va nghiém duy nhit u cia
Bai todn 3.1. Tit (3.23), kéo theo

aps1 < (1 — apd)ay + 200 7(G(u), u — 1),
Ap dung B6 dé 1.6, ta suy ra klim ap = 0. Do d6, tat ci cac day {z*},
— 00
{y*}, {z*} va {t*} hoi tu manh vé& nghiém duy nhit u ctia Bai toan 3.1.
Trudng hgp 2. Gia st rang khong ton tai ky € N sao cho {ag}rsk, 12
don diéu gidm. Vay, ton tai mot s6 tu nhién k; > kg sao cho ay, < ag, 1.
St dung Bo dé 1.10, ta chi ra mot day con {ac()} cta {ar} nhu sau:
C(k)=max{i: k1 <i<k,a; <a;1}.
Khi d6,
C(k) /00,0 <ap < ac+1, acry < )1, vk > k. (3.24)
T (3.17), ta co
29+ — w]l < (1= agd) 12 —ull + a7l Gw)].
Sau d6, sit dung tinh bi chin cta {z*} va Bd dé 3.2, ta dudc
2™ =l = 1]24" — wf] <[la® —ul] = a4 — ull — o o]l 24P — u
+ acTl|G(u]
< — agpdl|2*" = ull + acp | Gu)].
Két hop didu nay véi B dé 3.2 va (Aj;), suy ra
v(1—vLp — 2y |2¢®) — 4|2
<[t —ul]? — [0 — wlf?
=([Ja = ul| = [ = ) ([ = wf + |25 = wl])
<[~ ag 5% =l + g I G (1259 — ul + ) — ul)
—0 as k — oo.

Do dé
lim ||x4(k) _ yC(k‘)” — 0.

k—o0
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Tuong tu, ta co

lim [|z¢®) — 2¢®)| = 0.
k—o0

Tit {z¢()} bi chin, khi d6 c6 mot day con hoi tu yéu. Khong mat tinh
téng quat, ta gid st ¢ — & va

lim sup(G(u), u — 2% = (G(u), u — 2).

k—o0

T Bo dé 3.3, suy ra 2 € Sol(C, F). Khi do,

lim sup(G(u), u — 2°®)) = (G(u),u — &) < 0. (3.25)

k—o0

Tu (3.23) va (3.24), véi moi k > ky, ta ¢

c(1 = d)(1 = agpo)||=" — =402

(™ = wf)? = 2P — wl?) — g dl]a¢® — ulf?
— 2001 T(G (1), 2SR+ _qy)
— Oéc(k)CSHCC (k) _ uH2 — 20 )T<G(U),$<<k>+1 —u)

—0 as k£ — oo.

Khi do, ta c6

lim ||2¢® — 2260 = 0.
k—o0

Nhic lai: 2% — % nen 2¢®) —~ & s dung tinh chat nia déng tai 0 cia
anh xa =, suy ra & € Fix(Z) va do d6 = € Q). Tuong ty nhu Trusng hop
1, ta co

lim sup(G (u), u — 2%+ < 0,

k—o00

Tu két qué (3.23), ta rat ra:

¢ (k)+1 :H$C(k)+1 . qu
<(1 — agd) ¢ ~ uH2 (1= d)(1 = agyd)||°F — =0
— 2000 T(G(u), — )

S(l — ozc(k)(S)ac(k) + QQC(k)T<G(u), u — :l:c<k)+1>
(k)0)

<(1 = aggyd)ac + 2007 (G (), u — ).
Trc la

dac(py1 < 27(G(u), u — xC(k)+1>,
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két hop véi (3.25), ta c6 klim acy+1 = 0. T 0 < ap < agpy41 cha (3.24),
—00

ta c6 lim ap = 0. Diéu phai ching minh.
k—o00

3.1.4 Cac vi du tinh toan
Trong muc nay, ta xét anh xa gia G : R®* — R?, dugc tham khao trong
tai ligu [3]:

G(z) = Qz +q, (3.26)
véi g € R*,Q = AAT + B + D, trong d6, A, B, D 13 cic ma tran cd
s X s, B 1a ma tran déi xting vd D 14 mot ma tran duong chéo véi cac
phan ti trén dudng chéo khong am, do d6, ma tran ) 1a nita xac dinh
duong. R6 rang, G' la -don diéu manh va Lg-lién tuc Lipschitz, & day,
B = min{t : t € eig(Q)} 1a gia tri rieng nh6 nhat cia Q va Lg = ||Q)]|.
Tiép theo, ta cho mién rang buoc C' va anh xa gia F : H — H nhu sau:

C={zcH:|z|><R*(rz) <I}, (3.27)
F(z) =[gsin(p1]|z| + q1) + hcos(e||z|| + f) + m]z, (3.28)

6 day R, p1, qi, e, f €R, 1>0,9>0,h>0,m€ (g+h,o0),
(2,7) € H x H. Khi d6 C' 1a mién 16i, déng, khac réng va dnh xa F ¢6 tinh

chat sau:

Ménh dé 3.1. Cho dnh za F : H — H dugc dinh nghia trong (3.28). Khi
do,

(i) Anh za F la gié don diéu;

(ii) Anh za F 1o Lp-lien tuc Lipschitz vdi Ly = (g|p| + hle])|z]|-

Chitng minh: V6i mdi z,y € H, gia st rang (F(y),z —y) > 0. Khi d¢,

ta co

0

IA

(F(y),x —y)
=([gsin(p1[lyll + q1) + g cos(ellyl| + f) +m]z,x —y)
[g(sin(paly|l + q1) + 1) + h(cos(ellyll + f) + 1) + (m — g — h)[{z,z — y).
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Tium € (g+ h,4+0), suy ra (z,z —y) > 0 va

(F(z),z —y) =(lgsin(pi[lz]| + q1) + hcos(el|z]| + f) +m]z, 2 — y)
=[g(1 +sin(p1]|z]| + q1)) + h(1 + cos(e[|z]| + f))
+(m—g—"h)zz—y)
>(m—g—h){z,x—y)
>0

V

Y

do do, anh xa F' la gia don diéu trén H.

Dé chitng minh (ii), ta thiy, véi moi z,y € H,
|1F(z) — F(y)ll =[lgsin(pi|lzll + ¢1) + hcos(el|z[| + f) + m]z

— lgsin(p1[|ly[| + q1) + hcos(e|ly| + f) + m]z||

=||z[|g[sin(p1[|z]| + q1) — sin(p1[ly|| + ¢1)] + hlcos(e]|z[| + f)
— cos(elly[l + f)]]

=z [l|glsin(pi[lz]] + q1) = sin(pillyll + g1)] + hlcos(ellz]| + f)
— cos(ellyll + )]

<|\zllg| sin(pi[lz]| + q1) — sin(pi[lyll + q1)]
+ hl|zll| cos(ellz]| + f) — cos(ellyll + f)]|

con (LU ID ) (2=

2
ﬂn(ﬂmgﬁwmﬂ

an (AL ) )
ﬂncﬂm§+wm)«

=2g||2||

+ 2h||2||

2

<2¢]|z||

St dung bat dang thic:
|sint| < |t], Vte€R,

Ta suy ra

1F(z) — Fy)ll <2¢]l=

<(glps| + hleD) Izl ]} = [lyll
<(glpsl + hleDllzll[l = yll, Ve, y € H.

ﬁncﬂmgwwmﬂ
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Vi vay, anh xa gid F 1a lién tuc Lipschitz v6i hang s6 Ly = (g|p| + hle])||z]]
trén H.
Xét Bai toan 3.1, véi C, F va G dugc cho béi (3.26), (3.27), (3.28). Ta
tap trung vao hai van dé chinh ctia thuat toan (RLPA):

- Cung cap mot s6 két qua giai s6 dé mo t& sy hoi tu clia thuat toan

(RLPA), véi cAc diém xuat phét va bo tham s6 khic nhau.

- So sanh thuat toan (RLPA) véi thuat toan dao ham ting cudng két
hop chiéu co quén tinh (IPCEA) dé xuat bdi Tan va cic cong su [75],
va thuat todn chiéu chinh quy (RPA) dé xuat bdi Moudafi va Hieu
[41].

Ta chon cac tham s6 cho cac thuat toAn nhu sau:

- V6i thuat toan (RLPA):

1 . ] 1 1—vlp b 1 ) 1 v
UV = —1Inin - a = = min <§ — —
2 ’LF ’ 2 ’ 100 LF’ LF ’

b 2 (1-&L% 1—vip—a
—b —— kF
=0t 10 T % mm{ > 2 ’
1 1
7. = 0.1 + g = Vk > 0.

0k+15"" 12T 2k + 1

- V6i thuat todn dao ham tang cuong két hop chiéu co quén tinh (IPCEA):

100
0 = 02, €np — m,u = O.4,X1 = 06,
1 1 178 .
n — P = 17 n — 0 ) = :
ST S Y T T =

- V6i thuat toan chiéu chinh quy (RPA):

M=XN=a=1,u=04,a,=n"""y" ="
Tat c& cac phép chiéu lén tap C' dugc tinh toan bdi ham quadprog trong
Matlab 2018a Optimization Toolbox. Cac hinh chiéu lén nita khong gian
dugc tinh toan dudi dang hién nhu cong thiic (3.4). Tat ca cic thuat toan
dugc chay trén may tinh PC Desktop Intel(R) Core(TM) i7-12700F CPU
@ 2.10 GHz 2.50 GHz, RAM 32.00 GB.
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Thi@ nghiém 1. Ta chay thuat toan (RLPA) trong R® v6i s = 5 va
= : R* — O dudc cho bdi Zx = I (z) v6i moi z € R®. Diém khdéi dau
2" = (1,0,1,0,0.5)". Cac tham s6 R, g, p, q, h, e, f, m, [ va vector r, 2

dugc chon ngau nhién nhu sau:

R:57l:2ag:3ap1:_57Q1:77h:3a€:87f:27m:g+f+17
r=(1,-3,59,4)", 2= (12,5,3,-7,2)".

bang Matlab, ta tinh dugc:
Lp = (glpi] + hle])|[z]| = 592.7487.

Ma tran A, B, D cta anh xa gia G dugc chon ngau nhién nhu sau:

(1 23 4 0 0 2 3 4 5
2 1 0 5 -3 —2 0 =57 9
A=14 0 7 9 1 B=|-3 5 0 6 -8 ,
2 5 0 —5 3 —4 -7 -6 0 1
-1 9 4 2 3], -5 -9 8 1 0],
(100 0 0]
030 0
D=0 07 0 q=(1,7,-3,22,6)".
000 10 0
000 0 5

- - (5%5)

Khi d6, gia tri rieng va chuan ciia ) dugc tinh toan nhu sau:
eig(Q) = {221.2357, 144.1649, 3.3983, 24.9611, 22.2399}, ||Q|| = 222.3145.

Diéu nay théa man hing s6 don diéu manh ctia G 1a 8 = 3.3983 va hang
s6 lien tuc Lipschitz ctia G 1a Lg = 222.3145. Két qua tinh toan ctia thuat
toan (RLPA) dugc trinh bay trong Hinh 3.1, Bang 3.1 va Bang 3.2.
Thit nghiém 2. Dé so sanh hai thuat toan (RLPA), (IPCEA) va
(RPA) dé gidi Bai toan 3.1, ta cho Z 1 anh xa dong nhat va cac dit
lieu vé tham s, diem xuat phat giéng nhu trong Thit nghiém 1. Thuyc

té, nghiém chinh xac u 1 chua biét, ta st dung Iy = [|2"! — 2F|| dé
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The value of x*())

_1 1 1 1
0 50 100 150 200

Iteration step n

Hinh 3.1: Sy hoi tu ctia day {z*} trong thuat toan (RLPA) v6i sai s6 ¢ = 1072, Nghiem xap xi 1a
#3992 = (0.4162,0.0703,0.2792, —0.1549,0.1304) .

Test Start. z° Iter. ¥ Times
1 (1,0,1,0,0.5) T 392 8.9531
2 (51,0,1,0,0.5)" 423 11.8281
3 (1,20,1,0,0.5)7 429 10.2656
4 (1,0,31,0,0.5)T 420 10.4219
5  (1,0,1,100,25)7 386 9.4375

Bang 3.1: S6 budc lap(Tter.) va thdi gian chay may (Times) véi cAc diém xuét phét khac nhau (Start.)

20,

Test & Vi Tk ay Iter. Times
Uobrgty gmin{SHEL 014l iy 392 8953l
b 2 . [1-1L% 1 1
2 b+ T5h4100 5 min 2 0.1+ T0RF s Gy 386 19.5156
b 1. [1-6 L% 1 1
4 bty Fwin{SHEL 0014 gl mhy 389 10,0625
5 b+t Zmindi=GLEL 14 1 1 387  9.6875
+ 55410 25 ININ 2 1+ or1s 20k+100 .

Béng 3.2: S6 budc lap (Iter.) va thoi gian chay mdy (Times) v6i cac tham s6 khac nhau,

51 g = lzvlre - 1 ipd L /v
vli a = —5 7b_100mm{LFM/LF

N B
VAT = 45
Lg

——
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20 yjb@iﬁjﬁﬁr: T T T T
Ry, —#— IPCEA
sl
N O RPA
1 By, —*—RLPA
5 R 1
N
N
)
6%

The value of I‘k
=)

............

s

0 20 40 60 80 100 120
lter. k

Hinh 3.2: Biéu dién ctia sai s6 {I'y} v6i diém xuét phéat 2° = (1,0,1,0,0.5) .

do sai s6 buéc lap thi k cta thuat toan (RLPA) va (RPA), va st dung
[y, = ||uf — He[u* — xx F(u?)]| dé do sai s6 bude 1ap thit & cho thuat toin
(IPCEA). Cac két qua duge cho trong Hinh 3.2.

Thit nghiém 3. Ta tinh toan trong khong gian Hilbert vo han chiéu
H = L?[0, 1] v6i tich vo huéng

(x,y) = /x(t)y(t)dt, Vx,y € H,

va chuan
1

|z|| = /xQ(t)dt, Vo € H.
0

Rang budoc C' va anh xa gid F' dinh nghia trong (3.27) va (3.28). Ta so
sanh thuat toan (RLPA) v6i hai thuat toan (IPCEA) va (RPA) véi cac
diém xudt phat khac nhau 2°. Két qua tinh toan so sanh dugc trinh bay
trong Bang 3.3.

Tu két qua thit nghiém tinh toan dugce cho béi Hinh 3.1 va cac Bang 3.1,
Bang 3.2, két qua so sanh trong Bang 3.3 va Hinh 3.2 ctia thuat toan chiéu
néi long (RLPA) véi hai thuat toan: Thuat toan dao ham ting cuong két
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20 = 2cost 20 = 3sint 20 =33 4+ 2t 20 = 2e! + ¢
Algorithm T, Times T, Times T, Times Iy, Times
(IPCEA) 4.9e-10 306.2 7.3e-10 2959 1.8e-14 2553 0.6e-9 416.2
(RPA) 2.5e-13 197.6 2.5e-14 209.2 7.3e-15 177.1 9.1e-10 308.1

(RLPA) 7.2e-15 1459 8.9e-15 199.3 4.0e-17 984 8.3e-12 205.1

Béang 3.3: Két qud so sanh v6i xuat phat diém kh&c nhau trong khong gian L2[0, 1].

hop chiéu co quan tinh (IPCEA) va thuat toan chiéu chinh quy (RPA),

ta ¢6 cac nhan xét nhu sau:
- T6c do hoi tu cua thuat toan (RLPA) la rat nhay véi cdc day tham
5O {&k}, {w}, {7} va {au};

- Thoi gian chay may (gidy) va s6 budc 1ap cua thuat toan (RLPA) nho
hon cac thuat toan (IPCEA) va (RPA) khi giai Bai toan 3.1.

3.2 Phuong phap chiéu co

3.2.1 Thuat toan (PCA)
Ta xét bai toan bat dang thic bién phan trén tap diém bat dong

BVI(C, F,G), nhu sau:
Timz* € Sol(C, F'), sao cho (G(z*),z — x*) > 0, Vo € Sol(C, F'), (3.29)

& day, anh xa gia F': C' — R" sao cho F(x) = Qx + ¢, ma tran @) € R™"
13 ma tran phan déi xing, ¢ € R" 1a mot véc to, dudc chon sao cho F 1a

gid don diéu va mién rang buoc C duge cho nhu sau
C={xeR": Az > b},
trong d6, A € R™*" la mot ma tran va véc to b € R™. Anh xa giaG:C —
R” thoid man cic diéu kién sau:
(C1) G don dieu manh véi he s6 8 > 0,
(G(x) = Gy),z —y) = Bllz —y|*, Yo,y € C;
(C3) G lién tuc Lipschitz v6i hé s6 L > 0,

IG(z) = Gl <Lllz —yl, Yo,yel.
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Thuat toan 3.2. (Thuat todn chiéu co (PCA))
Budc 1. Cho 2° € C,n > 0 va

(—1- V11— u(28 — pl?)

L L++/12—82) _or 2,72
{ 1> max {—671(62), [ 7;2 & ), 2 1(%)3(25 e=s )} 3 (3.30)
JUBS <0a %) , O € <Oa 2#522;>72&k20072&]%<00'
\ : k=0 k=0
Buée 2. (k=0,1,...) Tinh y*
1
F— argmz’n{?@x,x) + {(q,z) + ng — NPz e C’} : (3.31)

2 =TI, [yk _ uakG(yk)} .
Budc 3. Dat k .=k + 1, quay lai Budc 2.
Chu y 3.1. Trong cong thic (3.31), ta da s dung ky thuat phan tich DC
[10] dé tinh todn cho y*, nhu sau:

o —anganin {§(Qo.) + (g.0) + Do — P s € O
1
=argmin {§(Qx,az> + {(q,z) + g (|z]1? = 2(z", z) + ||2*|]?) 2z € C’}
1
—arguin { 3((Q + e, ) + (0.5) ~ nleta) + 2P e O

—argin { 2((Q + 0)a,2) + .5) +dcfe) - [nfeta =) + Tat ] |
—argmin {g(z) — [(wk, z— )+ h(azk)] } ,

§ day wh € Oh(zY), g(z) = H(Q+nT)z,2)+{z,q) +5c(w), hlz) = nllz|?,
I € R™™ la ma tran don vi, n # 0 van > —71(Q). Méi lan tinh todn cho
y* trong (3.31), chiing ta thuc hién mot lan bai todn phu bing thudt todn
DC.

3.2.2 Dinh Iy hoi tu

Dinh 1y sau chi ra sy hoi tu cuia Thuat toan 3.2.
Dinh 1y 3.2. Gid su cic ham gid F, G thod man cdc gid thiét (C1), (Cy),
cic day {z*} va {y*} trong Thudt todn 3.2 hoi tu manh tdi nghiém duy
nhat x* cia bai toan BVI(C, F,Q).
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Chitng minh. Chiing ta ching minh titng budc theo cic khang dinh sau
Khang dinh 1. ta c6

ly* = 2*|* < fla® — 272 = ly" — 2.

That vay, néu n > —271(Q) > 0 thi bai todn quy hoach toan phuong
(3.31) 14 16i manh, khi d6 nghiém duy nhit y* thod man bat dang thic

bién phan don diéu manh sau
(Qv* +q+ny* —na*,x—y*) >0, Vo eC. (3.32)

Gia st z* 1a nghiém duy nhat ctia bai toén (3.29) thi (Qz*+q, y—x*) > 0 v6i
moi y € C va G 1a gia don digu trén C, do y* € C, nén (Qy*+q,y*—z*) > 0.
Thay = bdi z* € C' & cong thitc (3.32), ta co

n(y" — 2" y" — ") <(QyF + ¢, " — ¢F)
<0

két hop v6i hing ding thiic
1 n
(a,0) = S(lall* + [BI* = lla = b]%),  Va,b € R",
ta dudc
* 7 * *
n(y" — a2yt —at) = §(Hyk — M|+ " = 2P~ [t = 2)?) < 0.
T gid thiét n > 0, ta c6
Iy —a*|? < fla* =271 = |ly* — 2"
Khdng dinh 2. (xem [53]) Cho 4nh xa S, : C' — R” nhu sau
Sp(z) == 2 — popG(z), Vr e C,
khi do6, Si 1a anh xa co

1Sk(x) =Sk < (1 = rag)ljz —yll, v,y e C,

v6i hing s6 7:= 1 — /1 — (28 — ul?).
That vay, vi G la f—don diéu manh L-lién tuc Lipschitz C' va phép

2 . N 2uB—27 R )
chiéu II¢ khong gian va oy € (O, Mé‘L2_72), nén ta cod

1Sk(y) = Si(@)I* =[ly — parxG(y) — 2 + peyG(2)||*
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=|ly — z||* — 2par(G(z) — G(y),z — y)
+ pPap||G(z) — G(y)||”
<(1 - 2B + PadL3)ly — o, Va,yeC
<(1—7oy)?|lz — |~

Vi vay, ||Sk(x) — Se(w)|| < (1 — Tag)||z — y|| v6i moi z,y € C.
Khang dinh 3.

2
[ = 2" < (1= 7o) [llo —2* = [ly* = 2*|"] + == (|G,

That vay, do Il¢ 1a anh xa khong gian két hgp véi Khang dinh 2 va bat

ding thitc tam giac, ta c6

|25 — 2" = |[Tely* — parG(y")] — 27|
= |ely" — parG(y")] — e (a)|
< [I1Sk(y") = Sk(a") — parG(a)] (3.33)
< I8k(y") = S(@")l + pewl|G ()]
< (1= Tan)lly” = 2"|| + par]| G, (3-34)

két hop diéu nay v6i Khang dinh 1, ta suy ra
™ = 2|2 <[(1 = rar) 9" — & + po|| G|
k * M * 2
= |1 = ran)ly* = %l + rax (ZlGEN)]
2
* ar *
<(1 —rap)lly* = 2*[* + — G’
2
* app *
<(1—7ay) [llz" — 2> = [ly* — "] + — G

Khdng dinh 4. Néu ton tai gidi han A = klim |z* — 2*]|* < oo, thi ta c6
—00
cac diéu sau:
(da) Tim [l — 4] =
k—o00
(4b) C4 hai day {z*} va {y*} hoi tu dén z € Sol(C, F).
That vay, tit Khang dinh 3, suy ra

2
agp
T

ly* = 2*|* < fla* — 2™ = [|l2" = 2"|* +

[elCanllie




73

oo

st dung gia thiét >~ a2 < cova A = lim ||z —2%||? < oo, ta c¢6 lim ay =
k=0 k—o00 k—00

0, suy ra

lim ||z — *|| = 0.

ko0
Tt (3.32), y* 14 nghiém duy nhat ctia bai toan bat dang thitc bién phan véi
anh xa gia: v — (Q +nl)x +q —na®, 6 day, I 13 ma tran don vi. Vay 3"
la diém bat dong duy nhat ctia phép chiéu e {z — %[(Q-l—n[)x—l—q —na*}.
T gia thiét n > 0 van > —71(Q) v6i moi k > 0, ta ¢

y* =T¢ {y’“ - % [(Q +nD)y* + ¢ — na"] } - (3.35)

T (3.35), suy ra
1

Hyk—i—l . yk“ :HHC {yk+1 . 5

e {yk_%[(QMI)yk*q_”xk}} |

[(Q + 0Dy + g — na"*] }

1
SHyk“ — [(Q+nD)y™* + g — na* ] — o (3.36)

1
1@ +nl)y" +q —na] H
Q
< By gt -t (3.37)
Nhu vay
Iy =¥ < — il = 2. (3.38)
HQH
St dung Khdng dinh 2, z* € C va 2"t = Moy — papGyF)], ta 6

o = Mo (%) va

|2t — 2 = [[lely" — parG(y")] — e (")
< |ly* = nanG(y") — o
< |ly* = 2" + parl| G(y")]-
Lay gi6i han khi & — oo, sit dung tinh bi chin ctia {y*} va (4a), suy ra

lim [|z"*! — 2| = 0.
k—00

Tit (3.38), ta co
lim [y —¢*]| = 0.
k—o00
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Két hop v6i (3.35) va tinh khong gian cta I¢,

y* —Tle [yk - %(Qy’“ + q)] ‘

= ||TIc {yk - % [(Q+nD)y" +q— Wﬂ} —lle [yk a %(ka i q)] H

1 1
<|ly" - ; [(Q+nD)y" +q—na"] —y" + E(ka + Q)H
=[ly* — *|. (3.39)

Tir lim |y* — 2% = 0 va (3.39), suy ra
—00

lim Hy’“ —Hely* — %(Qy’“ - q)]H = 0.

k—o00

V6i mdi € > 0, ton tai s6 tu nhién ky € N* := {1,2, ...} sao cho
T Bb dé 1.8, ton tai so6 [ > 0 sao cho

1
y' =Tl [y’“ - E(ka + Q)] H . Yk > ky

<lfly" — 2|

1
y* — T [yk - E(ka + Q)] H <e, Vk> k.

d(y*, Sol(C, F)) <l

—0 as k — oo,

bat dang thic cubi ciing dugce suy ra tit (3.39). Do Sol(C, F) 1a tap déng,
khac réng nén ton tai zF € Sol(C, F) sao cho d(y*, Sol(C, F)) = ||y* — 2*]|.
Suy ra klim |y* — 2*|| = 0. Stt dung (3.37), ta c6

— 00

e e e [ [ T N A
1<
S A R e A B et B
—0 as k£ — oo,
vi cac day {y*} va {z*} bi chan, nén lim ||y* — 2| = lim [|y* — 2| =0
k—o0 k—o00
va klim |z**+! — 2%|] = 0. Do F gia don diéu, nén tap nghiém Sol(C, F') 13
—00

tap doéng va 16i, va c6 duy nhat mot thanh phan lién thong. Theo Bo dé

k1

1.9 va lim ||z 28| = 0, ton tai ko va hing sb ¢ sao cho
k—o00

e Sol(C, F) va f(2F) = ¢, Yk > ky, (3.40)
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§ day, ham s6 f cho trong muc (1.2). Stt dung kh_{lglo |y* — 2F| = k11_>rrolo 3" —
ZF|| = 0 va (3.40), ta c6 s6 thuc f. 1a cuc tiéu ctia bai todn min{f(z) : x €
C'} sao cho kh_)rgo f(2*) = f,. Tit su hoi tu cta {z*}, ton tai z € Sol(C, F)
va kh—>120 |z* — Z|| = 0. Khi do6, cac day {z*} va {y*} cling hoi tu vé& 7 €
Sol(C, F).

Khang dinh 5. Day {z*} va {y*} hoi tu vé nghiém duy nhat z* clia bai
toan BVI(C, F,G).

That vay, ta xét hai truong hgp sau:

Truong hop 5a. Ton tai s6 ko € N sao cho day {||«" —2*||*}32, 1a khong
tang, khi d6 ton tai gii han klgg@ |2% — 2*||> = A < +oo. Tt Budc 4, ta
co kh—{?o |z* — v*|| = 0, {2*} va {¢*} hoi tu vé z € Sol(C, F), khi dé,

lim (y* — 2%, G(y")) = lim [(y* — 2*, G(") — G(z*)) + (v* — 2%, G(z*))]

fe—s 00 k—o00
> lim [Blly" — o*|* + (" — 2%, G(a"))]
=BA+ lim (y* — 2", G(2"))
>34
~0. (3.41)

Dé chi ra sy mau thuin, ta gia st A > 0, va chon € = %BA. Tu (3.41), ton

tai sO k; > ko sao cho
(y" — 2", G(y")) > BA—e = BA - %BA = %@4 > 0,
luén ding v6i moi k£ > k. Khi do,
2" — 2|2 =|[Te(y" — parG(y*)) — o)
<|ly" — nayG(y") — 2*|*
=ly" = 2"|* = 200(G(y"), y* — &) + PP | G(y")I?
<|ly" = 2*|* = porBA + afM
<l — | — ponBA + a2,
6 day M := sup{p?[|GM)||?: k= 0,1,...} < oo va bit dang thic cudi
cing dugc suy ra tit Khang dinh 4. Nhu vay,

2"+ — 2| < [|lo* — 2| — peuSA+ af M, VE > k.
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Vay suy ra

k k
e+ — 2P b — a4+ pBAY < MY o
j=ki i=k

o0 o0
Lay gi6i han hai vé khi k — oo va st dung > af < oo,tacod Y, aj < oo,
k=k; k=,
(0.9
Diéu nay mau thuin véi gia thiét > ap = oo clia diéu kién (3.30). Nhu
k=1
vay ta c6 A =0, 2% — 2* and y* — 2*.
Truong hop 5b. Gid st khong ton tai s6 kg € N sao cho day
{||=% — 2*||?}72,, 1a khong tang. Dat ay, = |z* — 2*||2. Ta chon day con ctia
day khong am {a;,} theo Bo dé 1.10 nhu sau:

Diat 7(k) =max{i e N:i < k,a; < a;1}.
Khi d6,

klim T(k) = 00, T(k) < T(k—l—l), Az (k) < Qr(k)+15 0<ar < Qr(k)+15 VE > k.
—00

(3.42)
Dung Khang dinh 3, ta c6

2
§ N 095y *
ot = 2 <1 = 7o) [l* = 2** = ly* — 2MP] + ——[G(")IP

p2IG )|

<(1 —7ap)||z* = =*|* + T = (3.43)
2 G(x* 2
T

<.
2 G(x* 2
e o - E1CEEY,
T
Vi vay, day {z*} bi chan. T {a,()} 1a diy khong gidm, tit tinh bi chin
ctia day {z*}, ton tai gi6i han
B = lim a4 < +00,
Jim acgy < +00

két hop didu nay véi (3.42), Khang dinh 1 va (3.43), ta c6

Ar(k) <07 (k)+1
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T * Tk’
< [1=rap] Ily™® - a*|? + 2= HG( 9|2

Qr(k :u "
<1 =Ty arg + L 1G(z")]%. (3.44)

Lay gidi han hai vé khi & — oo va ti klim o) = 0, ta c6
— 00

hm ly™™ — z*||> = B.

Tit Khang dinh 4, ta lai c6 Jim |27®) — 4 ®)|| = 0 va cac day con {z7*)},
{y"®)} ciing hoi tu vé & € Sol(C, F). Tit (3.33) va Khéng dinh 2, ta c6
2" — 22 <[|Sk(y*) — Sk(2") — peuG ()|
=[Se(y") = Si(a)? — 2paun(G ("), Sk(y*) — Sk(z"))
+ ]| G ()|
<(1 = 7rag)lly" — 2*|* + P |G ()|
— 20y, <G( Y — 1t — pog[G YY) — G(CC*)D
<(1 = 7ray)||z® — 2P + pPad |G (=)
— 2p0, (G(2%), ¥ — 2" — por|G(y*) — G(a")]) .
Do do,

Or(k) SOr(k)+1
(1= 7o) ar(ry + 12l |G () |1?
— 2p0, 1) (G ("), ™) — 2 — pa i [Gy™™) = G(z7)]).

Suy ra

Targy < —20(G ("), y™ W =2 — pav, 4y [G(y™ ) = G(2")]) + P e, 1y | G () ||

Luu ¥ rang

lim (G (2%), g™ = 2* = por [Gy™™) = Ga")]) = (G(a"), & —a7) 2 0
—00

v6i & € Sol(C, F). Chuyén qua gidi han hai vé khi k — oo, ta c6

li = 0.
fi ariy =0

Tt (3.44) va ar < ar ()41 v6i moi k, ta c

lim a = lim a; = 0.
k—o0 7(k)+1 k—o00
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Vi vay, cac day {z*}, {y*} cling hi tu vé nghiém duy nhét z* clia bai toan
BVI(C, F,G).
[]

3.2.3 Sai s6 tinh toan

Trong muc nay, chiing toi trinh bay veé sai s6 tinh toan ctia Thuat toan
3.2, ap dung giai bai toan BV I(C, F,G). Tai buéc lip tha k£ > 0, ti thuat

toan ta tinh dugc cac phan ti v* va 2! gid st

1
y" — argmin {§<Qx,x> + {(q,x) + ng —a2MPia e C}H <€, (3.45)
kaH —Tlc[y* - ,uosz(yk)]H <e, (3.46)

sai s6 € thuong phu thudc vado hé thong may tinh ciia ching to6i. Khi tinh
toan trén may tinh, cac day {z*} vd {y*} chua han da hoi tu vé nghiém
r* clia bai todn BVI(C,F,G). V6i méi v > 0, phan ti z* tao ra bdi
Thuat toan 3.2 dugc goi 1a v—nghiém cua bai toan BVI(C, F,G) néu

k1

|« z¥|| < v. Vi thé, v6i mdi s6 x > 0, ta dinh nghia tap Sol, 1a tap

tat ca cac y—nghiém cua bai toan BVI(C, F,G),

Sol, = {z € O : ||a" — 2¥|| < x}.

T = argmin {3(Qz, z) + (¢, z) + ||lv — 2*||? : z € C},
= Telgh — panG(5")).
Gia st rang ton tai o > 0 va § > 0 sao cho
C C B(z%,0),(G(C),C) := {{G(x),y) : v,y € C} € B(0,0).
Chon céac hé s6 thod man diéu kien (3.30) va

0<e<é€e®>duod+ (1 +1)2,
MO, ( ) (3.47)

L 2 271(Q)o?
I, = 77+ng(@) + 77+12(71)(Q) —dpapd — (1 +7)% —2e(1 + 7)o,

Chi §, lim, 0 I = € — 4pagd — €2(1 + 7)% > 0, khi d6 ton tai cic he s6
thod man (3.47).
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Dinh 1y 3.3. Gid st rang
(i) Sol(C, F) # 0;

(ii) 2uayd < €2, dieu kién (3.30) va (3.47), va cdc gid thiét Cy — Co dugc
thod man. Chon s6 duong K sao cho

402.

r,’

K>
(iii) day {x*} va {y*} thu duoc tu cdc cong thiic (3.2)-(3.46).
Khi dé, ton tai mot so6 ty nhién j € [0, K| sao cho
(a) |27 — || < 2¢
(b) ||z* —y*|| > 26, VE=0,1,....5—1;
(c) 2/ € Sol,, ¢ day e := 2€ + 3e.
Chitng minh. V6i moi k > 0, dat
= Te[y* — ponF(yh).
T Khing dinh 2 cia Dinh 1y 3.2, ta c6
|25 = 2 < 7l — ot < e,
két hop véi (3.46), ta co
25+ = | < [l = 2| 4 |F - L < (14 7). (3.48)
Thay = béi * € C trong (3.32) va ap dung véi y* := 3" € C, ta c6
QU — %), 2" = §) +(Qu* + ¢, 2" — §°) + (g — 2", 2" — ") > 0,
va do do
(Q+nD)(@" —a*),2" —§*) +llg" — 2" +n(g" — 2% 2" —§*) > 0.

Chu ¥ rang (Q + nl) 1a ma tran xac dinh duong véi n > —27(Q), {(Q +
nl)xz,z) > \||z||? v6i moi x € R™. D& thay, A\ = n + 71(Q), két hop diéu
nay véi hing ding thic

1
(.0 = 5 (la+ 02 = ol = ), YabeR",  (3.49)
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ta co

200 = Ng" = "I +n (|l = 27| = 15" = 2" = |5 = 2"|%) > 0.

Do do,
5" = a"|? < g llat — | = Il — P
Ui k |2 Ui ~k k2
="~ || — ————|ly — x|
rren@ ! T ng
Vi vay
~k x(|12 Ui k * (12 n k ~k112
|| ———|" || —————||T" — :
A s e relL s e LAl

Ngugc lai, tu tinh khong gian cua Ile,

e (z) = e(y) | < (He(z) - Tely), = —y),

véi moi x,y € R", ta ¢6

125! —2*|]* =[Tely* — parG(§")] - Me (=)

< (Me[§* — perG(G")] = To(a”), 3 — porG(§") — 2*)
— <§jk+1 . x*’ (yAk . ) MOékG(gk»
=<£k+1—x*,§k—x*>—uak< ( k .I'>

1 . 1. . N «
Sl =P+ ST = 2 = pew <G(y’“),:r:k+1 — "),

Do do,
ka+1 I*HQ < Hgk . I*H2 . Q,UO% <G(:gk)’§;k+1 . I*> _
Vi cac phan ti 2%, ¥, 2! thuoc tap C C B(z*, o) nén

I35 — %2 <[1§" = 7| = 2pan(G (G, & - 27)

n k ) Ui ko ~ky2

S—— v —27||" — ————||" —
NESAOL L

— 2ua(G(g"), 24— 2¥)

—271(Q) n .
k ) 1 k %112 k k2

=|z" — 2*||* + —||2" — 2"||" — ———||2" —

ot =P+ et = P = g et = i

+ 2ua (G(§"), a* — M)
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—2711(Q)o? B Ul ko ok

n+2711(Q) 77+271(Q)Hx A

+ 2uay, [(G(GY), )| + (G (5"), 2]
—271(Q)0o? n

<||z* — z*)* + — a2 — 3P| + dpayd.
T e T

Két hop diéu nay va (3.48), ta ¢

<[lz* = 2"|* +

H$k+1 o x*HQ Ska+1 o .ftk+1H2 + 2ka+1 . @lH—l””le—l . x*H + Hilﬁ_l o x*HQ

§62(1 + 7)2 +2¢(1+ 7)o+ Hi’”l — x*H?

—271(Q)o? n .
<||lz* — z*||? + — o8 — %N + dpayd
f I N+ 21(0) 77JFQTI(Q)H gol1" + 4p
+ (14 7)% + 2¢(1 + 7)o (3.50)

Gia stt phan ching rang
2% — || > 26, VkE=0,1,.., K.
Tu (3.47), ta co
e<2€—e<|lz" —y"| = 17" =yl < 15" - 2"
Khi d6, tu (3.50) suy ra

—2711(Q)o? ne>

k+1 * (12 k *(|12
T —x <l||lz" —x + —
H "<l | n+2n(Q) n+2n(Q)

+ dpogd + (14 7)?

+2¢(1+ 7)o
=||lz* — z*||> - T, (3.51)

Néu nhu 2 € C' C B(z*,0), tit (3.51) ta dugc

10 > (||a° — 2| + [|=" = 2*])"

>([la” = 2| + [l2" = 2" ) ([l2” — 27| = [l2" —27]))
=la” — 2*[|* — [|l=" — 2"
K-1
:Z (ka . :L,*HQ . ||33k+1 . I*HZ)
k=0
>KTI'

n-
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Suy ra K < %, trai voi gia st (44). Vi thé, ton tai s6 ty nhién j € [0, K]
sao cho cac khang dinh (a) v (b) 1a ding. Bing cach chiing minh tuong
tu nhu Khang dinh 1, ta c6
:uaj<G(Qj)7'%j+1 _ LU> < <gj _ '@j+17§7j+1 - .27>, Vo e C.

Thay thé z := ¢/ € C, ta c6

T (3.45) va (a), ta c6
157 = 27| < (177 — 97| + Iy’ — 27| < e+ 26,
va tu do
I/ — 27| <[la7 — 2| + |27 — 27
<[[@7 =@+ 1§ — 2|+ [[27 =2
<3e + 2€.

Vi vay, 27 1a mot e—nghiém ctia bai todn BVI(C, F,G). Khang dinh (c)
dugc ching minh.

3.2.4 Cac vi du tinh toan

Trong phan ndy, ching to6i trinh bay mot s6 vi du tinh toan cho thuat
toan (PCA), cac thit nghiem dugc 1ap trinh trén phan mém MATLAB
R2014a v6i may tinh PC, Intel(R) Core(TM) i5-7360U CPU @ 2.30GHz
8.00GB Ram. Bén canh d6, ching to6i so sanh hiéu qua cta thuat toan
(PCA) véi cac thuat toan dudi dao ham xap xi (PVSA) cia Maingé [59,
Algorithm 1] va thuat toan dao ham ting cudng (FxtrA) cia P. N. Anh
va cong sy [3, Algorithm 2.1], trong truong hgp anh xa gia F' 1a gia don
diéu.

Vi du 3.1. Ching ta zét bai toin BVI(C, F,G) trong khong gian véc to
c6 so chieun = 10, ¢ day dnh za G : R" — R" duoc lay trong Vi du 3 cia
tai lieu [81],

G(z) = (arctan(x;), arctan(zs), ..., arctan(z,)) ' + Ex + e,



&3

d day,
[2 -1 0 0 0 (1-2)
-1 2 -1 0 0 —n
=" ! 2 9 ! =272 em
0 0 0 .. 2 —1 n_q
\0 0 0 . -1 2] \ ¥ )

Cho tap C = {x € R" : a < x < b} va dnh za F : R" — R" dugc cho bdi
F(x) = Qx + q, vdi cic véc to
— (2.5,4.2,8.0,3.7,4.8,12.7,6.9,8.2,7.0,10.2)T € R",
b= (5.6,8.5,11.4,7.0,5.5,15.0,8.8,9.0,10.2,16.7) " € R",

va ma trén QQ, véc to q duoc chon ngau nhién nhu sau:

(3 1 —20 .. 0 —10) (%)
1 =5 4 0 .. 0 —7 n
2 4 6 0 .. 0 0 n
Q= _ q=1"1€eR"
0 0 00 .. 6 3 n

nxn \11)

Ta tinh dugc cac gia tri rieng nhé nhat, 16n nhat cia @ va E nhu sau:
n(Q) = —17.6513,7(Q) = 10.6287, 71(E) = 0.0810, 7(E) = 3.9190. Ta
thay, V arctan(t) = 1Ji_t2’
trén C v6i he s6 f = 0.0810 + srmmrsra—my = 0-2061. Ap dung dinh 1y
gia tri trung binh va cong thic V arctan(t) = Htg, v6i moi t € R, khi dé6

\-10 =7 0 0 .. 3 -9/

v6i moi t € R, nén G la anh xa don diéu manh

ton tai s6 thuc ¢; € (x;,y;) C (a(i),b(4)), sao cho
1
g\l‘z yil (3.52)

1+c
< 1 o = il
~ 14+ min{a?(i):i=1,2,...,n}" " 7
(3.53)

| arctan(z;) — arctan(y;)| =

Tt d6 suy ra G lien tuc Lipschitz v6i he s6 L = || E|| + 9572 = 3.9226. Ta

chon o = m, n =210, up = fz, khi d6, cAc tham s6 thod man diéu kién
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(3.30). Ta goi z**! sinh bdi thuat toan (PCA) 1a mot e—nghiém cta bai
toan BVI(C, F,G), néu ||zFtt — 2¥|| < e. Véi sai s6 € = 1073 va diém khdi
dau 2° = (3.5,5.2,9.0,4.7,5.8,13.7,7.9,9.2,8.0,11.2) 7, két qua tinh toan
dugc trinh bay trong Hinh 3.3 va Bang 3.4, Bang 3.5. Nghiém xap xi sau
138 buéc lap nhu sau,

'3 =(4.9454, 7.2573, 8.0000, 6.5383, 5.5000, 12.7000, (3.54)
8.7190, 8.2000, 7.0000, 10.2000) .

0.5 T T T T

0.45 _

0.35 [ =

—H (=25 |
W —S—xty=t?+1

\ —— U
04 F \ *{tE1(t+1) |
0.05 \R

.
W_;-w,-* |

] 5 10 15 20 25
Elapsed Time [sec]

Hinh 3.3: Sy hoi tu ciia diy {z*} trong vi du 3.1

Vidu 3.2. Ta zét bai toan BVI(C, F,G) trong khong gian R", véi dnh za
gid G nhu Vi du 3.1. Cho C = [a,b],a = (0,0,...,0)",b = (1,2,....,n)" va
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Test Prob. n (a2 No. Iter.  CPU-Times/sec
1 200 55 25 2.7031
2 200 g 27 2.9688
3 250 rin 0 24 2.7031
4 250 g 29 3.0313
5 350  gsg 40 4.4063
6 400 oy 39 3.6563
7 500 rigg 95 5.5313
8 600 7rigg 67 7.3594
9 700 g 60 5.7344
10 750 gm 80 8.2031

Bang 3.4: Vi du 3.1 vdi cac tham s khéc nhau, p = Lﬁz.

Test Prob. 1 2 3 4 ) 6 7
A 0 1 0.5 0.2 0.35 0.4 0.75
CPU-Times/sec | 19.5625 17.1719 19.5938 19.0469 19.2031 18.2500 17.8125

Béng 3.5: Vi du 3.1 v6i xuat phat diém 20 = Xa + (1 — \)b.

ma tran @), véc to q dudc chon nhu sau:

(ooo
020
000

W 00

0 )
0
0

1+ (—1)")

n+1
n+2
n+2
n—-&—?; c Rn

2n
2n+1

nxn

Khi d6, G 13 don diéu manh véi hé 6 8 = 7 (F) +% va lién tuc Lipschitz

véi hé s6 L = || B + —

14+n2-

T 7(Q) =0 va 7»(Q) = 2, ta c6 F 1a don diéu

tren R™. Két qud so sdnh thuat toan (PCA) véi hai thuat toan (ExtraA),

(PVSA) duge trinh bay trong Bang 3.6, vdi cac tham sb duge chon nhu

Sau.

- Thuat toan (PCA): n = 200, oy, =

nhu Vi du 3.1.

- Thuat toan (PVSA): © = 0,u = 1,6, = 0, A = k%l,ozk =
(3,1) vavp = £ € (0,1 —14). Nhu thong 1¢, ta chon diéu kién

3 e

V1:4

1
1542k

= % va sai s6 dugc chon

>
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S6 chigu n Iter. CPU — Time/sec
n Thust toan (PCA)  (PVSA)  (Batr) Thuat tosn (PCA)  (PVSA) (Bwtra)
12 63 27 2.7813 6.0469 15.4531
10 17 402 38 5.4063 45.3281 29.0195
15 20 435 47 7.3594 61.5000  35.7027
20 32 549 95 13.8125 83.3906 55.0176
25 57 553 89 27.8125 85.5938 66.9275
30 63 671 102 33.4844 117.3125  92.0937
35 83 709 191 44.2188 137.0625 177.0951
40 127 733 280 73.4531 164.0938 203.9951
50 181 969 401 103.0469 243.1719  339.0401
60 741 1173 738 315.8281 399.4688  502.9437

Béng 3.6: So sanh cac thuat toan (PCA), (PVSA), (ExtrA) véi diém khdi dau
20 =(1,1,...)T € CCR" vh e = 1075,

ding [|zn1 — 2| < €.

- Thuat toan (EztrA): o, = %kz + 7,6 = Wlﬁ,ﬁk — ﬁ,@k — 4]{?;5,

N 1 . . J—
Ve =1—ap — B va A\ = SEORTTI00" Suy ra limg o0 0p = limg_ o0 € =

limy oo A = limg o gy = 0 v limy_yo0 By = 1 € (0, 1]
Tt két qua so sanh tinh toan, chiing ta c6 mot sé6 nhan xét sau.

- Thuat toan (PCA) rat nhay véi cac tham sd A\, i vd g, diéu nay

dugc trinh bay trong Bang 3.4;

- Diém khéi dau 2" va tham s6 )\, anh huéng rat nhiéu dén toéc do hoi
tu ctia thuat toan (PCA), duge trinh bay trong Bang 3.4 va Bang 3.5;
- Khi s6 chiéu tang lén, ta thay ca ba thuat toin déu ting dang ké thoi
gian chay may, chang han nhu n tang tit 5 lén 60, thdi gian chay may

ctia thuat todn (PCA) tit 2.7813 tang len 315.8281 giay (Bang 3.6);

- Trong tat ca céc thit nghiém, ta thiy thuat toan (PCA) déu nhanh
hon (PVSA) [59, Thuat toan 1] va ExtrA [3, Thuat toan 2.1].
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Két luan Chuong 3

Trong Chuong 3, cac két qua chinh dat dugc nhu sau:

e Xay dung thuat toan chiéu néi long (RLPA) thong qua phuong phap
nghién cttu anh xa nghiém dé giai bai toan bat dang thic bién phan
v6i anh xa gia G trén giao tap diém bat dong ctia mot anh xa = va

tap nghiém clia bai toin bat dang thic bién phan véi anh xa gia F.

e Dé xuat thuat toan chiéu co méi (PCA), dé giai bai toan bat dang thiic
bién phan trén tap diém bat dong clia 4nh xa nghiem BVI(C, F,QG).
Céac dinh 1y hoi tu dugde chi ra. Thuat toan ndy dugc viét dya trén ky
thuat phan tich DC va phép chiéu trén mién rang buoc C. Cac két

qua hoi tu va tinh toan thyc nghiém dugc xét trong khong gian R”.

e Lay cac vi du s6 cho cac thuat toan (RLPA), (PCA), va so sanh higu
qud véi cac thuat toan da c6 khac, két qua duge trinh bay trong cac

Hinh 3.2, Bang 3.3 va Bang 3.6.



&8

Két luan

Luan an tap trung nghién ctu cdc phuong phap gidi bai toan bat
dang thic bién phan trén tap diém bat dong, cac thuat toan giai mdéi dugc
nghién citu dya trén phuong phap lip, phuong phap chiéu, kj thuat quan
tinh, nguyén 1y bai todn phu va cac k§y thuat trong Ly thuyét t6i vu.

1. Két qua dat dugc ctia luan an

(i) Thuat todn lai ghép co quén tinh (HICA) dugc chiing toi phat trién
tir ky thuat lap ciia Yamada, I. [83], két hop véi ky thuat quén tinh
dé giai bai toan VIF(Q, F), 6 day mién rang buoc 1 tap diem bat
dong ctia ho ctia ho vé han cac anh xa ntta co. Uu diém cua thuat
toan 13 chi st dung phuong phap tinh toan xap xi, khong st dung
phép chiéu, gép phan tang toc do giai s6 trén may tinh. Két qua cua

thuat toan da dugc cong bd trong cong trinh [CT1].

(ii) Thuat toan xap xi song song quan tinh (PIPA) dugc xay dung ti ky
thuat quan tinh va tinh todn song song, dé giai bai todn VIF(Q, F),
v6i anh xa gia I’ don diéu manh va lién tuc Lipschitz, mién rang budc
Q) 13 tap diém bat dong ctia m cac anh xa nia co. Ching t6i da ap
dung thuat toan (PIPA) vao md hinh xit Iy 4nh, dé phuc hdi cac bitc
anh da bi lam md béi kieu Gaussian hodc kiéu Motion. Khi dé, chiing
toi da chi ra wu diém ctia thuat toan nay khi tinh toan so sanh véi mot
s6 thuat toan phuc hoi 4nh khéc. Két qua cua thuat toan nay dudc

cong bo trong [CT3].

(iii) Thuat toan néi 16ng (RLPA) dugc xay dung dya trén sy két hgp cia
phép chiéu tryc tiép lén mién rang budc C' va phép chiéu néi long trén

mot nita khong gian. Trong thuat toan nay, ching t6i da ap dung tim
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nghiém cho bai toin bat ding thic bién phan trén giao clia tap diem
bat dong ctia mot anh xa va tap nghiém ciia bat dang thic bién phan

khac. Két qua nay dugce cong b trong [CT4].

(iv) Xét bai todn bat dang thtc bién phan trén tap diém bat dong cla
dnh xa nghiem BV I(C, F,G), ching t6i xay dung thuat toan chiéu co
(PCA) tut phép chiéu tryc tiép lén tap C' va mot bai toan phu stt dung
k§ thuat phan tich DC. Sy hoi tu clia cac day lip t6i mot nghiém toi
uu da dugce chi ra. Tinh hitu hiéu cua thuat toan duge tinh toan thong
qua cac vi du s6 va cac két qud so sanh véi cac thuat toan khac. Su
hoi tu va két qua tinh toan cta thuat toan (PCA) dugce cong bd trong
[CT2].

2. Mot sb6 huéng nghién ciu tiép theo
Bén canh nhitng két qua da dat dugc trong luan an, ching téi c6 thé

nghién ctu theo cac hudng tiép theo nhu sau:

e Nghién citu cac thuat toan giai cho bai toan bat dang thic bién phan
trén tap diem bat dong, nham cai thién toc do ciing nhu thoi gian tinh
toan bang cach két hop cac phuong phap lip Mann, lip Halpern, ki

thuat tinh toan song song,. ..

e Danh gié sai s6 va toc do hoi tu clia mot s6 thuat toan duge dé xuat

trong luan 4n, cach chon bo tham sé dé c6 dugc sy hoi tu tot hon.

e Nghién ctiu cac thuat toAn mdi nhim giam nhe cac diéu kién dat len
cac anh xa gia, dong thoi gidm bdt cac phép chiéu trong mdi buéce lap
cua thuat toan.

e M4 rong giai bai toan bat ding thic bién phan hai cap thanh cac bai

toan nhiéu cap hon ho#ic mién rang buoc phic tap hon.
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Danh muc cong trinh c6 lién quan
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