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1.OI CAM ON

Luén 4n dugdc hoan thanh duéi su huéng din ctia GS. TS Cung Thé Anh va
TS Tran Vin Béng. Cac thay da din dit tac gid 1am quen v6i nghién citu khoa
hoc tit khi tac gid con 14 hoc vién cao hoc. Ngoai nhitng chi din vé mit khoa
hoc, su déng vién va 10ng tin tudng cta cac thiy danh cho tac gia ludn 1a dong
luc 16n gitp tac gia tu tin va say mé trong nghién cttu. Qua day tac gia xin bay
t6 1ong biét on siu sic dbi véi cac thay.

Téc gia cfing xin dudc bay té 10ng biét on dén cac thiy cb va cc thanh vién
cta Seminar Giai tich, Khoa Toan, trudng DHSP Ha Noi 2; Seminar B mén
Giai tich, Khoa Toan - Tin, truong DHSP Ha No6i da tao mot moi trudng hoc tap
va nghién cttu thuén 1¢i gitp tac gia hoan thanh luin an nay. Tai day tac gia da
nhan dugdc nhiéu chi din, gdp ¥ ciing nhu mét médi trudng khoa hoc sbi ndi va
than thién, diéu khong thé thiéu trong qua trinh nghién cttu, hoan thanh luin
an cua tac gia.

Tac gia xin dudc bay té 1ong biét on dén Ban Gidm hiéu trusng bai hoc
Hung Vuong, cic anh chi em dong nghiép cong tic tai B6 moén Toan, Khoa
Khoa hoc Tu nhién, trudng Pai hoc Hung Vuong di tao diéu kién thuén 1gi cho

tac gia trong qua trinh hoc tap va nghién ctu.

Loi cam on sau cung, tac gia xin danh cho gia dinh, nhitng nguoi than da
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luén & bén, déng vién, chia sé dé tac gia hoan thanh luin an nay.
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MOT SO Ki HIEU THUGNG DUNG TRONG LUAN AN

Y1
D(A,)
wh2(Q)

(W)
SHRM)

STY(RM)
So()

khéng gian vecto thuc N chiéu;

khong gian cac ham kha vi v han c6 gia compact trong £;
chudn Euclide ctia x trong khong gian RY;
tich dbi ngiu gitta H va H*;

tich v6 huéng trong khong gian Hilbert H;
hoi tu yéu;

hoi tu *-yéu;

hoi tu manh;

phép nhting lién tuc;

phép nhlng compact;

hau khip noi;

ma tran Hessian;

vecto gradient;

ham déc trung cia mién w;

N
todn tit suy bién manh A; := >} 9, (479, );
i=1

gi4 tri riéng d4u tién clia toan t& —A, vé6i diéu kién bién Dirichles
thuin nhét;

mién x4c dinh cta todn t& —A, v6i diéu kién bién Dirichlet thulr
nhét;

khong gian Sobolev c6 trong ding dé nghién ctiu bai toan trong
Chuong 2;

khong gian d6i ngiu ctia khéng gian Vi/}\’z(ﬂ);

khéng gian Sobolev 6 trong diing dé nghién cttu bai toan trong
Chuong 3;

khong gian dbi ngdu ctia khong gian S'(RV);

khong gian Sobolev c6 trong diing dé nghién cttu bai toan trong

Chuong 3, Chuong 4.



MG DAU
1. Lich st vin dé va li do chon dé tai

Nhiéu qua trinh trong tu nhién, khoa hoc, cong nghé va ki thuat din dén
viéc nghién ctiu cac 16p phuong trinh parabolic, nhu cac qué trinh truyén nhiét,
qué trinh khuéch tan, cdc mo hinh trong sinh thai hoc quin thé,. .. Vi viy, viéc
nghién cttu nhitng 16p phuong trinh nay cé y nghia quan trong trong khoa hoc
va cong nghé. Chinh vi vdy né da va dang thu hit dude su quan tdm ctia nhiéu
nha khoa hoc trén thé gi6i. Mot trong nhitng huéng tiép can dé 1a nghién ctiu
dang diéu tiém cén ctia nghiém khi thoi gian ra v6 cling vi né cho phép ta hiéu
va du doan xu thé phat trién cta hé dong luc trong tuong lai, tit d6 ta 6 thé
c6 nhitng diéu chinh thich hop d€ dat dudc két qua mong mubn. Bén canh d6
viéc nghién citu tinh diéu khién dudc cta cac 16p phuong trinh parabolic ciing
6 ¥ nghia rit quan trong vi duéi tac dong cac 16p ham diéu khién chip nhan
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dudc bai toan co thé diéu khién dudc ve cac vi tri mong muon.

Trong nhitng nim gan d4y, su ton tai va cac tinh chit dinh tinh cia nghiém,
néi riéng 13 dang diéu tiém cén va tinh diéu khién duge di dude nghién citu
cho nhiéu 16p phuong trinh parabolic. Ching han, 16p phuong trinh parabolic
nta tuyén tinh trong truéng hop khong suy bién hodc suy bién yéu dudc nghién
cttu béi nhiéu tic gid trong ca mién bi chin va khoéng bi chin (xem [18, 21,
22|, 28| 55, 59, 60, [69]]). Cho dén nay, cac két qua vé 1i thuyét tap hut, i thuyét
diéu khién dbi v6i 16p phuong trinh parabolic khéng suy bién rit phong pht
va kha hoan thién. Tuy nhién, cic két qua tuong ting trong trudng hop phuong
trinh parabolic suy bién manh chua c¢6 nhiéu. Khi xét trusng hop nay do tinh
suy bién manh ctia hé di lam xuit hién nhitng khé khin 16n vé mit toan hoc.
Chéng han, bai toan thiéu cac dinh li nhing can thiét, thiéu cic két qua cin
thiét vé tinh chinh quy nghiém, thiéu cac két qua vé nguyén i cuc tri, thiéu cac
wéc lugng kiéu Carleman cin thiét,... Do d6 bai toan doi hdi phai cé nhitng y

tuwdng tiép cAn mébi. Cac phuong trinh parabolic suy bién manh xuit hién mét



cach tu nhién trong vat li, héa hoc, sinh hoc,... Hién nay, viéc nghién ctu cac
16p phuong trinh parabolic suy bién manh vé dang diéu tiém c4n nghiém va
bai toan diéu khién dudc dang 12 vin dé mé, c6 nhiéu ¥ nghia va thu hat dude

su quan tAm ctia nhiéu nha toan hoc trén thé gidi.

Sau d4y, ching toi gi6i thiéu moét sb két qua vé 1 thuyét tap hat dbi véi

phuong trinh parabolic suy bién:

e Phuong trinh parabolic suy bién chita todn tit Grushin: D6 13 16p phuong

trinh parabolic suy bién chita toan t& Grushin (xem [34]),
Gu=A,u+ |x|25Ayu, (x,y) € QRN xRN s > 0.

Dua trén cac két qua vé phép nhiing kiéu Sobolev thiét l4p trong [62],
mot s6 16p phuong trinh parabolic chita toan td nay di dude nghién citu
vé su ton tai va dang diéu tiém cn nghiém. Nam 2008, cic tc gia trong
[3] d4 ching minh dudc su ton tai tap hit toan cuc khi sé hang phi tuyén
théa man diéu kién ting trudng va tiéu hao ki€u Sobolev
w—fWI<C(1+uP+pP)lu—v,0<p < ——,

F@) = FON S CQHP + W) u=v], 05 p < Foss
trong d6 N(s) = N; + (1 +5)N,. Nam 2009, cac tac C.T. Anh va T.D. Ké da
moé rong két qua trong [3] véi 16p phi tuyén tét hon (xem [4]), d6 1a 16p

phi tuyén théa man diéu kién ting trudng va tiéu hao kiéu da thic

Cilul’ — Cy < f(wu < Gylul? + C, vGip > 2,
f/(u) 2 _e)

trong dé C, C,, Cy, Co, £ 12 cac hing sb duong.

e Phuong trinh parabolic chita todn tit suy bién manh P, ,: Trong nhiing nam
qua di c6 nhiéu tic gid nghién ctu vé su ton tai va dang diéu tiém cin
nghiém ctia 16p phuong trinh parabolic chita toan ti P, , (xem [62, 63]).
Cho t6i nay, v6i hai 16p sb hang phi tuyén 13 théa mén diéu kién ting
trudng va tiéu hao kiéu Sobolev hay ting trudng va tiéu hao kiéu da thitc,

theo huéng tiép can dugc st dung trong [4], cac tac gia trong cong trinh
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[64] da chiing minh su ton tai nghiém va tip hit toan cuc trong mién bi
chin véi diéu kién bién Dirichlet. Tinh chinh quy cta tip hit toan cuc da
dudc nghién cttu trong [61] va [64]. Két qua trong [61}, [64] sau d6 da
duge md rong dbi véi trudng hop mién khong bi chin (xem [1,18]]), trudng
hop ma thiéu tinh compact ctia cac phép nhiing Sobolev. Ta ¢é thé tham
khéo thém cac két qua lién quan tu [2} 3, (9] 31} 38, 139, 44, [50, 51 [66]].
Trong cac céng trinh nay, c6 mot sb han ché vé diéu kién ting trudng
ctia sb hang phi tuyén dudc 4p dit va sé hang phi tuyén ki€u mi, nhu
f(u) = €%, la khong théa man. Vi vy, viéc nghién cttu phuong trinh
parabolic ntia tuyén tinh chtta toan ti suy bién manh P, vGi diéu kién sb

hang phi tuyén nhu trén van con 13 vin dé mé.

e Phuong trinh parabolic chita todn tit A, : Trong thoi gian qua, cc két qua
vé su ton tai nghiém, dang diéu tiém c4n nghiém cta bai toan chita toan
tl suy bién manh A, (I6p toan ti chita hai 16p toan ti suy bién Grushin
va suy bién manh P;,) ciing da dat dugc mot s6 két qua nhit dinh. Lép
toan ti nay dudc giéi thiéu bdi Franchi va Lanconelli trong [25]. Nam
2013, cac tac gia A.E. Kogoj va S. Sonner trong [38]] da chiing minh dudc
su ton tai nghiém, ton tai tdp hut toan cuc va danh gia dudc sb chiéu
fractal hitu han cta tip hut. Nam 2016, cac tac gia D. Li va C. Sun trong
[44] di chting minh dudc su ton tai nghiém va ton tai tdp hit toan cuc
trong trudng hop 16p phi tuyén 13 Lipschitz dia phuong véi sé mil t6i han
p= é dudi day

F@) = FON < C(L+ [ula? +[v|77) ju— vl
Tuy nhién, v6i cac két qua trén khi xét 16p phi tuyén ma khong bi chin
trén béi diéu kién ting trudng trong trudng hop mién bi chin hodc khong

bi chin theo hiéu biét clia chiing t6i 14 chua cé két qua ndo, & day do tinh

compact cta cac phép nhing Sobolev la khong dat dugc.

Bén canh viéc nghién ctu dang diéu tiém cén cta nghiém, viéc nghién cltu
tinh diéu khién dugdc cho hé tuyén tinh trong khéng gian v6 han chiéu (dic

biét cho cac hé chita phuong trinh dao ham riéng (PDEs)) 1a vin dé méi dugc
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nghién cifu manh trong khodng hai thdp nién gin day. Trong khi tinh diéu
khién dugc cho cac hé tuyén tinh trong khong gian hitu han chiéu (hé phuong
trinh vi phin thudng (ODEs)) di dudc nghién ctu tit 1au va kha ddy di ma &
d6 tiéu chuén chinh 13 tiéu chuén vé hang dai sb Kalman: "Hé tuyén tinh hitu
han chiéu diéu khién dugc khi va chi khi diéu kién hang dai s6 Kalman dugc théa
mdn". Theo d6 thi khi hé 13 diéu khién dugc tai mot thdi diém nao dé thi sé diéu
khién dugc tai moi thdi diém. Tuy nhién, n6 sé khong con ding cho hé diéu
khién xét trong khong gian v6 han chiéu (hé phuong trinh dao ham riéng). C6
thé 14y vi du don gian 13 v6i bai toan diéu khién v6i phuong trinh truyén séng,
lan truyén véi vén toc hitu han, d€ c6 tinh chit diéu khién duodc thi phai can c6
sau thoi gian da 16n thi méi diéu khién dudc téi trang thai bat ki. Do dé, cin
phai c¢6 cach tiép can t6t hon dé€ nghién ctu tinh diéu khién dugc cho cic hé

tuyén tinh trong khong gian vo han chiéu.

Nam 1977, Dolecki va Russell trong cong trinh [23] d4 dit vin dé nghién
cttu tinh diéu khién dudc cho hé tuyén tinh trong khéng gian vé han chiéu
stt dung phuong phap dbi ngiu. Sau d6 nim 1978, Russell trong [58] dé cip
dén cac van dé nghién cttu tinh diéu khién duoc cho cac hé chita phuong trinh
dao ham riéng. Cac két qua nghién ctu tinh diéu khién duge cho phuong trinh
dao ham riéng méi chi duge nghién ctu manh gin day khi ma nim 1988, J-.L.
Lions dua ra phuong phap duy nhét Hilbert goi tit 1a HUM (xem [46]]). Phuong
phap nay chi ra rang hé tuyén tinh (trong khong gian v6 han chiéu) diéu khién
dugc khi va chi khi ¢ tinh quan sat dude (b4t ding thiic quan sat dugdc) clia
hé lién hgp tuong ting.

Sau cac cong trinh tién phong [30, 43], chiing ta da thiy su phat trién quan
trong trong viéc hifu tinh diéu khién dudc clia cic phuong trinh parabolic
khong suy bién v6i hé sb bién thién. Nhitng két qua nay di dudc mé roéng
dbi v6i phuong trinh parabolic nita tuyén tinh [24, 26|, 27, 29, [70] va phuong
trinh parabolic trén mién khéng bi chin [33] 53]. Li thuyét diéu khién duodc
dbi v6i phuong trinh parabolic déu trong cd mién bi chin va khong bi chin
d4 kha hoan thién. Trong thap ki gin day, li thuyét diéu khién dugc dbi véi

phuong trinh parabolic suy bién di dudc nghién cttu nhiéu béi cac nha khoa



hoc. Tuy nhién, cac két qua chl yéu trong mét chiéu (xem [17, 18] 20, 52} 65]
va cac tai liéu tham khdo trong dé). Theo hiéu biét ctia ching t6i, c6 mét vai
két qua dbi v6i phuong trinh parabolic suy bién trong trudng hop nhiéu chiéu
nhu chtta toan ti Grushin [5} 16, [7, 13|, 14, 15| [41], 54, |68]], phuong trinh dang
Kolmogorov [12, 11}, 42]], va phuong trinh parabolic suy bién [19, 67].

V6i nhitng phan tich trén, ching ta thdy rang dbi véi 16p phuong trinh
parabolic suy bién manh, mic du di c6 mot sb két qua gin day vé li thuyét tap
hiit va vé tinh diéu khién dugc, tuy nhién, cac két qua thu duge vAn con it va
con nhiéu vin dé mé. Do d6, trong luin 4n nay, ching tdi quan tAm nghién

cttu nhitng van dé ma sau:

e Su ton tai tAp hit toan cuc db6i v6i 16p phuong trinh parabolic ntta tuyén
tinh chda toan t& A, trén mién bi chin Q c RY véi 16p ham phi tuyén

kiéu méi khong bi gi6i han béi diéu kién ting trudng trén.

e Su ton tai tip hit toan cuc dbi véi 16p phuong trinh parabolic chtta toan
tt suy bién manh P, trén toan khong gian RN trong trudng hdp ham
phi tuyén kiéu méi khong bi giéi han bdi diéu kién ting trudng trén. Khé
khin co ban xuét hién khi nghién ctu vin dé nay 14 tinh compact cta cic

phép nhiing kiéu Sobolev khéng con ding nita.

e Tinh diéu khién dudc db6i véi 16p phuong trinh parabolic suy bién chita
to4n tit suy bién manh P, trong truong hgp nhiéu chiéu. Khi nghién
cttu tinh diéu khién dudc clia phuong trinh parabolic tuyén tinh thi tinh
diéu khién dugc chinh x4c thudng khéng dat duge do hiéu ting tron clia
nghiém so véi dit kién ban dau. Hon nita, tinh diéu khién duge vé 0 kéo
theo tinh diéu khién dugc x4p xi ctia hé. Do vy, trong Luan 4an nay, chiing
t61 chi tip trung vao viéc nghién ctu tinh diéu khién dudc vé 0 clia 16p

phuong trinh trén.

V6i nhitng 1i do trén, ching t6i lva chon nhiing vin dé trén 1am néi dung
nghién citu clia ludn 4n véi tén goi 1a "Dang diéu tiém cin va bai toan diéu

khién dbi v6i mét sb 16p phuong trinh parabolic suy bién manh".
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2. Muc dich nghién cttu

Nghién citu su ton tai nghiém, dang diéu tiém cin nghiém va bai toan
diéu khién cho mét sb 16p phuong trinh parabolic suy bién manh béing cac

phuong phap ctia Giai tich ham.

3. D6i tuong va pham vi nghién citu

e Di tuong nghién citu: Su ton tai nghiém, dang diéu tiém cin nghiém va
bai toan diéu khién cho mot sb 16p phuong trinh parabolic chia toan tit suy

bién manh.
e Pham vi nghién cttu:

Noi dung 1: Nghién cttu su ton tai duy nhat nghiém va dang diéu tiém cin
nghiém ctia phuong trinh parabolic nita tuyén tinh chita toan t@ suy bién manh

trén mién bi chan.

Noi dung 2: Nghién citu su tén tai duy nhat nghiém va dang diéu tiém cin
nghiém ctia phuong trinh parabolic nita tuyén tinh chita toan tit suy bién manh

trén toan khéng gian RN .

Noi dung 3: Nghién citu bai toan diéu khién dudc dbi véi phuong trinh

parabolic chita toan t suy bién manh trong mién nhiéu chiéu.

4. Phuong phap nghién ctitu

Cac phuong phap nghién citu dudc stt dung trong luin an nhu sau:

e Nghién citu sy ton tai nghiém: St dung phuong phap xip xi Galerkin,
phuong phap compact va phuong phap nang lugng [45].

e Nghién citu ddng diéu tiém cdn nghiém khi thoi gian ra vo cung: St dung

cac phuong phap cta li thuyét cac hé dong luc tiéu hao vo han chiéu [60].

e Nghién citu bai todn diéu khién dugc: St dung phuong phap duy nhét
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Hilbert (HUM) [46]: Tinh diéu khién dugc cha bai toan tuyén tinh dugc dua
vé tinh quan sat dudc ctia bai toan lién hop tuong ting. VAn dé nay dugc dua vé
tinh quan sat dudc déu theo tin sb ctia hé sb Fourier, bang cach st dung khai
trién Fourier va dang thitc Bessel-Parseval. Nh cac bit ddng thic Carleman
méi tuong tng va cac danh gia phu hop cta tée db tan xa, ta thiét 1ap dugc bt

ding thic quan sat duge déu.

5. Két qua cua luan an

Cac két qua chinh dat dugc trong ludn 4n bao gém:

e Chiing minh dudc su ton tai va tinh duy nhét cia nghiém yéu, su ton tai
tAp hit toan cuc dbi véi 16p phuong trinh parabolic ntia tuyén tinh chia toan

tlt A, trén mién bi chin.

e Chitng minh dudc su ton tai va tinh duy nhét cia nghiém yéu, su ton tai
tip hit toan cuc dbi v6i 16p phuong trinh parabolic chita toan ti suy bién manh

P, . trén toan khong gian R".

e Chiing minh dudc tinh diéu khién duge vé 0 tai moi thoi diém T > 0 khi
s+71 €(0,1/2) (suy bién yéu). Khi s = y = 1/2 (suy bién manh) véi thdi gian
diéu khién da 16n T > T*, ta chitng minh dugc tinh diéu khién dudc vé 0. Khi
s+7 > 1 (suy bién qua manh) ta chiing minh dudc tinh khéng diéu khién duoc
vé 0 dbi v6i bai toan diéu khién cho 16p phuong trinh parabolic chia toan ti

suy bién manh P, , trong trudng hop nhiéu chiéu.

Cac két qua chinh dat dude di dudc céng bd trong 02 bai bao khoa hoc trén
cac tap chi qudc té c6 uy tin trong danh muc ESCIE/Scopus va 01 ban thao
hoan thién dang gti ding. Cac két qua clia lun 4n ciing di dudc bdo cdo tai

cac Hoi thao khoa hoc va Seminar sau:

e Hoi thao khoa hoc "Toan hoc trong su nghiép d6i méi gido duc", Khoa

Toan, Truong Dai hoc Su pham Ha N6i 2,22/10/2017;

e Dai hoi toan hoc Viét Nam 14n thit IX, 14 — 18/08/2018;
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e Seminar clia BO mon Giai tich, Khoa Toan, Truong Dai hoc Su pham Ha
Noi 2;

e Seminar ctia B6 mén Giai tich, Khoa Toan - Tin, Truong Dai hoc Su pham
Ha Noi;

e Seminar cia B6 mén Toan, Khoa Khoa hoc Tu nhién, Truong Dai hoc Hung

Vuong.

6. Cau truc cua ludn an

Ngoai phin md dau, két ludn, kién nghi, danh muc cac cong trinh cong bb

va danh muc tai liéu tham khdo, ludn an gbm 4 chuong:

e Chuong 1. Kién thitc chudn bi. Chuong nay trinh bay cac khai niém va cac

kién thiic co s6 can thiét dudc st dung trong luin 4n.

e Chuong 2. Tdp hiit toan cuc ctia mot lép phuong trinh parabolic suy bién
manh trén mién bi chdn. Chuong nay chitng minh su ton tai va duy nhét nghiém
yéu, su ton tai tAp hit toan cuc d6i véi mot 16p phuong trinh parabolic suy bién

manh.

e Chuong 3. Tép hiit todn cuc ciia mét [6p phuong trinh parabolic suy bién
manh trén toan khéng gian. Chuong nay trinh bay cac két qua vé su ton tai va
duy nhét nghiém yéu, su ton tai tip hit toan cuc dbi v6i mot 16p phuong trinh

parabolic suy bién manh.

e Chuong 4. Tinh diéu khién dugc ctia I6p phuong trinh parabolic suy bién
manh. Chuong nay trinh bay cac két qua tinh diéu khién dugc vé 0 cia phuong

trinh parabolic suy bién manh trong trudng hop nhiéu chiéu.
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Chuong 1

KIEN THUC CHUAN BI

Trong chuong nay, ching t6i trinh bay mét sb kién thitc chuén bi gdbm: Cac
16p toan tt, cac khong gian ham, 1i thuyét tap hit toan cuc, li thuyét diéu khién
dbi v6i phuong trinh parabolic, mot s6 két qua bé trg (Mot sb bt dang thitc
thuong dung, cic b8 dé compact, cac dinh 1i héi tu bi chin) dudc stt dung trong

chting minh cac két qua chinh ctia luin 4n & cac chuong sau.

1.1. Cac 16p toan ti

Sau d4y, chiing t6i gi6i thiéu hai 16p todn t suy bién manh dugc nghién

cltu trong cac bai toan ctia ludn an.

1.1.1. Toan tit A,-Laplace

L6p toan ti A, -Laplace ¢ dang

N
Ay =) 8,(228,),
i=1
v0i 0, = aixi’i =1,...,N dudc gi6i thiéu bdi Franchi va Lanconelli trong [25]]
va gan diy dugc xem xét trong [37] véi gia thiét rang né 1a thuin nhit bic hai
tuong ing v6i nhém dan nd trong RY. Trong dd, A, : RY — R 1a c4c ham lién
tuc trén RY, duong ngit va A; € C1,i = 1,...,N bén ngoai cac siéu phing toa

do, nghia 13, A; > 0 trong RV \ I1, 6 d6
N
M= {(xy,...,xy) €ERV : l_[xi = 0}.
i=1
Nhu trong [37]], cAc ham A; théa man cac tinh chét sau:

]-) A'1(')(-‘) = ]-J A’i(x) = A‘i(xls'-'in—l)7i = 2)'“;N;
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2) Ton tai hang s6 p > 0 sao cho
0 < x; 0, Ai(x) < pAi(x) Vkell,...,i—1}Li=2,...,N,
Vévéim(g)ixeRi\[ ={(xg,...,xy) ERY :x; >0, Vi=1,...,N};

3) V6i mbi x € R, A,(x) = A,(x*),i =1,...,N, v6i x* = (|xq], ..., |xx])

néu x = (X1,.v05XN);
4) Ton tai nhém co dan {5,},-
5, RN - RN 5,(x)=6,(x1,...,x5) = (txq, ..., tNxy),
v6i1<e, <--- <ey,sao cho A, 1a §,-thudn nhit bic e; — 1, nghia 13,
A,(5,(x))=t5"12(x), VxeRN,t>0,i=1,...,N.
Do dé, ta c6 toan tit A, 13 &,-thuan nhét béc 2, tic 13,
A5 (8(x))) = t2(Au)(8,(x)), Yue C®(RY).
Ki hiéu Q := €, + --- + €y 12 s6 chiéu thuin nhit ctia khéng gian RV d6i véi

nhém {6,},-,. S$6 chiéu thudn nhit nay déng vai trd rit quan trong ca trong

cau triic hinh hoc va phiém ham lién két véi toan ti A,.

Cht y 1.1. Nhu da chi ra trong [37], néu cac ham A, 13 tron thi bing cach st
dung tiéu chuén ctia Hérmander trong [36]], ta c6 thé chiing minh dudc ring
toan ti A, la hypoelliptic (nhung khéng 1a elliptic theo nghia théng thuong,

trit trudng hop tit ca cac A; déu 1a hang sb).

1.1.2. Toan ti suy bién manh P,

Cho s,y > 0 1a cac sb thuc. Xét toan tit
P, =A+A, +[x®lyl"A,, (x,y,2) €RM x RN x R,
v6iN; e N*,i =1,2,3, va A = (A0, A, 1) xac dinh bébi
MWy, 2)=1, j=1,...,N,

14



A(kz)(x,y,z) =1, k=1,...,N,,
A0, y,2) = [x[lyl!, 1=1,...,N;.

Nhém co dan {§,},., tuong tng 13 §,(x, y,z) = (tx, ty, t'™7z), va sb chiéu
thuin nh4t 14 Q = N; + N, + (1 +5 4 1)Ns.

Toan t P, la ma réng clia toan ti Grushin (xem [34]). Toan ti nay suy
bién tai nhitng diém ctia mién Q c6 giao khac réng véi cc siéu phing x =0

hoac y = 0, va dudc gidi thiéu trong [62] (xem thém [63]).

1.2. Cac khong gian ham
Trong luin an nay chung téi st dung cac khéng gian ham sau.

Mot s6 khong gian ham Lebesgue
Cho tip mé Q c RY véi bién 9. Ta xét cac khong gian sau:

e LP(02),1 < p < +00, 1a khéng gian Banach bao gbm tit ca cac ham kha

tich Lebesgue bac p trén Q véi chudn

1/p
lull ooy := U Iulde> :
Q

LP(£) 12 khéng gian Banach phéan xa khi 1 < p < +o0 va dbi ngiu clia
khong gian LP(2) la khong gian LI(Q) v6i 1/p+1/q=1;

e L°(2) 1a khéng gian Banach bao gom tit ca cic ham do dudc va bi chin

hau khip trén Q véi chudn
||u||L°°(Q) = essguplu(x)l;
e 1%(Q) 1a khong gian Hilbert véi tich vé huéng

(u,v) = J u-vdx, va |lullpzgq = (u, )2,
Q
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Khong gian ham phu thudc thoi gian

V6i X 1a khong gian Banach phan xa v6i chudn || - ||y va T > 0, chtng tbi

nhic lai mot s6 khong gian ham phu thudc thoi gian sau:

e C([0,T];X)lakhong gian Banach gém tAt ca cAc ham lién tucu : [0, T] —
X v6i chuén
lelleggo iz = max (Ol
e LP(0,T;X),1 < p < 400 gdbm tit ca cic ham do dugc u : (0,T) — X véi

N
chuan

T 1/p
D ullpro,rx) == (f ||u(t)||§dt) <+o00v6il <p<+o0o,
0

i) lullpogo,yx) := esssup|lu(t)lx < +oo.
0<t<T

Khi d6 LP(0, T;X) 1a khéng gian Banach, va n6 1 phan xa néu 1 < p <
+00. Khong gian dbi ngdu ctia LP(0, T; X) 14 L9(0, T; X') v6i1/p+1/qg =1

va X’ 1a khéng gian d6i ngiu ctia X.
Khong gian Sobolev co trong va phép nhung

Sau day, ching tdi trinh bay mét sb khong gian Sobolev ¢ trong dudc st

dung trong luan an.

e Khong gian Vc\)/}\’z(ﬂ).

Khong gian Sobolev ¢6 trong V(i/}{z(ﬂ) dugce dinh nghia 1a bao déng cta
Cl(Q) véi chudn
1/2
ey = |qu|2dx) = 1Vl

trong d6 V,u = (4,0, u,..., Ay 0, u). Khi do, W}L’z(ﬂ) la mo6t khong gian
Hilbert v6i tich v6 hudng

((u, v))W”(Q) J Vou-Vyvdx =(-Au,v), Yuve Wi’z(ﬂ).
Q
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e Khong gian D(A;).

Khong gian D(A;) dude dinh nghia 13 mién x4c dinh clia toan tit —A,,

v6i diéu kién bién Dirichlet thudn nhéit
D(A;) ={ueW*(): Aue LX)},
v6i chuén x4c dinh

1/2
||u||D(AA)::( IAxulde) = [[Azull 2
Q

Nho két qua trong [37], phép nhing VT/}X’Z(Q) — L%(Q) 1a compact. St
dung phép nhung nay va dinh nghia cua D(A,), ching ta chiing minh

phép nhiung D(A;) — Wi’z(Q) 13 compact trong BS dé [2.4| clia Chuong

2. Cac phép nhiing compact nay dudc stt dung dé chiing minh cac két qua
chinh ctia Chuong 2.

Tiép theo, ching t6i gi6i thiéu hai khong gian Sobolev c6 trong dudc st
dung 6 Chuong 3.

e Khoéng gian SY(RM).

Khong gian Sobolev S'(R") duge dinh nghia la bao déng ctia C*(RY)

A I\.’
vGi chuan

[

f (ul? + 1V ul? + [V ul? + x| *]y [V ul*)dX
=f (lul® + 1V, ,ul*dX,
RN

trong d6 V, u = (V,u,V u,|x[’|ly|"V,u). Khong gian S'(R") 1a mét
khong gian Hilbert véi tich vo hudng sau

((u,v)s1(rMy :=J (w+Vu-V,v+Vyu-V,v+ 1x|®|y|*V,u-V,v)dX.
RN

e Khoéng gian S2(RM).

Khéng gian S%(R") dugc dinh nghia 14 bao déng ctia C°(RY) véi chuén

Py = f(|u|2+| uP)dx.



Mot cach tuong tu, chiing tdi cling dinh nghia cdc khong gian S;(2) va
S2(Q) v6i © € RY. Nho két qua trong [63], ta ¢ phép nhing S'(Q) —
L?(92) 1a compact. Ngoai ra, ta cfing c6 phép nhiing S%(Q) — S}(Q) la

compact (xem [8]).

1.3. Li thuyét tap hit toan cuc

Trong muc nay, ching t6i giéi thiéu mét s6 dinh nghia, dinh 1i vé tap hit
toan cuc dua trén cac tai liéu [57, 60].
Gia st X 1a mét khéng gian Banach véi chudn tuong ting 1a || - || va disty (-, -)

la nita khoang cach Hausdorff gitta hai tdp con A, B ctia X dudc xac dinh:

disty(A,B) =supinf ||a — b||, VGiA,BCX.
acA beB

Sau d4y, ching t6i gi6i thiéu mot sb khai niém lién quan tdp hit toan cuc.

Dinh nghia 1.1. Hé déng luc 1a mét cip (X, S(t)) gdbm mét khong gian Banach

X va mot ho cac anh xa S(t) : X — X, t > 0, théa man:
1) S(0) =1;
2) S(t+s)=5S(t)S(s) v6i moi t,s > 0;
3) v6imoi t > 0,5(t) € C°(X,X);
4) v6i moi u € X, d4nh xa t — S(t)u € C°((0,+0),X).

Ho c4c 4nh xa S(t) : X — X, t > 0, théa mén bbn diéu kién trén goi 1a mot
nita nhém lién tuc trén X. Khi d6, X goi la khong gian pha (hay khong gian

trang thai).

Tép hat toan cuc 14 dbi tuong trung tdm cua li thuyét cac hé dong luc tiéu

hao vo han chiéu.

Dinh nghia 1.2. Mot tip con khac rdng .« ctia X goi 1a mot tdp hiit toan cuc
dbi v6i hé dong luc (X,S(t)) néu:

1) .« la mot tap con dong va bi chan;
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2) .o/ 1a bét bién, ttc 1a S(t).of = .o/ v6i moi t > 0;
3) . hut moi tip con bi chin B cua X, tic la
lim dist(S(t)B,.«/) = 0.
t—+400

Pinh nghia 1.3. Gid st A C X. TAp w-gi6i han ctia A dudc dinh nghia bdi

— X
w@={JswA,

s=>0t=>s
trong d6 S(t)A= {v =S(t)u : u € A}.
Ta gi6i thiéu khai niém vé tinh tiéu hao cda ntta nhém.
Dinh nghia 1.4. Néu hé déng luc (X, S(t)) goi 14 tiéu hao diém (hay tiéu hao
bi chan) néu ton tai mot tap B, C X sao cho v6i moi tap bi chdn B C X, ton tai

T = T(B) > 0 sao cho S(t)B C By, v6i moi t > T. Tap B, nhu vay goi la mot
tdp hdp thu d6i véi hé dong luc (X, S(t)) .

Bay gio ta dinh nghia tinh compact tiém céan.

Pinh nghia 1.5. Gia su X la khong gian Banach. Hé dong luc (X,S(t)) goi la

compact tiém cdn néu v6i moi t > 0,S(¢t) 6 thé biéu dién dudi dang
S(t)=8sD(t)+SP(1), (1.1)

trong d6 SM(¢) va S@)(¢) thda mén cac tinh chit sau:

1) v6i bt ki tAp bi chin B C X,

rg(t) =sup IIS(D(t)yHX — 0 khit — 4o00;
YEB

2) v6i bét ki tip bi chin B trong X, ton tai t, sao cho tip hop
[Y®to)B] = | | s®(0)B (1.2)
t>t,

la compact trong X, 6 diy [y] la bao dong cuia tip .
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M6t hé dong luc goi 1 compact néu né 14 compact tiém cén va ta cé thé lay
SMW(t) = 0 trong biéu thite (1.I). RS rang rang bat ki hé dong luc tiéu hao hitu

han chiéu nao ciing la compact.

D& dang thiy ring diéu kién (I.2) dudc thda min néu tén tai mot tap
compact K trong X sao cho v6i bat ki tdp bi chin B € X, ton tai t,(B) sao cho
S@(t)B c K,Vt > t,(B). Néi riéng, mot hé tiéu hao 1a compact néu né c¢6 mot

tAp hap thu compact.
Két qua sau d4y 1a dinh li co ban vé su tdn tai tp hit toan cuc.

Dinh li 1.1. Gid sit hé dong luc (X, S(t)) la tiéu hao va compact tiém cdn. Néu
B la mét tdp hdp thu bi chdn ciia hé dong luc (X,S(t)) thi o/ = w(B) la mot tdp
compact khdc réng va la tdp it toan cuc dbi véi hé dong luc (X, S(t)). Hon nila,

tdp hut toan cuc .« la lién thong trong X.

1.4. Li thuyét diéu khién dudc cua hé parabolic tuyén
tinh

Trong muc nay, ching t6i dua vao mét sb cubn sach chuyén khio (xem
[16], 35]) d€ trinh bay mot sb két qua cta li thuyét diéu khién dugc clia hé

parabolic tuyén tinh trong khéng gian v6 han chiéu:

J,u=Au+ By,
(1.3)
u(0) = uy.

trong dé, u, € X cho truée (X 1a khong gian Banach nao dé), v 1a diéu khién;
A: D(A) € X — X 1a toan t@ tuyén tinh khong bi chin sinh ra nda nhém
{S(t)} ;>0 va B la toan tit xac dinh tit khong gian Banach % vao khéng gian
Banach ¥ sao cho hé dat dung.
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1.4.1. M6t s6 dinh nghia

Ta quan tdm dén tinh diéu khién dudc cta hé (1.3) véi cac dinh nghia sau.

Dinh nghia 1.6. Ta néi rang hé (1.3) 1a diéu khién dugc chinh xdc tai thoi diém
T > 0 néu va chi néu véi moi Ug,U; €X, ton tai ham diéu khién v € L%(0, T; %)

sao cho hé (1.3) c¢6 nghiém u théa man:
u(T) =uy.

Dinh nghia 1.7. Ta néi ring hé (1.3) 1a diéu khién dugc chinh xdc dén quy dao
tai thoi difém T > 0 néu va chi néu v6i moi quf dao u (nghiém ctia (1.3)) ting
v6i v va diéu kién ban diu u(0) = &, ndo db), moi u, € X, ton tai ham diéu

khién v € L2(0, T; %) sao cho hé (T.3) c6 nghiém u thda man:
u(T)=u(T).

Dinh nghia 1.8. Ta néi rang hé (1.3) 1a diéu khién dugc vé 0 tai thdi diém
T > 0 néu va chi néu véi moi u, € X, ton tai ham diéu khién v € L2(0,T; %)

sao cho hé (1.3) ¢6 nghiém u thdoa man:
u(T)=0.

Pinh nghia 1.9. Ta néi rang hé (1.3) 1a diéu khién duogc xdp xi tai thoi diém
T > 0 néu va chi néu véi moi uy,u; € X va moi ¢ > 0, ton tai ham diéu khién

v € L2%(0,T; %) sao cho hé (1.3) c6 nghiém u thda man:
lu(T) —wyllx <e.

Chu y 1.2. T cac dinh nghia trén ta c6

e Hé (1T.3) diéu khién dudc chinh xac thi sé diéu khién dude chinh xac dén
quy dao, diéu khién duoc vé 0 va diéu khién dugc xap xi.

e Hé (1.3) diéu khién dudc chinh x4c t6i quy dao thi diéu khién dugdc vé 0.

Cht y 1.3. Néu (T.3) 14 parabolic déu thi
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e Tinh diéu khién dudc chinh xac cta hé (1.3) khong dat dugc vi hiéu ting

tron ctia nghiém (nghiém tron hon diéu kién ban dau).

e Tinh diéu khién dudc chinh xac dén quy dao ctia (1.3) tuong duong véi
tinh diéu khién dugc vé 0 cta hé (1.3).

e Tinh diéu khién duoc vé 0 ctia hé (1.3) suy ra tinh diéu khién duoc xap

xi cta (1.3)).

Do d6, trong li thuyét diéu khién dudc dbi véi cac phuong trinh parabolic

tuyén tinh, ngudi ta dic biét quan tim dén tinh diéu khién dugc vé 0.

1.4.2. Phuong phap duy nhét Hilbert (HUM)

Ta xét hé diéu khién (T.3). D€ don gidntaxét X = L2(Q), % = L*(w), ¥ =
L2(9), v6i w 13 mién con md khac réng cta mién khdng gian Q tuong tng.

P& nghién citu tinh diéu khién duge ctia hé (1.3), ta stt dung phuong phap
duy nhét Hilbert (HUM) do J.-L. Lions st dung dAu tién vao nim 1988 (xem
[46, 147, 148]).

Ta xét hé lién hop cta (1.3):

—0,p —A*p =0,
‘ (1.4)

QP(T) = (PT)
4 day A* 1a toan tr lién hop cua A.

B6 dé 1.1. [35, Chuong 1] Cho u la mét nghiém ciia (L.3) trong [0, T] va ¢ la
mot nghiém cua (1.4) trong [0, T]. Khi dé6

T

[<“"P>L2(m]§ :J (v(6),B* () 12 dt,

0

véi B* la todn tit lién hop cua B.
Tit BS deé ta c6 hé qua sau.

22



Hé qua 1.1. [35, Chuong 1] Ham v la diéu khién ma chuyén trang thdi uq ctia
hé (1.3) dén trang thdi u, € L*(2) tai thoi diém T > 0 néu va chi néu véi moi
r € L3(Q), ta cé

T

<u11 @T)LZ(Q) - <u01 @(0)>L2(Q) = J <v(t):B*<)0(t)>L2(w) dt,

0

G dé ¢ la nghiém cua (1.4).
XétJ : pr € L2(Q2) — J(¢7) xéc dinh béi

T
1 *
J(pr) = EJ B <p(t)||L2( ) <u1, @T)LZ(Q) + <u0> @(0)>L2(Q) )
0
v6i ¢ 1a nghiém cua (1.4).

BG dé 1.2. [35, Chuong 1] Néu J ¢d cuc tiéu tai g, thi khi d6 v := B*@, & dd
@ la nghiém ciia (L.4) lién két véi @y, la diéu khién ma chuyén trang thdi u, clia

hé (1.3) dén trang thdi u, tai thoi diém T > 0.

Dinh nghia 1.10. Ta néi rang hé lién hop (L.4) 1a quan sat dudc néu ton tai
hing sb C > 0 sao cho véi moi p € L3(£2), nghiém ¢ ctia (T.4) thda mén

T
le ()2 < € J 1B ()12 It (1.5)

Chu y 1.4. Trong Dinh nghia tinh quan sat duge caa hé lién hop
dugc thé hién qua bt ding thitc (1.5): trang thai ¢ ctia hé lién hop tai
t = 0 dudc quan sat béi dai luong quan sat B*p(t) v6i 0 < t < T. Khi biét
duge B*p(t) trong khoang thdi gian 0 < t < T ¢6 ning luong nhu thé nio thi
ta ciing biét dugc ning lugng clia ¢ tai t = 0. Bit ding thic (I.5) con goi 1a
bAt ding thiic quan sat, hing s C trong thudng goi 13 hing sb quan sat,

toan tit B* con dudc goi la todn tt quan sat.

Ménh dé 1.1. [35, Chuong 1] Tinh quan sdt duoc ciia (T.4) tuong duong véi
tinh diéu khién dugc vé 0 cia hé (1.3).
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1.5. Mot s6 két qua bd tro
1.5.1. Mot sb6 bat dang thic

Dudi day 1a mot sb bt ddng thitc so cAp quan trong dudc st dung nhiéu

dé chitng minh trong luan an.

e Bét ddng thiic Cauchy:

ab < +

2 2

22
e Bét ding thiic Cauchy véi € > 0:

, b2

ab <ea*+ 2e’

e Bét ding thic Holder: Gia thiét 1 < p,q < +o0, 117 + ! = 1. Khi d6 néu

q
ueLP(Q),veli(Q)thiuveLY(Q)va

f uvldx < {ullps) - 1V llza)-
Q

e BAt ding thitc Gronwall dang vi phan: Cho y(¢t) 1a ham lién tuc tuyét dbi
trén [0, T] va thoa man

d \ .
d_{ <a(t)y +b(t), véihdukhdpte[0,T],

trong d6 a(t) va b(t) la cac ham kha tich trén [0, T]. Khi d6

t

y(6) < y(0)e™ + f A Ap(s)ds,
0

vi0<t<T,3d0A(t)= fot a(r)dr.

r N\ r d
Dac biét, neu a va b 1a cac hang so6 khac 0 va d_)t/ <ay+b, thi

b b
y(©) < (y(0)+ —=)e* ——.
a a
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e BAt ddng thiic Gronwall dang tich phan: Giai st £(¢t) 1a mot ham kha tich,
khong 4m trén [0, T] va théa mén bit ding thic tich phin sau v6i hiu

khip t € [0, T]:
t
E(t) < ClJ E(s)ds + C,,
0
v6i C;, C, 13 cac hing sb khong 4m. Khi d6
E(t) < Cy(1+ Cyter)
v6i hdu khdp t,0<t < T.
e Bit ding thitc Gronwall déu: Cho x,a va b 14 cac ham khong 4m thda
man
Y cax+b
— <ax
T
trong do f:+r x(s)ds <X, ftHr a(s)ds < Ava f:+r b(s)ds <Bvo6ir >0

nao do va Vt > t,. Khi do

X A
x(t)<|—+Be’, Vt=>ty+r.
r

1.5.2. M6t s6 b dé va dinh li quan trong

DAu tién 1a BS dé compact Aubin - Lions - Simon (xem [10], binh 1{ I1.5.16,

trang 102).
Dinh 1i 1.2. Gia st B, C B; C B, la ba khéng gian Banach va phép nhiing
B, — B, la lién tuc, phép nhtng B, — B, la compact. Gid st 1 < p,r < 400 va
voi T > 0 dat
du
E,, ={u:ueLP(0,T;By), P e L"(0,T;B,)}.
Khi d6, néu p < 400 thi phép nhiing E, . vao L*(0,T;By) la compact.
B dé 1.3. [45] Gia st 0 13 tAp md bi chin trong R" va g; la day trong LP(0)
thoa man:
”gj”LP(ﬁ) <C,Vj.
Néu g € LP(0) va g; — g h.k.n trong 0 thi g; — g trong LP(0).
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BS dé 1.4. [31, BS dé 6.1] Cho u, : Q; — R 1a mét diy cac ham sb voi
Qr =0 x(0,T),Q cRY. Cho h € C(R) 1a ham ting ngit théa man h(0) = 0.
Gia st rang su hoi tu u, (x, t) — u(x, t) théa man hiu khip ndi véi (x, t) € Q

va
J h(u,)u,dxdt < a,
Qrp

trong d6 a > 0 khong phu thudc vao n. Khi d6, h(u,) va h(u) déu thude L1(Q;)
va v6i moi ham tht £ € C{°([0,T], W), ta co

f h(un)édxdtﬁf h(u)édxdt.
Qr Qr

Dinh 1i 1.3. [49, trang 254] (Dc“;ng thiic Bessel-Parseval). Gid sit H la khong gian
Hilbert vdi tich v hudng (-,-). Ki hiéu {e,}en+ la mét co so truc giao cua H. Khi

d6 ta c6 ddng thitc Bessel-Parseval:
o0
Ixll =[x, eq) 2
n=1

e Cong thiic toa dd ciu trong khong gian RV, N > 3:

V6i x € RY, toa d6 cau (p, ¢1, P, ..., Py_1) clia x duge cho béi:

X1 = pCos Py,

Xy = p sin ¢, €0s ¢,

Xy-—1=pPsing;sing,---singy _,cosdy_y,

Xy =psing;sing,---singy_,singy_y,

trong d6 p >0,¢, € [0,n] Vi=1,...,N —2va ¢5_; €[0,27].
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Chuong 2

TAP HUT TOAN CUC CUA MOT LOP PHUONG TRINH
PARABOLIC SUY BIEN MANH TREN MIEN BI CHAN

Trong chuong nay, ching t6i nghién cttu mot 16p phuong trinh parabolic
ntta tuyén tinh chita toan t suy bién manh A, trén mién bi chin Q c RV, N >
2, v6i 16p ham phi tuyén kiéu méi khong bi chin trén dbi véi diéu kién ting
truéng. DAu tién, st dung phuong phap x4p xi Galerkin, ching t6i chitng minh
su ton tai duy nhit nghiém yéu cta bai toan. Tut d6, ching tdi xiy dung dudc
mot nta nhém nghiém lién tuc S(t) lién két v6i bai toan. Sau d6, ching toi st
dung li thuyét vé tip hit toan cuc dé€ chting minh ntta nhém nghiém S(t) c6
mot tAp hit toan cuc théng qua viée chitng minh su ton tai cia mét tip hip

thu bi chin va tinh compact tiém cin ctia ntta nhom S(t).

Néi dung clia chuong nay dugc viét dua trén cong trinh [CT1] trong Danh

muc cong trinh khoa hoc da cong bo lién quan dén ludn an.

2.1. Dat bai toan

Trong chuong nay, ching tdi nghién cttu phuong trinh parabolic nita tuyén
tinh suy bién manh sau
u —Au+f(u)=g(x), xe€Q,t>0,
u(x,t)=0, x €N, t>0, (2.1)
U(X, O) = uO(x): X € QJ
trong d6 © 13 mién bi chin trong RY (N > 2) véi bién 9 tron. D€ nghién ctiu

bai toan (2.1)), ta gia thiét diéu kién ban diu u, € L3(Q) cho trude, ham phi

tuyén f va ngoai luc g thoa man cac diéu kién sau:
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(F) f :R — R la ham kha vi lién tuc théa man

flw) = —t, (2.2)
fwu > —pu® — Cy, (2.3)

trong d6 Cy, € 14 cac hing s6 duong, 0 < p < y; v6i y; > 0 14 gid tri riéng
d4u tién clia toan t — A, trong mién Q v6i diéu kién bién Dirichlet thuan
nhét. T diéu kién tacd 0 < f Ou (f'(s)s + £s)ds, 14y tich phan ting
phén ta dugc

2
F(u) < f(wu+ E% véi moiu € R, (2.4)

ddé F(u) = f;f(s)ds la mot nguyén ham cta f;

(G) g€ L¥(Q).

Gia st y; > 0 14 gid tri riéng dAu tién cla toan t& A, trong 2 véi diéu kién bién
Dirichlet thuan nhét. Khi do,

IIuIIjoV ) .
y, = inf 2— |ue W;*(Q)\{0}
o
Do do,
IIuIIE,Vu(m > nllulliz(m v6i moi u € W;2(9). (2.5)
A

Trong chuong nay, véi cac gia thiét (F)-(G), ching toi sé nghién citu cac
van dé sau dbi v6i bai toan (2.1):

e Nghién citu su ton tai va tinh duy nhit ctia nghiém yéu;

A 7 \ A . °
e Nghién cltu su ton tai tdp hut toan cuc trong khong gian W}I’Z(Q).
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2.2. Su ton tai va duy nhit nghiém yéu

Trong muc nay, bang phuong phap xap xi Galerkin va phuong phap com-
pact, chting t6i da ching minh dudc bai toan c6 duy nhit mét nghiém
yéu. Chiing t6i xét bai toan vé6i 16p phi f (u) khong cé gi6i han ap dit cho diéu
kién ting trudng trén, vi vAy di xuit hién mot sb khé khin trong qué trinh

nghién ctru ma ching tdi cAn mdt sb ki thuit d€ vugt qua, cu thé la:
e Chiing minh f(u) bi chin trong L(Q;): Chting t6i xét tinh bi chin cta
ham h(s) = f(s) — f(0) + ys, trong do v > {;

e Chuyén qua gi6i han: Ching tdi st dung B6 dé compact Aubin-Lions—
Simon (xem Dinh 1i[1.2));

e Chitng minh tinh duy nhAt va su phu thudc lién tuc vao dit kién ban diu:
Do ham f(u) € L*(Q) ma nghiém u ¢ L*°(2) nén dé vugt qua khé khin
nay ching t6i da st dung y tuéng ham cit tit cong trinh ctia P G. Geredeli
va A. Khanmamedov nam 2013 (xem [32]).

Trudc tién, ta dinh nghia nghiém yéu ctia bai toan (2-1)).

Dinh nghia 2.1. Ham u dudc goi 13 mot nghiém yéu cda bai toan (@2.1)) trén

(0, T) véi diéu kién ban dau u(0) = uy € L%(Q) néu va chi néu
u e C([0, T1; L2(2)) N LX(0, T; WEA(Q), £ () € L'(Qy),
du 2 ° 1,2 % 1
e 120, T (W @)) + L@

va

du B
<E —Alu+f(u),w> =(g,w)

v6i moi ham thGtw e W := Wi’z(ﬂ) N L(£2) va v6i hiu khip t € (0, T).

Két qua vé su ton tai va tinh duy nhét ctia nghiém yéu ctia bai toan dugc

trinh bay trong dinh i sau.
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Dinh i 2.1. Gid sit cdc diéu kién (F)-(G) dugc théa man. Khi dd, véi bt ki
uy, € L2(Q) va T > 0 cho trudc, bai todn @.1)) ¢é duy nhdt nghiém yéu u trén

khodng (0, T). Hon nita, nghiém yéu nay phu thudc lién tuc vao dit kién ban ddu.

Chitng minh. (i) Su ton tai nghiém. Ta sé ching minh su ton tai nghiém yéu
ctia bai toan bing phuong phéap x4p xi Galerkin qua 3 buéc nhu sau:

Budc 1: Luge db Galerkin. Ta xay dung ddy nghiém x4p xi u, (t) trong khéng
gian hitu han chiéu sinh béi n vecto riéng dau tién {e, ..., e, } clia toan ti —A,:

() = D (e

j=1

sao cho u, thoa man bai toan sau:

(2,6} + (Vo Vi) + (£l ;) = (g,¢)), 155 <,

(un(0),¢;) = (uo.¢;)

bay la hé phuong trinh vi phan thuong nén theo Dinh li Peano, ta nhan dugc

(2.6)

su ton tai clia ddy nghiém xap xi u,(t).

Tiép theo, chling ta sé danh gia tién nghiém d€ ddm bao nghiém ton tai trén

toan khoang [0, T].

Budc 2: Pdnh gid tién nghiém. Xét {u,} 13 diy nghiém xAp xi Galerkin. Chting

ta sé xay dung cac u6c lugng tién nghiém cua u,,. Ta ¢6

d
gy + J f upuydx = f gudx.  (2.7)

Su dung diéu kién (2.3) va bat dazmg thitc Cauchy, ta co
S L gy + el o) = gy = ol < gl + 2 ey
Stt dung gia thiét (2.5)), ta nhin dudc
2
”u ”LZ(Q) + 8||un||l/?/iz(ﬂ) + (2)/1 —2u— €Y1~ 8)||u ||L2(Q)

<~ gl gy + 2119, 2.8)
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trong d6 € > 0 d nhd dé 2y, —2u — ey, — & > 0. Do d6

2 1un % —Callunll?z iy + Cs,

LZ(Q) L2()

trong d6 C, =2y, —2u—€y; —€>0vaCy =1 ||g||L2(m +2¢, 9. Stt dung bét
dang thitc Gronwall, ta dugc
Cs _
lutn () < € “Mutn(Olagq + (1= €7).
Uéc luong trén dam bao rang nghiém u,(t) cla c6 thé mé rong ra trén
toan khoang [0, +00).

Buiéc 3. Chuyén qua gidi han. LAy tich phin tit 0 dén ¢,0 < t < T, uéc luong
(2.8), ta c6 danh gia

t t
2 2
llun (t)||L2(Q)+3L IILtn(S)IIVoV%Z(mdS+C2J0 [l (172 A

<1 gy T + 2G0T + (Ol g

BAt ding thiic trén suy ra

{u,} bi chin trong L*(0, T; L?(2)),

{u,,} bi chan trong L%(0, T; I/(\)/i’z(ﬂ)).

Do tinh bi chdn cta {u,} trong L%(0, T; VT/}{Z(Q)), ta ¢6 dudc {A,u,} bi chdan
trong L2(0, T; (VT/}{Z(Q))*). Tir cac két qua vé tinh bi chin trén, ta c6 thé trich
ra mot ddy con (ta vin ki hiéu nhu cii) thda man

u, —u trong L*0,T; V?/i’z(Q)),

u, —*u trong L*(0,T;L*(Q)),

Aju, — Azu trong L0, T; (W ().

Mat khac, st dung bat drfmg thic Cauchy cho (2.7), ta cé

1d
2
geltnla + el + Jﬂf(un)undx o8y + Gl
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Lay tich phan bat ddng thiic trén tir 0 dén T (chu y rang ||u,||? 2T ||un||%2(m),
Wi (Q)
ta dudc

T
T
lunIZ,, ds+2|  fluu,dxdt < lluglly g+ =gl -
Jo @ o S SR

Do do,

f(u,)u,dxdt < C. 2.9
Qr

BAy gid, ta chitng minh f (u,,) bi chan trong L1(Q;). Dat h(s) = f(s)—f(0)+ys,
trong d6 y > £. Cht y rang h(s)s = (f(s) — £(0))s + ys% = f'(c)s® + ys? >

(y —£)s?> >0 v6imois €R, ta cd

|h(u, u,|dxdt +J |h(u,)|dxdt

QrNilu,|<1}

J |h(u,)|dxdt < [
Qr

JQrn{lu,|>1}

[
< | h(u,)u,dxdt + sup |h(s)||Qr|
JQr Isl<1

r
. f(un)undth + |f(0)|||un||L1(QT) + Y“un'l%z(QT)
JQr

+ sup |h(s)[|Qr|

Is|<1
<C,
& day ta da st dung (2.9) va tinh bi chin cta {u,} trong L*(0, T; L%(Q)). Vi
vay, {h(u,)} bi chin trong L'(Q;). Suy ra {f (u,)} cling bi chin trong L(Q7).

Tiép theo ta chting minh day {dd”t“} bi chan trong L(0,T ;(V?/;’Z(Q))* +
LY(€Q)). That vay, ti

du,
dt

= Alun _f(un)+g:

suy ra {2} bi chdn trong L2(0, T; (W12(2))") + L'(Qy). Két hop véi L1(Q;)

va L2(0, T; (W -%(©2))*) nhiing lién tuc vao L1(0, T; (WL(Q))" + L1(2)), ta thu

dugc két qua cin ching minh.

Tt cac két qua trén, ta co

du, du 9 01,20 4 1
PR trong  L*(0, T;(W*(2))) +L'(Qr),
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flun)—yx trong L'(Qr).

Tiép theo ta cin chitng minh y = f(u) va u(0) = u,. St dung B dé compact
Aubin-Lions-Simon (xem Dinh 1i|1.2) va W}L’Z(Q) s [2(Q) — (Wi’z(ﬂ))* +

L'(€), ta suy ra {u,} 1a compact trong L>(0, T; L?(2)). Do d6, chiing ta c6 thé
trich ra day con thda man u, — u hiu khip noi trong Q. Ap dung BS dé
ta nhan dudc h(u) € L1(Q;) va

J h(u,)édxdt — h(u)¢dxdt,

T Qr

véi moi ham thit & € C°([0, T1; WL3(Q) N L*(%). Do d6 f(u) € L1(Q;) va

flup)€dxdt — | f(u)Edxdt,
Qr Qr

v6i moi £ € ([0, T1; v‘i/;’z(m N L®(Q)). Suy ra f(u,) — f(w) trong L*(Q7).
Do tinh duy nhéit clia gi6i han, ta nhin dudc y = f(u). Do d6, u thda mén

(2.7).

Dé chitng minh u(0) = u,, ta chon ham thit ¢ € C°([0, T]; W () N
L®(2)) v6i p(T) = 0 va l4y tich phén ting phin sb hang dau theo t & phuong

trinh x4p xi nghiém, ta c6:
T T T
g
- u,——dxdt — Aju,pdxdt + fu,)pdxdt
0 ot 0 0
Q Q Q
T
:J J gpdxdt + (u,(0), ¢(0)).
° 2
Qua gidi han véi n — oo, v6i u,,(0) — u,, ta thu dudc:

T o T T
- u—dxdt — Ajupdxdt + fwepdxdt
° 9 i ° 9 ° 2

T
:J J gdxdt + (uy, p(0)).
0

Q
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Mit khac, ta co

T oy T T
— u—-dxdt — Ajupdxdt + fw)edxdt
° 9 i ° 9 ° 2

T
:J J gedxdt + (u(0), ¢(0)).
0

Q
Do dé u(0) = u,. VAy u 1a nghiém yéu ctia bai toan (2.1).

(ii) Tinh duy nhét va su phu thudc lién tuc vao dit kién ban du. Gia
stt u va v 13 hai nghiém ctia bai toan (2.1I) véi gia tri ban d4u 1an luct 13

Ug, Vo € L2(Q). Ki hituw =u—v, ta c6 hé

we — 8w+ f(u)— f(v) —tw =0,
(2.10)
W(O) =Uy— Vg,

trong do f(s) = f(s)+{s. Do w(t) khong thudc vao khong gian W := V(\J/;’Z(Q)ﬂ
L*®(£2), nén ta khong thé chon w(t) 13 ham thtt. Vi thé ta sé khong st dung dudc

cac ki thuat nhu trong [4].

St dung ki thuét trong [32]. Xét B, : R — R 1a ham cat dudc xac dinh nhu

sau:

k néu s> k,
Bi(s)=1s néu |s|<k,

—k néu s<-—k.
Xét anh xa Nemytskii B, : W — W xac dinh béi
B.(w)(x) =B (w(x)) véimoi x €.

Tit BS dé 2.3 trong [32], ta ¢6 ||By(w) — w||y — 0 khi k — co. Nhan (2.10) véi
B, (w), rdi 14y tich phén trén Q x (¢, t), véi t € (0, T), ta dudc

ftfi (B ( )()dd—JtJ i]/5’\( )(s))dxd
SQdS(Ws r(w)(s))dxds 8nwds(kws)x5
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1 t
+—J J |V, w|*dxds
2 e J{xeQ:|lw(x,s)|<k}

+J f (f W) = F() B (w)dxds — ¢ J f wB(w)dxds =0
e JQ e JQ

Do W%(B\k(w)) = %%((B\k(w))z), ta co

~ 1.
Jﬂw(t)Bk(w)(r)dx = SIBOO I

+ lf J |V, w|*dxds + J J F(E)WB(w)dxds
2 {xeQ:|w(x,s)|<k} e JQ
=f w(e)B,(w)(e)dx — —||Bk(w)(8)||L2(m+€f J wB (w)dxds.
Q e JQ

Cha y rang f(s)>0va sBy(s) > 0 v6i moi s € R, cho ¢ — 0 va k — oo trong

dang thic trén, ta dudc
W (Ol < W02y +2¢ f W ()2 0 ds-
Do d6, ap dung bit ding thitc Gronwall dang tich phén, ta c6

”W(t)”Lzm) =< ”W(O)”Lz(m < ”W(O)”Lzm) ,
v6i moi t € [0, T]. Chi ¥ rang w € C([0, T]; L3(£2)), dic biét, ta cd dudc tinh
duy nhét khi w(0) = 0. O

2.3. Su tOn tai ctia tap hit toan cuc

Dinh Ii cho phép ta x4c dinh mét ntra nhém lién tuc S(t) : L3(Q) —
L2() lién két v6i bai toan (2.1) nhu sau

S(t)uy :=u(t),
trong dé u(-) 13 nghiém yéu duy nhéit ctia bai toan @.1)) véi diéu kién ban dau
uy € L*(Q). Bay gis, chling ta sé chling minh ntta nhém {S(¢t)},>, ¢ tap hit
toan cuc .¢/ trong khong gian W}l’z(ﬂ) theo luge db nhu sau:

e Chttng minh nita nhom {S(t)},> ton tai tdp hap thu bi chin trong W;’z(ﬂ);
e Chting minh tinh compact tiém cén ctia ntta nhém {S(t)},5, trong W}I’Z(Q).
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2.3.1. Su ton tai cac tap hap thu bi chin

Trong muc nay, chiing t6i sé chling minh sy tdn tai tdp hap thu bi chin
trong khong gian L2(Q) va W}L’z(ﬂ).
B6 dé 2.1. Gid sit cdc diéu kién (F)-(G) ducgc thoa man. Khi do, nita nhém

{S(t)} =0 c6 mét tdp hdp thu bi chdn trong L(£2).

Chitng minh. Nhan phuong trinh diu ctia @.1]) v6i u va l4y tich phén trén mién
Q, ta dudc

1d
u + JJull® + Wudx = udx. 2.11
3 2l + I Jﬂf( ) Lg (2.11)
St dung gié thiét @.3), (.5)), va bét dezlng thitc Cauchy, (2.11) tré thanh
1
||u(t)||L2(Q)+(Y1 ;u')”u”LZ(Q) < 2C1|Q|+ Y. — ”g”LZ(Q)
Ap dung bét dang thitc Gronwall, ta dudc
”u(t)”LZ(Q) —= ||u0||L2(Q) ~rmpe +R1:
trong do Ry =Ry(y1, 14,9, [Igll12(q))- Do d6, chon p; = 2R, ta b
2
||u||L2(Q) S pl’ (2'12)
v6imoi t > Ty = Ty (IJugll2(q))- BS dé duoc chitng minh. O

B dé 2.2. Niza nhém {S(t)} ;>0 cé mot tdp hdp thu bi chdn trong Wi’z(ﬂ).

Chitng minh. Nhan phuong trinh dau ctia (2.1) v6i —A,u va 14y tich phén tiing
phin, ta thu dugdc

1d
2 / 2
-—— -I—Au w)|V,ul*dx — A,udx

2
<O, + gy + 5180l g
Do do,

d
—lu)? .. < 2£||u||'i ot lgll? (2.13)
de "whe) wh LX)
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Mt khac, 14y tich phan @2.11)) tit t dén t + 1 va st dung (2.3), (2.12), ta c6
(41
2
J ||u(s)|| . ds+—||u(t+1)||L2(Q)
t

<(u+1) J (s yds + 5 ||u(t)||L2(m+c1|n|+ g2,

sz :p2(Y1’;u')|Q|5”g||Lz(Q))7 (214)

v6imoi t > Ty = T ([lugllz2q))- Ap dung bt ding thitc Gronwall déu, tit (2.13)
va (2.14), ta co

lu(OII? o = P (2.15)
A

v6i moi t > T, = T; + 1. B6 dé dudc chiing minh. N

2.3.2. Tinh compact tiém cin ctia ntta nhom {S(t)},5,

Pé chting minh tinh compact tiém cén ctia nra nhém {S(t)}, trong khong
gian W}I’Z(Q) ta cAn chting minh ntta nhém {S(t)},, c6 mot tap héap thu bi
chan trong D(A;) va phép nhing D(4;) — Wi’z(Q) la compact.

B6 dé 2.3. Nita nhém {S(t)} ;>0 co mot tdp hdp thu bi chdn trong D(A,).

Chitng minh. Dao ham hai vé (2.1) theo thoi gian, ta dugc
Uy — Aju, + f'(Wu, =0.

Nhan v6 huéng ddng thtic trén véi u, trong L*(Q) va st dung (2.2), ta suy ra

1d

gl oy < Cllull? (2.16)

L2(Q) — L2(Q)°

Nhan phuong trinh diu cta (2.1) véi u,, ta dudc

d (1
2
E(E"u”ﬁv;%m—I—fQF(H)dx_JQgde) ||ut||L2(m 0. (2.17)

Ngoai ra, 14y tich phan @.11)) tl ¢ t6i t + 1 va st dung wée luong (2.12), ta 6

t+1
f [n 2., J f (wudx - f gudx] ds < lu(O)lsq, < P1.
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v6i moi t > T,. Mat khac, ap dung (2.4) va st dung uéc lugng (2.12)), ta c6

t+1 -~
J llu ||212 ff(u)udx—f gudx] ds
o e
> 2 F(u)d , dx | d
> f _”“”wymﬁjﬂ (dx = [l Jﬂgu x} ;
t+1 -~
>f 2 JF()d f d]d {
> = u)dx — udx [ds — =p1,
. _2 }12() q Qg 2P1

v6i moi t > T;. Do do,

A

t+1

1 1)

—Jul? + | Flwdx— | gudx|ds<(1+=)py, Vt=T,. (2.18)
. 2w Q Q 2

Ap dung bét ddng thitc Gronwall déu, tit (2.17) va (2.18), ta suy ra

1
—Jul|? + | Fudx — | gudx <p;, véimoit>T,=T;+1. (2.19)
2 w(52) 0 Q

Léy tich phan @.17) tu t t6i ¢ + 1 va st dung (2.19), ta cb

t+1
J ||ut||%2(m <p; v6imoit >T,. (2.20)
t

Két hop (2.16) v6i (2.20) va st dung bt ding thitc Gronwall déu, ta thu duoc

||, ||L2(m P3 VvOimoi t>Ty;=T,+1. (2.21)

Mait khac, nhan phuong trinh dau caa @.1) véi —A,u, st dung (2.2) va bat
dang thic Cauchy, ta c6

||AAU||%2(Q) - J uAjudx — J fWIVulPdx —f gA udx
Q Q Q

< Ul o+l + DAl g 1

Tiép tuc stt dung cac udc luong (2.15) va ([2.21)), ta c6 dudge

||A7Lu||L2(Q) p4:
v6i moi t > T5. B6 dé dugc chitng minh. O

B dé 2.4. Phép nhing D(A;) — VT/}L’Z(Q) la compact.
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Chitng minh. Vi moi u € D(A,), ta ¢co

[[u IIZH() lexulzdxz—J u- Aqudx < ull2, g 185ul?q)  (2:22)
A Q Q

Tiép theo, ta sé chitng minh v6i moi & > 0, ton tai hing s6 C(¢) théa mén

Jull? 12 < ell Ayull? g, + C(ellull? (2.23)

L2(Q) L(Q)

v6i moi u € D(A,). That vay, vi W}L’Z(Q) cc L%(Q) c LY(Q), st dung BS dé

Ehrling, ta c¢6 v6i moi n > 0,

lulzziay < Moy + G (Ml

Két hop véi (2.22) va bat ding thiic Cauchy, ta thu dugc
2
I, o < I8l (Al g+ Ml |
2
<ulll,, AUl g+ Gl oy

A

Chon 7 phtu hgp, ta sé thu ducge (2.23)).

Bay gid, ta sé chitng minh phép nhiing D(A;) — VT/;’Z(Q) la compact. That
véy, 14y {u,} 1a mét day bi chin trong D(A,). Khi dé, ton tai mét ddy con fu,, }
thda méan u,, — u trong D(A,). St dung (2.23), ta c6
[

o
1,2
w3

it - < ell Aty — Al + Clty, — ull?, -

ViD(A;) € W,(Q2) cc L1() va tinh bi chén cda day {u,, — u} trong D(A,),
ta 6 thé trich ra mét diy con clia u,, (ta van ki hiéu nhu cfi) théa man u, —u

trong W}CZ(Q). BS dé duodc chitng minh. O

St dung cac B§ dé (2.2), B6 dé ([2.3) va B6 dé (2.4) ta suy ra nita nhém
{S(t)} ;>0 cO tép hap thu bi chin va compact tiém cin trong khéng gian W}L’z(ﬂ).
Do d6 ap dung Dinh i 4 Chuong 1 ta ¢ Dinh li quan trong sau.

Dinh li 2.2. Gid su cdc diéu kién (F)—(G) dugc théa mdn. Khi dd, niza nhém S(t)
sinh bdi bai todn (2.1) ¢6 tdp hut toan cuc .o/ trong khong gian Wi’z(ﬂ).

39



Cht y cubi chuong. DE két thic chuong nay, biy gid ching t6i dua ra mot sb

binh ludn vé két qua ctia chuong. Cu thé:

e L4p toan tl A, -Laplace nghién ctiu trong chuong nay chita nhiéu 16p toan ti
elliptic suy bién nhu 13 toan t@ suy bién Grushin (xem [34]]) va toan t@ suy
bién manh dang P, , (xem [63]). Muc dich cia chuong nay la nghién ctu su
ton tai nghiém, dang diéu tiém cin nghiém bang li thuyét cac hé déng luc
tiéu hao v6 han chiéy, cu thé 1a théng qua nghién citu su ton tai va tinh chinh
quy cta tip hit. Vi vy, ta cin nghién cttu bai toan trén cac khong gian
Sobolev ¢6 trong phu hop dbi véi toan ti A, 13 VT’}{Z(Q), D(A,) va ching
minh dudc phép nhing D(A;) — V(\)/}L’Z(Q) la compact.

e Trong nhitng nim gin day, c6 hai 16p sb hang phi tuyén dugde nghién citu
nhiéu. Thit nhét 13 16p s hang phi tuyén théa man diéu kién ting trudng va

tiéu hao kiéu Sobolev (xem [3} 38,39, 44]]). Th( hai 1a 16p sb hang phi tuyén

7
A

théa mén diéu kién ting trudng kiéu da thitc (xem [4}, 9, [61] [64]). Hai 16p sb

v A

hang phi tuyén nay déu c6 han ché phia trén vé diéu kién ting trudng va sb
hang phi tuyén kiéu mii khong thdéa man, chang han nhu f (u) = e*. Lp sb
hang phi tuyén chiing t6i xét trong bai toan tong quat hon, vira chita ca
hai 16p phi tuyén trén, vita chtta 16p s6 hang phi tuyén ting trudng ki€u mil.
Su khéc biét chinh so véi chiing minh trong [3] 4, 64] 13 s6 hang phi tuyén
f (u) trong bai to4n ctia ching tdi chi thudéc khéng gian L1(Q;) do khéng cé
gi6i han 4p dit cho diéu kién ting trudng trén clia né. Diéu nay din dén mot
s6 kho khan khi thiét 1ap cac wée luong tién nghiém, chuyén qua giéi han dbi

v6i sb hang phi tuyén va ching minh tinh duy nhét cta nghiém.

Két ludn Chuong 2.

Trong chuong nay, ching t6i da trinh bay cac két qua vé su ton tai, tinh duy
nhét va su phu thudc lién tuc ctia nghiém vao dit kién ban dau, su ton tai tap hit
toan cuc cting véi tinh tron cia né. b chitng minh sy ton tai va duy nhéit nghiém
chtng t6i d4 st dung phuong phap xdp xi Galerkin va phuong phap compact. D&
chiing minh tinh tron cta tip hit toan cuc, ching t6i sit dung phuong phap danh

gia tién nghiém tiém can.
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Chuong 3

TAP HUT TOAN CUC CUA MOT LGP PHUONG TRINH

PARABOLIC SUY BIEN MANH TREN TOAN KHONG
GIAN

Trong Chuong 2, ching t6i di nghién citu bai toan parabolic suy bién nita
tuyén tinh trén mién bi chin Q c RV,N > 2. Khi dé nta nhém S(t),t > 0,
sinh bdi bai to4n 14 moét ntta nhém (phi tuyén) compact, tic 1a S(¢t) 1a toan
tit compact v6i mdi t > 0 (diéu nay suy ra ti tinh compact ctia phép nhing
VT/}I’Z(Q) — L?(Q2)). Trong chuong nay, ching t6i nghién cttu mét 16p phuong
trinh parabolic nita tuyén tinh chia toan t@ suy bién manh P, , trén toan khong
gian RN, N > 2. Khi d6 cac phép nhing cin thiét khoéng con compact, do dé
S(t) khéng con 13 ntta nhém compact nita va diéu d6 géy ra nhiing khé khin

16n khi nghién ctu.

Noi dung ctia chuong nay dudc viét dua trén céng trinh [CT2] trong Danh

muc cong trinh khoa hoc da cong bo ctia luén an.

3.1. Dat bai toan

Trong chuong nay, ching tbi nghién cttu phuong trinh parabolic nita tuyén

tinh suy bién manh sau:

— P u+fX,u)+Au=gX), XeRN t>0,
ot T (3.1)

U(X, 0) = uO(X)s X € RN)

trong d6 A > 0,X = (x,y,2), RV = RM x R* x RM (N},N,,N; > 1),va P, la
todn td suy bién manh d4 dude néu 6 Chuong 1. D& nghién ctu bai toan (3.1),
ta gia thiét diéu kién ban dau u, € L(R") cho truéc, ham phi tuyén f va ham

ngoai luc g thda man cac diéu kién sau:
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(F) f:RY x R — R 1a ham kha vi lién tuc thda man

fiX,u) > —L, (3.2)
X, Wu > —uu® - C;(X), (3.3)

trong d6 £ > 0,0 < u < A, C;(-) € LY(RV)NL2(RY) 12 ham khéng 4m. Tit
diéu kién (3-2) tac6 0 < f: (f/(X,s)s + €s)ds, 14y tich ph4n tung phan ta

duadc
2

u
F(X,u)Sf(X,u)u—l—éE v6i moi u € R, (3.4)
dd6 F(X,u)= f(;lf(X,s)ds la m6t nguyén ham cua f;

(@) g€ L*RY).

Trong chuong nay, véi cac gia thiét (F)-(G), ching toi sé nghién citu cac

van dé sau doi vai bai toan (3.1)):

e Nghién ctu su ton tai va tinh duy nhit cta nghiém yéu;
e Nghién ctfu su ton tai tdp hit toan cuc cta nita nhém S(t) sinh béi bai

toan (3.1) trong khong gian L2(RY) va ST(RN).

3.2. Su tOn tai va duy nhit nghiém

Dinh nghia 3.1. Ham u goi 13 mét nghiém yéu ctia bai toan (3.1)) trén (0, T) v6i
diéu kién ban dau u(0) = uy € L*(RN) néu va chi néu u € ¢([0, T]; L2 (RV)) N
L*(0,T;S'(RM)),u, € L*(0, T; STH(RY) NLY(Qr) va

(U, w) = (P yu,w) + (f (X, u), w) + Au,w) = (g, w),

v6i moi ham tht w € ST (RN) N L®(RN) va véi hdu khip t € (0, T).

Pinh 1i sau trinh bay két qua vé su ton tai va tinh duy nhét ctia nghiém yéu

ctia bai toan (3.1)).
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Dinh li 3.1. Gid st cdc diéu kién (F)-(G) duoc théa mdn. Khi dd, vdi bdt ky
uy € L2 @RN) va T > 0 cho trudc, bai todn (3.1)) ¢ duy nhdt nghiém yéu u trén
khodng (0, T). Hon nita, dnh xa uy — u(t) la lién tuc trén L*(RV).

Chitng minh. (i) Su ton tai nghiém. Chtng ta xét mot day cac bai toan trong

mién bi chan By sau:

u
E—Pwu—l—f(X,u)—i—ku:g(X), X €Bg,t >0,

u(X,t)=0, X € 0By, t >0, (3.5)
U(X, O) = uO,R(X)J X e BR;

trong By 12 hinh cAu md c6 ban kinh R > 1 tdm 0, ugp = ugr(1X|) va Yy 12
ham tron thoa man
1 néu 0<r<R- 1,
Yr(r)=410<vYp(r)<1 néuR—1<r<R,

0 néu r > R.

Tit Pinh 1i [2.1| cia Chuong 2 ta c6 thé suy ra, v6i mdi R > 1, bai toan (3.5)) c¢6
duy nhét nghiém yéu u,. Bay gid, ta sé chi ra diy {ug} bi chin déu bdi mét

hing s6 khong phu thudc vao R. Ta ¢6

1d

2dt ||UR||L2(B ) f Vs yuR| dX +J f (X, ug)ugdX +7L||UR||L2(B ) f gupdX.
Bg

Tu (3.3 , ta dugc

P J Ve 20X + (2= gl < f
t By

B

gupdX —|—J C;(X)dX.

Bg

St dung bat d:fmg thttc Cauchy va gia thiét C,(-) € L'(RN), ta ¢6

|| TR J 1V, unldX + (= p)llugllZa g
Br

1 A—
Sm”g”L BT —— ||UR||L2(B , 1 C.

Do do,

1
gl 2rny + C.
—u

d
2
225+ f Ve PAX + (= gl < 57—

Bg
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Lay tich phan tit 0 dén t,0 < t < T, ta dugc

t t
||uR(t)||L2(B y ZJ J IV, ugldXds + (A — .M)J HUR(S)“%Z(BR)CIS
0 JBy 0

S 7= 1800 T +CT + lugyrUX D (3.6)

Xétu,,r; — +o0, la ddy nghiém cta bai toan (3.5) trong B, . Khi do, tu 3.6)

ta CO
{u,,} bi chan déu trong L*(0, T; L*(B, ) N L*(0, T;S'(B,,)). (3.7)

Ta sé thac trién nhitng nghiém nay xac dinh trén RY theo cach sau:

u, (X, (IX]) trong B, ,

a,(X)=
0 trén RN \B,..

Vi (3.7) nén ta suy ra déy {a,,} bi chdn trong L°(0, T; L2(RN))NL2(0, T; SY(RM)).

Do dd, ton tai day con cta {4, } (van ki hiéua,) thoa man

I, — Uy, trong L%(0,T;SY(RY)),
i, —" uy, trong L%(0, T; L*(RY)), (3.8)

P\, — P; Uy, trong L%(0, T;S"H®RM)).

Ta sé chitng minh u,, 13 nghiém yéu ctia bai toan (3.1).

C6 dinh ry, khi r; — +00, ta gid st r, < r; — 1. Ta dinh nghia phép chiéu
cua i, trong B, va ki hiéu la uy; = Ly, . TU ta suy ra {uy;} bi chdn trong
L*(0, T; L%(B,,)) N L*(0, T;S'(B,,)). Do dé, tdn tai mot ddy con (van ki hiéu
1a wy;) sa0 cho wy; = Lydl,, — Uy trong L*(0, T5S'(B,,)) va héi tu *_yéu trong
L*(0,T;L*(B,)).

Bdy gi0, ta chitng minh Lyu,, = . That vay, lay v € C°([0, T] x B, ), hoi
tu *~yéu trong L*(0, T; L*(B,,)) cho trudc, ta cb

T T
J f Lkaerdth i f J‘ ukOOVdth.
0 Brk 0 Brk
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Mit khéc, luu y rang v(t,X) =0 v6i X & B,, va st dung (3.8) ta dugc

T T T
f J LkﬁrjvdthﬁJ J arjvdthﬂf J u,vdXdt,
o JB, o JB, o JB,
T T
J f uoovdth:J f LiusvdXdt.
o JB, o JB,

Do d6, Lty = gy Ta néi rang Lyu., 13 mot nghiém yéu trong Q,.r=1[0,T]x

B, . Ta dugc

va

1d
2d ”uk]”LZ(B )+J |vs}/uk] 2dX+J f(X uk])uk]dX—i_A”uk]”Lz(B )

Tk
B

Tk

Léy tich phan (3.9) tir 0 dén T, ta c6
T
J f |Vsyukj| dXdt+2 . f(X uk])udeth-i-lJ ||uk]||L2(B )
T

<l 225+ Ilglle(B :

Do do,

f(X, ukj)ukjdth <C.
Qrk,T

Tiép theo, ta chiing minh {f (X,u;)} bi chin trong Ll(QrkyT). bat h(u;) =
f(X, ;) + fuy;, trong do @ > £. Vi h(s)s = 0 v6i moi s €R, ta co

|

|h(u)|dX dt sf

Qr, rN{lug;|>1}

|h(uk1)uk]|dth+J |h(ukj)|dth

T Q, rN{luggl <13

SJ h(uy;)ug;dXdt + sup |h(s)l|Q,, r| < C.
Q

<
T |5|_1

Vi vay, {h(u;)} bi chdn trong Ll(Qrk’T). Do do, suy ra {f(X,u;)} bi chan
L'(Q, r)- Mat khac, ta c6

—:P Uk — f(X uk]) A'uk]—i_g:

45



o Ow o 9 1 1 , O
nén {W}bl chan trong L=(0, T;S™"(By;))+ L (Q, r)- Do do, { 7t } bi chan

trong L*(0, T; S™!(By;)+L*(By;)). Stt dung B& dé compact Aubin-Lions—Simon
(xem Dinh 1i[1.2) va Sj(By;) =< L*(By;) — S~ '(By;)+L"(By;), ta suy ra {uy;}

1a compact trong L*(0, T; L*(By;)). Do d6, 6 thé trich ra day con théa mén

Uy = Uyo, hau khap noi trong Q,, 1 va

f(X3 uk])ngdt - f(qukoo)ngdt:
Qrk,T Qrk,T

v6i moi & € CP([0, T1;S71(By;) N L®(By;)). Vi vay, ta ¢b u,, la nghiém yéu
trong [0, T] X B,,. Do do, u,, la nghiém yéu ctia bai toan (3.1)). That vay, véi
moi ham tht v € C°(RY), tdn tai ry sao cho v € C3°(B,,), st dung uy, la
nghién yéu clia trong Q,, r, ta co uy, la nghiém yéu ctia bai toan
trong [0, T] x RV,

(ii) Tinh duy nhét va su phu thudc lién tuc vao dit kién ban dau. Gia
st u va v 13 hai nghiém yéu cta bai toan v6i dit kién ban dau 14n lugt 1a

Uy, Vo € L>(RY). Ddtw =u — v, ta cb

ow ~ ~
——P. w+fX,u)— fX,v)—Lw+Aw =0,
or P S d (3.10)

W(O) =Ug — Vo,

trong d6 f(X,s) = f(X,s) + £s. Do w(t) khong thudc vio khéng gian W :=
SY(RY)N L®(RM), nén ta khong thé chon w(t) 1a ham thi nhu trong [4].

Ta sé stt dung ki thuét trong [32]] d€ chitng minh. Xét B, : R — R 1a ham

cat dugc xac dinh nhu sau:

k if s >k,
Bi(s)=1s if |s| < k,

—k ifs<—k.
Xét anh xa Nemytskii B, : W — W xac dinh bdi
B.(w)(x) = B (w(x)) v6imoixeRN.
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T B6 dé 2.3 trong [32]], ta c6 ||By(w) — w|lyy — 0 khi k — co. Nhan phuong
trinh d4u ctia bai toan (3.10) v6i By (w), rdi 14y tich phén trén RN x (e, t),véi
t €(0,T), ta ducc

f J i(W(s)I/S\k(W)(T))dxd'r—J f wi(ﬁk(w)(f))dxd’r

€ IRNdT e JRN dt

+1f J IV, wltdxdT + J f (f(X,u)—f(X,v))Ek(W)dxdT
2 e J{xeRN:|lw(x,7)|<k} e JRN

t t
— EJ f wB, (w)dxdt + Af J wB,(w)dxdt =0
e JRN e JRN

Do w4 (B(w)) = 2L (B(w))?, ta c6

f w(t)B(w)(t)dx — _”Bk(W)(t)”Lz(RN)
RN

1 “f ~ .
+ —J f IV, ,wldxdz —i—f f f/(X,E)wB,(w)dxdt
2 {xeRN:jw(x, T)|<k} e JRN

=J w(e)By(w)(e)dx — —IIBk(W)(E)IILZ(RNpL(K —X)J J wBj(w)dxdr.
RN e RN

Cht ¥ rang f’(X,s) > 0va sBy(s) > 0 v6i mois €R, cho e — 0va k — oo trong

dang thitc trén, ta dudc
||W(t)||L2(]RN) < ||W(O)||L2(RN) + (ze A)J ||W(T)||L2(RN)

Do dé, 4p dung bat dang thiic Gronwall dang tich phén, ta c6

WOy < WO gy

< NW(O)II2, g ye® M7 v6i moi t € [0, T].

Vi vy, nghiém phu thudc lién tuc vao dit kién ban diu, dic biét, nghiém 13 duy

nhét khi u, = v,. O
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3.3. Su ton tai cua tap hut toan cuc
Tit Binh 1i ta ¢6 thé xac dinh moét ntta nhém lién tuc S(t) : L2(RY) —
L2(RM) lién két véi bai toan (3.1) nhu sau

S(uy :=u(t),

trong dé u(-) 13 nghiém yéu duy nhéit ctia bai toan (3.1)) véi diéu kién ban dau
u,. Chung ta sé chiing minh ntta nhém S(t) ¢6 tip hit toan cuc .« trong khong
gian L2(RY) va S}(RN).

3.3.1. Su ton tai cac tap hip thu bi chin
B6 dé 3.1. Nita nhém {S(t)} ;>0 co mot tdp hép thu bi chdn trong L2(RN).

Chitng minh. Nhan phuong trinh dau cta (3.1)) véi u, ta cb

d
||u||L2(RN)—I—J IV, ul dX+f f(X, u)udX—I—MIuIILz(RN) f gudX.
RN RN

(3.11)

2d

St dung (3.3)), ta dugc
d
e +2J 1V, ulPdX + 200 = )l g, < 2 f gudX +C
R ]RN

<(A’ Au’)”u”LZ(RN) ||g||L2(RN)+C' (3'12)

A—

Do do, ta co
d 1
Do dé, tit bat déng thttic Gronwall, ta dudc
IOy < O e O + Ry,

trong d6 R; =R,(A,u,C, ||gl? ). Do d6, chon p; = 2R, ta c6

L2(RN)
||u(t)||L2(RN) pl: (3.13)
v6imoi t > T; = T(B). BS dé duoc chitng minh. O
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B6 dé 3.2. Nita nhém {S(t)} .50 co mot tdp hép thu bi chdn trong S'(RV).
Chitng minh. Tu (3.12), ta c6
Ll +2 | 190X < g+ C
de e RN st T A-u Sl .
LAy tich phan trén khoang (t,t + 1) va sit dung B6 dé ta dugc
t+1
f 19, (0 g @7 < 03 = 93(C. o1, 181z (3.14)
t
v6imoi t > T;. Nhan (3.I) véi —P, ,u va lay tich phan trén RV, ta ¢6
EE”VSJ’UH%Z(RI\’) + ”Ps,yu”%Z(RN)
=— f fX WV, ulPdX — A f |V, ul?dX — f gP, udX
RN RN RN
2 2 1 2 Lo
<t |vs,yu| dX — A |vs,yu| dX + E”PS’YHHLZ(RN) + Ellg”LZ(RN)-
RN RN
Do do,

d
1V, 22y < ATl + 118 gy (3.15)
Két hop (3.14)),(3.15) va st dung bat dang thitc Gronwall déu, ta c6

||Vs’},u(t)||%2(RN) <p,véimoit>T,=T;+1. (3.16)

Tu (3.13) va (3.16), ta c6 diéu phai chiing minh. O

BG dé 3.3. Gid sit cdc diéu kién (F) — (G) théa mdn. Khi dé, v6i moi tdp con bi chdn

B trong L*(RY), ton tai hdng s6 T = T(B) > 0 sao cho
||ut(T)||i2(RN) S p3 Vél mOl uO EB’ VC‘l T 2 TJ
] d iy \ A
trong do u,(t) = E(S(t)uo)hﬂ va ps la hang so duong khong phu thuéc vao B.
Chitng minh. Liy dao ham (3.1 theo thdi gian, ta dudc
U — Py u, + f] (X, wu, + Au, = 0.
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Nhan v6 huéng dang thic trén véi u, trong L3(RY) va st dung gia thiét (3.2),
ta suy ra

1d

u
5 -l

LZ(RN) C”u ||L2(RN) (3'17)

Nhan phuong trinh dau cta (3.1) véi u,, ta dudc

d A
dt( 19, 2y + 5 Nl + fRNF(X,u)dX—J

RN

gudX)
— el oy < O (3.18)

Mt khac, 14y tich phan (3.11)) ti ¢ t6i t + 1 va st dung (3.13), ta c6

t+1
f [nv Al + Al 2, + f f(x,u)udx—f
t RN

RN

gudX} dt
< (O s < 1,

v6i moi t > T;. Mat khac, sit dung kiéu kién (3.4) va uéc lugng (3.13), ta co

t+1
f [nv Al gy + Al + fo(x,u)udx— f
t R

RN

gudX] dt

t+1
zf [nv Al gy + Al + f F(X,u)dX
t RN
E
Moy — | gudx |dv
]RN

t+1 1 A e
> EHV u”LZ(]RN) ”u”LZ(RN) + F(X,u)dX — gudX |dt — zpl,
‘ RN RN

v6i moi t > T;. Do do,

t+1 1 A,
J Sl + S+ J FOX, )X — J sudx oz
t RN RN

4
<1+ E)pl’ véimoi t > T;. (3.19)

Ap dung bat dézlng thitc Gronwall déu, tir (3.18) va (3.19), ta dudc

1 A
SV, Al oy F ||u||L2(RN) f F(X,u)dX—J gudX <p;,  (3.20)
RN RN
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véimoi t > T, = T; +1. Liy tich phan (3.18) tt t dén t + 1 va st dung (3.20),

ta co

t+1
J ||ut(r)||%2(RN)dT <ps3, VOimoit>T,. (3.21)
t

Két hop (8.17) véi (3.21) va ap dung bat déng thitc Gronwall déu, ta duagc

lu (D, < P35,

v6i moi T > Ty = T, + 1. B§ dé dugc chling minh. O

Bay gi0, ta sé chi ra su ton tai tdp hap thu bi chin trong S*(RN).

B6 dé 3.4. Niza nhém {S(t)} ;>0 co mét tdp hp thu bi chdn trong S?(RY), nghia
la, ton tai hang sb P4 > 0sao cho véi moi tdp bi chdn B C L*(RY), ton tai Tz > 0

thoa man
1Py aqgy + (O < s v8i moi ¢ 2 Ty € B.

Chitng minh. Nhan v huéng phuong trinh dau cta (3.1) véi —P; ,u+ Au trong
L2(RM), ta 6

1P (O g, + A2l oy + J £ X, wudX
]RN
< ZAJ uP udX — J u (=P u+ Au)dX +f fX,w)P, udX
RN RN RN
+ J g(—P; ,u+ Au)dX.
RN

St dung (3-3) va lay tich phan ting phén sb hang thit ba bén vé phai ctia bat
dang thic trén, ta dudc

1Py O vy + A NuCON ey — ARl 2 v,

< 27LJ uP; udX — f u (=P yu+ Au)dX
RN R¥N

- J FiCGWAV el + 1V ul? + [ * |y [V ul)dX
RN
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+ g(—P, ,u+ Au)dX + A C,(X)dX.
RN ’ RN
Ap dung bt ding thitc Cauchy va gia thiét (3-2), ta c6
1P (O gy + Oy < CCL Nty Nl iy F N8 2
Tit B6 dévé B6 dé ton tai p, > 0 sao cho
1P, (Ol gy + (O, < P
v6i moi ¢ da 16n. Ta ¢6 diéu phai chiing minh. O

Tiép theo, d€ chting minh su tdn tai tip hit toan cuc trong L3(RY) va

SYRYN), ta sé stt dung ba ham thtt g, Oz, Yz thda man

o (IxP? 0. — 0 |y [? B 2>
Yr= ¢ R )RTU\ R »TR=Y R2T+s+7)
v6i @, 0,y € C*[0,400),0< ¢,0,y <1, 9,0,y =0 trong [O,%], va p,0,y =
1 trong [1, +00). Khi d6 ton tai hang sb C > 0 sao cho |¢’()],16"()], |y'()| < C.
Ngoai ra, ta dat
B = Bgni (O,R) X Bgny (0,R) X Bgas (0,RM47)
va

Yg = RN\ (Bgm (0,R/2) X By, (0,R/2) X By (0,R*517/2)).

Trong Chuong nay, chling t6i xét bai todn trén toan khong gian RN, N > 2.
Khi d6 nlta nhém S(t) khong con 1a nita nhom compact nhu é Chuong 2, do
d6 dé chitng minh su ton tai tAp hit toan cuc trong L3(RV) chiing t6i st dung

phuong phap dang gia phan dudi ctia nghiém do B. Wang dua ra (xem [66]]).

3.3.2. Su tOn tai tip hit toan cuc trong L3(RY)

B& dé 3.5. Gid sit cdc diéu kién (F) - (G) dudc théa man. Khi do, véi moi € > 0
va moi tdp bi chdn B C L2(RN), tontai T = T(e,B) > 0va K =K(e,B) > 0 sao
chot>TvaR>K,

J lu(X, t)|?dX <e.
RN\B;,
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Chitng minh. Nhan v6 huéng (3.1)) véi (r0zyr)u trong L2(RY), ta dudc

2dt

+J (PrOrYR)f (X, wudX = J (YrOrYRIUgX.
RN RV
St dung (3.2) va (3.3)), ta c6
1d 5 5
5dt (PrOrYRIIul*dX + (A — ) (orOrYRIIU|"dX
t Jgw RN

= f (SORGRYR)UPS,}/UdX + J
RN

Zg

|C1(X)|dX +f (prOryrlugdX.
RN
Mit khac, ta co
< 1 2 2
(PrOayuP,udX < | (uf> +1P, ulP)ax,
RV RV
va
f (prOpYRIUgAX = J (prOrYRIUgAX
<—J (prOrTR)IU dX+ )J gl*dX.
Két hop (3:23),([3-24) véi (3.22), ta suy ra
d 2 2
T (prOpyRIU"dX + (A — ) | (prOryr)lul~dX
RN RN

C.(X)|dX
JZR| 1) +7L—

z:R
Nhan (3:25) v6i e At v léy tich phéan trén (T, t), ta thu dudgc

J (SORQRYR)Iu(t)IdeSe_“_“)(“ﬂj (rOrYR)Iu(T)?dX
RN RN

t
vt [0 [ e
T Zr

t

1
+_e—()\—u)tf e(l—u)ij |g|2dXd§
A= T Tk
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IgIZdX+J (Jul®*+|P, ;ul*)dX.

J (pr RYR)|U| dX — J (¢rORYRIUP; yUdX‘FlJ‘ (‘PRQRYR)|U|2dX
RN

(3.22)

(3.23)

(3.24)

(3.25)



t
+ e_u_“)tf e(k_“)EJ (Jul* + |P, ,ul?)dXdE&
RN

T

2 1
<o~ O—mt- T)”u(T)”LZ(RN)—I_mJ |C1(X)|dX+mJ |g|*dX
Tk 2R

t
n e—(A—u)tJ e(k—u)if (|u|2 + |P57Yu|2)dXd<S. (3.26)
RN

T

Ta luu ¥ ring, cho trude e > 0, ton tai T; = T;(e) > 0 sao cho v6i moi t > Ty,

€
e~ (Ammlt= T)||U(T1)||L2(RN) z (3.27)
Do C,(-) € L'(RN), ton tai K; = K,(€) > 0 sao cho v6i moi R > K,
€
S — C,(X)ldX < -. 3.28
P 2R| 1(XD)dX < 2 (3.28)

Mit khac, do g € L2(RV), ton tai K, = K,(€) > K; sao cho v6i moi R > K,

: J
—— | lgldx <
(A—‘U,) Sk

Dbi v6i s6 hang cubi & bén vé phai ctia (3.26)), tit BS dé[3.4], ton tai T, > 0 sao

cho v6i moi £ > T,, ta dudc

(3.29)

INE

f (lu@X, O + Py, u(X, )X < py. (3.30)
RN
Do dé, ton tai K5 = K3(€) > K, sao cho v6i moi R > K5 va t > Ty,

(3.31)

Bl

t
e—(k—u)tf e(k—u)i(f (|ul® + |P5,Yu|2)dX)d§ <
T, RN

bat T = max{T;, T,}. Sau do, két hop cac biéu thic tit (3.26) dén [3.31), ta cb

f (prOryr)u(X, t)?dX <,
RN

v6imoiR>K >Ksvat>T.Dodo
J lu(X, t)]2dX < f (rOrYR)IU(X, )2 dX <,
RN\B: RN

v6imoiR > K va t > T. Tit d6, ta c6 diéu phai chiing minh. O
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St dung B6 dé ta chiing minh dudc tinh compact tiém cin cta S(t)
trong L%(RY) nhu sau.

B& dé 3.6. Gid sit cdc diéu kién (F) - (G) thoa mdn. Khi dé, nita nhém S(t) la
compact tiém cdn trong L*(RN), nghia la, véi moi ddy bi chdn {x,} € L2(RN) va
moi ddy t, > 0,t, — 00, {S(t,)x,} c6 mét ddy con hdi tu tuong ting véi topd cua
L2(RM).

Chitng minh. Ching ta st dung u6c luong déu phan dudi ctia nghiém dé ching
minh tinh compact tuong dbi ctia {u,(t,) :=S(t,)x,}, tic la, chttng minh rang
v6i moi € > 0, diy {u,(t,)} c6 médt phti hitu han bao gdbm cac hinh ciu ban
kinh bé hon e.

Cho K > 0, ta ki hiéu
Bi = Bgm (0,K) X Bgn, (0,K) X Bgas (0, K 77) va Bf, = RV\Bz.

Khi dé, tir BS dé v6i moi € > 0 cho trudc, ton tai K = K(e) > 0va T =
T(e)>0saochovéit>T,

luta (Ol < €.
Khi t,, — oo, ton tai N; = N;(€) > 0 sao cho t, > T v6i moi n > Ny,
”un(tn)“Lz(Bf() <e. (3.32)
Tit B6 dé tén tai C > 0 va N, > 0 sao cho v6i moi n > N,
”un(tn)llsl(Bl*() =C.

Vi phép nhang S'(Bj) — L*(B;) la compact (xem [63]), nén day {u,(t,)} la
compact tuong dbi trong LZ(BI*(). Do d6, véi € > 0 cho trudc, {u,(t,)} c6 mot
phtt hitu han c4c hinh cau ban kinh bé hon e trong L%(B};), cling véi ta
chting minh rang {u,(t,)} c6 mot pha hitu han cac hinh ciu ban kinh bé hon e

trong L%(RY). Do d6, {u,(t,)} 1a compact tuong dbi trong L2(RN). O

Bay gid, ta sé chting minh su ton tai tdp hit toan cuc trong L2(RN). Ki hiéu

B={u:|[ull2zy < p1},
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trong dé p, 13 hang sb duong trong chitng minh ctia BS dé Khi do, B la
mot tAp hap thu bi chidn ctia S(t) trong L*(RV). Ngoai ra, theo bS dé ntia
nhém S(t) 1a compact tiém can trong L2(RN). Do dé ta chitng minh dudc Dinh

li quan trong sau.

Dinh 1i 3.2. Gid sit cdc diéu kién (F) - (G) théa mdn. Khi dd, niza nhém S(t)
sinh béi bai todn ([3.1]) ¢6 mot tdp hiit todn cuc ./} trong L*(RY).

3.3.3. Su ton tai tap hiit toan cuc trong S'(RY)

St dung ki thudt danh gia phan dubi ctia nghiém do B. Wang dua ra trong
2

[66] ta nhan v6 hudéng (B.1) véi —6 ( p;';” )P, ,u trong L*(R"). Tuy nhién, |X|;

12 chuén tuong thich véi toan ti P, (xem [40]) c6 biéu thiic

1
2(1+s+y)

(Xl = (IXIZ(”S)IJ'IZY + 1Py PO+ (1 +s + Y)ZIZIZ)

Khi d6, st dung tich phén tiing phin trong qua trinh danh gia sé 1am xuét hién

cac hé sb phiic tap c6 chia s va y, ma ta khéng thé uée luong dude ching. DE
4 o 7 ’ A ~ \ |*Xv|52 N 7 2 \

vudt qua kho khan do, chung toi da thay ham 6 (R—ZY) bang tich cua ba ham

©r, O, TR da dudc trinh bay & trén. Do dé ta c6 dudc két qua sau.

Bb dé 3.7. Gid st cdc diéu kién (F) - (G) thoa man. Khi do, vdi moi € > 0 va
moi tdp bi chdn B < L3(RY), ton tai T = T(e,B) > 0 va K = K(¢e,B) > 0 sao

chovéimoit > T vaR>K,

f |VS,Yu|2dX <e.
RN\B;,

Chirng minh. Nhan vo hudng vOi —(rOpYR)P; ,u trong L?(RN), ta dugc
—J ut((PRQRYR)Ps,yUdX +J (¢R9RYR)|Ps,yu|de - AJ (SORGRYR)UPS,yUdX
RN RN RN
- JRN(‘PRQRYR)J[ (X,u)P; ,udX = — JRN(SORGRYR)PS,YUng-
Mit khac, ta co
- JRN u (PrORYR)P; udX = fRN(‘PRQRYR) (kut’ ku) dX

RN
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+ J Ut (vs,y(('PRGRYR)J vs,}/u) dX
RV RY

1d ,
= EE RN(QORGRYR)lvs,)/Ld dXx

+ J Ut (vs,y(wRQRYR): vs,}/u) dX,
RN RY

_Af (QORGRYR)UPS,}/UdX = A’J‘ (QORQRYR)lvs,yu'de
RN RN

+ A J u (vs,y(tpRQRYR)) vs,}/u) dX;
RN

RN

—J (prOrYR)f (X, u)P; ,udX :J (‘PRGRYR)fu/(X,u)|vs,yu|2dX
RN RN

+ f f(X: Ll) (vs,y((PRQRYR)a vs,}/u) dX:
RN RY

—J (¢rORYR)P; yugdX = —J (@rORYRIP; yugdX
RN Tk
2 1 2
=< (()ORGRYRNPs,yu' dX+Z |g| dx.
Zr P

Do do, ta dudgc

1d ) )

9 14 ((PRGRYR)lvs,ylA dX + ((PRQRYR)lPs,yLd dX

2dt Jpy o

+A f (SORGRYRst,yulde
RN

<- J e op o) Vo) ax
RN RY
- A‘J u (vs,y(@RQRYR): vs,}/u) dX +{ f (QORQRYRst,yulde
RN RN RN

— f(X, U) (vs,y((pRQRYR)a vs,}/u)

RN

dX
RN

1
+ J (prOrYR)IP; yul*dX + 2 J lg|*dX. (3.33)
ZR z:R
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Vi p’(s),0'(s),y'(s)=0v6imoi 0 <s <%Vés > 1, ta c6

' - f Ut (vs,y(SORQRYR): vs,yu) dX'
RN RN

f utGRYR(VXU,Vx(PR) dX |+ J utSDRYR(VyU,VyQR) dX'
RN RN RN RN

f ut¢R9R|x|2s||J’|2Y (VZU)VZYR) dX‘
RN RN

<

+

2
<__
=R2

, 1xl?
U Oprrep (—2)(X -V, u)dX
RN

2
TR

2
J U prYrO (&)(J’ v, )dX‘

2
+ R2(1+s+7)

|2
fR utSORQRY/(}mNXFSUFY(Z -V u)dX
|x|?

< J u QRYR‘P( > )(x - V,u)dX
By

~R?

2
TR

yl?
U prYRO’ ( 5 )y - Vyu)dX
BR

2
+ R2(1+s+y)

1/2
J |, | 2dX f |X|2|qu|2dX)
Bg
1/2 1/2
J x| f |y|2|vyu|2dx)
1/2
— dX |y |4 dx
+R2(1+S+Y) Iutl IXI |y ¥z Vul®
1/2
5— f Iutlde J |V, .ul? dX
R B
2C ) 5\
—(J lu,| dX J |V, ul dX
By Bj

2C ) 1/2 - , 1/2
+?(J ] dx) (| wrroara)

U, V.,.u
LZB x
R GO .

212
J U PrORY (WNXFSD’W(Z - V,u)dX
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2C[1 1 )
+ o | Gl 5 | 1Vuldx

2C [1
+— | Sllullz —f lezslylzylvzulde]
R PO 2 ),

_3¢ C )
oy + = | IV guldx
By

_s¢ C ,
||u ||L2(RN)+ R |V, ul*dX. (3.34)
RN

banh gia tuong tu (3.34), ta ¢
BAC
—A u vs,}/(SORQR’}/R): vs,yu dX| <
RN RN

Nl

AC 5
+— IRN|ku| dx, (3.35)
va

3C
‘ J f(X U) (vs }/(QORGRYR) vs Yu) dX <_||f(X u)”LZ(RN)

C 2
+= | IV,uldx. (3.36)
R >
]RN
Két hop cac bat dging thie tr (3.33) dén (3.36),ta suy ra
d
EJ ((PRQRYR)lvs,yuPdX + ZAJ (@RGRYRst,yulde
]RN

1
SEJ IgIZdX—i-ZBJ |ku|2dX+ ||u [
Zig

RN
61C (2+A)C )
+ — R ||u||L2(RN) ”f(X u)”Lz(RN) TJ;RN |v5’Yu| dX
1 9 6C
<3| lglax + el + IIf(X W2,
Z:R
+(71J (Jul* + |V, ,ul?)dX, (3.37)
N

trong d6 C; = max{~;- 62C. 20 + 2(2+MC} Nhan (3.37) véi e2** va lay tich phan
trén (T, t), ta thu duoc

f (@RGRYRst,yulde
RN
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f (SORQRYRNVS)/H(T)lde"_ J MJ lgl*dxdg

6C

t
6C
—2At 2AE 20t 2AE
e J iy €+ — e J 1 (X, )2 g A

t
+ Cpe” M J eZMJ (lu* + |VS,Yu|2)dXd§
T RN

1
ZAt”u(T)llsl(RN) 4A,J |g|2dX

6C ‘ 6C ‘
+?e 21t JT ZA€||ut||L2(RN)d€+?e 24t fT 21£||f(X u)”Lz(]RN) g
t

MJ emgf (|u)* + |VS,Yu|2)dXd§. (3.38)
Chil y ring vé6i € > 0 cho trudce, ton tai T; = T;(e) > 0 sao cho v6i moi t > T;,
e M (TG gy < 5 (3.39)

Mit khac, tit g € L2(RN), ton tai K; = K;(€) sao cho v6i moi R > K;,

_€

Dbi v6i s6 hang thit ba va thit nam & vé phai ctia (3.38), tli B6 dé va
tén tai K, = K,(€) > K; sao cho v6i moi R > K, vamoi t > T, > 0, ta co

t
€
Cle_ZMJ eZ’IEJ (Jul?* + |V, ul?)dxdE < < (3.41)
T, RN
6C ‘ €
5 oo J gy < <. (3.42)
T,

Mt khac, tir (3.1) ta c6 f (X, u) = —u,+P; ,u—Au+g. St dung cac BS dé Ve‘l
ta dudc f(X,u(t)) € LA(RN) v6i t dt 16n. Do dé, tdn tai K; = K4(e) > K,

sao cho v6i moi R > Ky vamoi t > T3 > 0, ta ¢co

6C ‘ €
— e M J eMJ If (X, W)PdXdE < —. (3.43)
R T RN S

bat T = max{T,, T,, T5}. Khi d6, tir (3.38) dén (3.43), ta c6

J (‘PRQRYR)WS,YUPdX <e€,
RN
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v6imoiR>K >Ksvat>T.Dodo
J |vs,yu|2dX SJ (‘PRGRYRNVS,}/L['ZdX < €,
RN\B} RN

v6i moi R > K va t > T. Khi dé, ta suy ra diéu phai chiing minh. N

Tiép theo, ta chiing minh tinh compact tiém c4n ctia nita nhém S(t) trong
SHRM).
B6 dé 3.8. Gid sit cdc diéu kién (F) - (G) théa mdn. Khi dé, S(t) la compact
tiém cdn trong SY(RN), nghia I, v6i moi ddy bi chdn {x,} < S}RY) va day
t, >0,t, — 00,{S(t,)x,} c6 mét ddy con héi tu tuong itng vdi topd ctia S'(RN).
Chitng minh. Tuong tu BS dé v6i K > 0 cho trudc, ki hiéu

By = Bym (0,K) X By (0,K) X B (0, K 77) va BE = RN \B;.

Khi d6, tit BS dé va véi € > 0 cho trudc, ton tai K = K(€) > 0 va
T=T(¢)>0saochové6it>T,

lun(Ollsraey < €.
Khi t, — oo, ton tai N; = N;(€) > 0 sao cho t, > T v6i moi n > Ny,
lunCt)llsigas) < €. (3.44)
Theo B8 dé[3.4 ton tai C > 0 va N, > 0 sao cho v6i moi n > N,,
|un(t)lls2(8) < C.

Vi phép nhung SZ(B;;) — Sl(B;';) la compact (xem [8]), nén day {u,(t,)} la
compact tuong dbi trong S 1(B%). Do d6, véi € > 0 cho trude, {u,(t,)} c6 mot
phtt hitu han c4c hinh ciu ban kinh bé hon € trong S '(By). Cung véi ta
chting minh rang {u,(t,)} c6 mot pha hitu han cac hinh ciu ban kinh bé hon e

trong S'(RY). Do dé, {u,(t,)} 14 compact tuong dbi trong S*(RY). O

Bay gid, ap dung Dinh li & chuong 1 ta chiing minh su ton tai tip hit

todn cuc ctia nita nhém S(t) trong S'(RY).
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Dinh 1i 3.3. Gid st cdc diéu kién (F) - (G) théa mdn. Khi dd, nita nhém S(t)

sinh bdi bai todn (3.1) cé mét tdp hiit toan cuc .of1 trong S*(RY).

Chirng minh. Ki hiéu

B= {U : ||u||51(1R<N) < Pz} s
trong d6 p, 1 hing sé duong trong chting minh ctia BS dé Khi do6, B la
mot tdp hap thu bi chin clia nita nhém S(¢) trong S'(RY). Ngoai ra, theo BS
dé ntia nhém S(t) 1a compact tiém cin trong S'(RY). Do dé, ta thu dudgc

két qua can chiing minh. O

Cht y cubi chuong. Trude khi két thic chuong nay, ching t6i dua ra mot

s6 binh luan vé nhiing diém méi chinh ctia Chuong 3. Cu thé:

e L6p phi tuyén f(X,u) nghién citu trong Chuong 3 di loai bd gia thiét
vé diéu kién chin trén dude nghién ctiu trong nhiéu céng trinh thoi gian
qua (xem [3} 4, 9,38, 39, [44, [61], [64] v6i mién bi chin va [} 18] v6i mién
khong bi chin). Dic biét, 16p phi tuyén nay chita ca 16p phi tuyén thoéa
mén diéu kién ting trudng tiéu hao kiéu Sobolev; ting trudng tiéu hao
ki€u da thitc, va thdm chi thda mén ca diéu kién ting trudng ki€u mil
fX,u)=e"

e Cic két qua trong chuong nay van con ding khi thay RN béi mét mién
khéng bi chin Q tuy ¥ (khi d6 ta cin b6 sung diéu kién bién Dirichlet
thuan nhét trén 82). Diém khac biét co ban ctia bai toan trong chuong
nay vdi bai toan trong Chuong 2 la cac phép nhing khéng con compact
(do d6 nita nhém S(t) sinh bdi bai toan khéng con compact) va diéu nay
g4y ra nhitng kho khin rat 16n khi nghién ctu su ton tai nghiém va su tén
tai tdp hit toan cuc. D& vudt qua nhitng khé khin nay, ching t6i da dung
BS dé compact Aubin-Lions-Simon khi chitng minh sy tbn tai nghiém, va
két hop phuong phap danh gid phin dudi cta nghiém do B. Wang dua
ra trong [66] v6i phuong phap danh gi4 tién nghiém tiém can d€ chiing

minh tinh compact tiém can ctia ntta nhém S(t) trong L2(RY) va SY(RVN).
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Cu thé, mét trong cac diém ki thuat 1a chon ba ham g, 6 va y; gitp ta

vuot qua khé khin khi dang gia phin dubi ctia nghiém.
Két luan Chuong 3

Trong chuong nay ching t6i di chiing minh duge su ton tai va duy nhét
clia nghiém yéu, su ton tai tip hit toan cuc trong cac khong gian L2(RY) va
S1(RN) dbi v6i nita nhém sinh ra ti bai toan (3.1). PAu tién, bang viéc st dung
phuong phap Galerkin, chiing t6i chiing minh dugc su tén tai nghiém yéu toan
cuc va sau d6 xiy dung dudc ntta nhém gin véi bai toan (3.1). Tiép theo, dé€
chting minh su ton tai tip hut toan cuc, ching t6i di st dung phuong phap
danh gi4 phan dubi ctia nghiém do B. Wang dua ra nim 1999 va két hop véi

phuong phap danh gia tién nghiém tiém céan.
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Chuong 4

TiINH PIEU KHIEN DUGC CUA LOP PHUONG TRINH
PARABOLIC SUY BIEN MANH

Trong chuong nay, chiing toi nghién citu tinh diéu khién duge vé 0 cla
phuong trinh parabolic chtia toan tit suy bién manh P, , trong trudng hgp nhiéu
chiéu. DAu tién, ching t6i dit bai toan va phat biéu két qua chinh ctia chuong.
Sau d6, chtng t6i di chitng minh cdc két qua bé trg bao gdm: tinh dit ding cia
bai toan, khai trién Fourier, danh gia tbc dd tan xa, va dic biét 12 viéc thiét 1ap
bt dang thitc Carleman méi. Tiép theo, st dung phuong phap HUM, khai trién
Fourier, cac danh gia vé tc d6 tan xa va bat dang thiic Carleman méi vita thiét
14p, viéc chitng minh tinh diéu khién dudc dua vé tinh quan sat duge déu dbi
vo6i tn s6 clia hé sb Fourier clia hé lién hop sau khi da bién ddi Fourier. Tinh
khong diéu khién dugc vé 0 trong trudng hop suy bién qué manh duge chiing

minh trong phﬁn cudi cta chuong.

Noi dung ctia chuong nay dua trén cong trinh [CT3] trong Danh muc céng

trinh khoa hoc lién quan dén luén 4n.

4.1. Dit bai toan va phat biéu két qua chinh

Trong chuong nay ching t6i nghién citu tinh diéu khién dugce vé 0 cta 16p

phuong trinh parabolic tuyén tinh chita toan td suy bién manh P, , sau:

u:0’ (x,y,z,t)eaQX(O’T)’
u(x,y,2,0) = uo(x, y,2), (x,y,2) €Q,
4.1
trong d6 Q := Q, X 3, Q;, mién con tron, md, bi chin cia RM™: sao

cho (Ogni,0pw) € 40, 3 14 mién con tron, mé, bi chin cta RY; (x,y,z) =
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(X1s s XN, Yoo s YNy 215 -5 2y,) E RN X RM5 ) C Qvas,y > 0,s+7 > 0;
1,, 12 ham dic trung cta tip con mé khéc réng w clia Q. Toan td suy bién manh

P, u=Au+A,u+|x*|y|*A,u da dudc gidi thiéu trong Chuong 1.

Ta noi ré“lng bai toan (@.1) 1a diéu khién dudc vé 0 (tai thoi diém T) néu véi
méi u, € L2(Q) cho trude, ton tai diéu khién v € L%(w % (0, T)) sao cho nghiém

u(x, y,z,t) caa bai toan (4.1) théa man u(-,-,-,T)=0.

Muc tiéu chinh ctia chuong nay 1a chiing minh két qua sau.

Pinh li 4.1. Cho w = wy, X Qs, trong dé w, la tdp con mé khdc rong ctia Q.

(1) Néus+y € (0,1/2) thi bai todn (@&.1) diéu khién duoc vé 0 véi moi thoi
gian T > 0.

(2) Néus=y=1/2thi tén tai T* > 0 théa mdn bai todn @.1) la diéu khién

dugc vé 0 véi thoi gian T > T*.

(3) Néus+ y > 1 thi bai todn (4.1]) khong diéu khién dugc vé 0.

Tinh diéu khién dugc vé 0 ctia phuong trinh parabolic chita toan ti suy bién
Grushin di dugc nghién cu gin diy béi Beauchard, Cannarsa va Guglielmi
[13] trong trudng hop hai chiéu véi mién Q = (—1;1) x (0,1). Trong dé, tinh
diéu khién dugc lién két chit ché véi tinh quan sat dude mot chiéu cla cac
hé sb Fourier ctia hé lién hop. Ngoai ra, tinh diéu khién dudc vé 0 cta bai
toan trén ciing dudc nghién ctiu trong trudng hop hinh hép nhiéu chiéu Q =
(—1;1)M x (0; 1) béi c4c cong trinh ctia cac tac gid C. T. Anh va V. M. Toi [5]
va Beachard, Cannarsa va Yamamoto [14]. Khi d6, cac tac gia phai st dung li
thuyét chudi Fourier cho ham nhiéu bién. Cu thé, cic tac gia di thiét 14p bét
dang thitic Carleman méi tuong tng véi bai toan. Muc dich clia chuong nay 1a
mé rong cac két qua d6 sang bai toan chita todn tt suy bién manh P, (chta
16p toan t&t Grushin) trong mién Q c RV. Khi d6 tinh suy bién x4y ra tai giao
ctia hai mit x = 0 va y = 0, diéu nay gy ra khoé khan khi thiét 14p bt ddng

thic Carleman mdi.
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4.2. Mot s6 két qua bé tro
4.2.1. Tinh dit dang cua bai toan

Trudc tién, ta dinh nghia nghiém yéu ctia bai toan (@.1).

Dinh nghia 4.1. Ham u dudc goi 13 mot nghiém yéu cda bai toan (4.1)) trén

(0, T) v6i diéu kién ban dau u(0) = u, néu va chi néu

ue C([0,T]; L*()) N L*(0,T;S,(),u, € L*(0, T;S~ ()
va

<ut —Au—Au—|x®ly?Au, Lp> = (v(x,y,2,t)1,,¢)
v6i moi ham thit ¢ € L%(0, T; S2(2)) va véi hau khép t € (0, T).

St dung phuong phap Galerkin, ta c6 thé dé dang chitng minh dugc két qua
sau (xem [1164]).

binh li 4.2. Véi mbi uy € L?(2) va v € L%(0, T; L*(w)) cho trudce, bai todn (@.1)

¢6 duy nhdt mot nghiém yéu théa man
ue C([0, T]; L*(2)) N L*(0, T; Sg().
Hon nita,
(O + Tl sty = € (MolPaggy + V1P 1,120 )
& ddy C la hdng s6 duong khéng phu thudc vao ug va v.
4.2.2. Khai trién Fourier va téc do tan xa

Ta xét (¥,)qen+ 12 ddy cac gia tri riéng khéng giam cta toan tt —A, trong

H?(Q3) NHJ(£23) va cac vecto riéng lién quan (¢, (2)) e+ théa méin

—AZQOH(Z) = Xngon(z): z € QB:
SOn(Z)ZO, ZG@QS.
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V6i moi nghiém yéu u(x, y,z, t) ctia hé (@.1) va moi diéu khién v(x, y,z, t), ta

xét
un(x,y,t)=f u(x,y,z,t)p,(2)dz; vn(x,y,t)=f v(x,y,z,t)p,(2)dz. (4.2)
Q3 Q3

Thay (4.2) vao (4.1), ta nhan dudc ménh dé sau.

Ménh dé 4.1. Véi u, € L*(Q2) cho trude va u la nghiém yéu tuong tng duy nhdt
cta bai todn (4.1). Khi do, véi moi n € N*, ham u,(x, y,t) la nghiém yéu duy

nhat cua bai todn

du

atn — Ay u, — Ayun + Xn|x|28|.y|2yun = anwlz(x; y) trong 2y5 X (0,T),
u, =0 trén 9, x (0,T), (4.3)
un(X, )’, O) = uO,n(x3 }’) trong le,

VoI uO,n(x7 J’) = J.Q3 uO(xJ ysz)(pn(z)dz'

Ménh dé dugc chiing minh tuong tu Ménh dé 2 trong [13].

Ta biét ring gia tri riéng nhd nhét cda —Ap(x,y) + x.Ix|*y[* ¢(x, y)
trong H?(Q4,) N Hy(4,) dugde cho bdi

Jo, (990, )P + 2ol Iy PTI91?) dxdy
A = min 12

M el (91 fﬂ lp|2dxdy
$#0 12

voi Ap(x,y) = A, p(x,y)+A,p(x,y). Khi d6, ddng diéu caa A, , (khi |n| —
+00) dudc cho béi ménh dé sau.

Ménh dé 4.2. V6i moi s,y > 0,s+7 >0, ton tai ¢, = c,(s,y) > 0va c* =
c*(s,v) > 0 sao cho

1 1

C*X;+S+Y < An’s’}/ S C*an.-%—sﬂ/ vn c N*, (4‘4)

Chitng minh. Ménh dé dugc chiing minh tudng tu theo cac buée nhu trong
[14, Ménh dé 4]. DAu tién, ta chttng minh tinh chan dudi.
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N1+N2

Xét T, = xn““*” PG&ibién p(x,y) =17, > ¢ (1.(x,y)), ta dugc

PEC(Q12)
1

Ansy = _inf {f (Ith(x,y)lz+xHIXI25|yI2Y<p(x,y))dxdy}
912

lell 2q,,,=

=7, _inf (IVo (& )P + 121717171 (X, 7)I*) dXdy
$eC®(7,212)
”¢”L2(‘5n912):1 Tn212
_1

2 1+s+y
ZC*TH CyxXn ’

trong do

¢€C80(RN1+N2)
||¢||L2(RN1+N2):1

c.:= inf U (|v¢(>~<,y)|2+|z|25|y|”|¢(f,y>|2)d?cdsv'}
RN1+N2

la dai lugng duong (xem [56]).

Bay gi0, ta chiing minh tinh chan trén cta A, bang cach chon cac ham
thit thich hgp. V6i moi k > 1 dtt 16n sao cho B ;,(0) C Q,, ta xét ham
p 1
1_k|(X,J’)| neu |(X;y)| S E;
0 néu |(x,y)| > o

Cha y rang ¢, € HL(Q,) v6i moi k > 0. Ta c6

J |<Pz<(X,J’)|2dXdy=J (1 — k|(x, y))*dxdy
Q12 I(x,)I<1/k

=J dxdy—ZkJ |(x, y)|ldxdy
|G, x)I=<1/k |G, )I<1/k
+ sz |(x, y)Pdxdy.
1Ge,x)I<1/k

St dung phép bién d6i trong toa dd ciu, ta c6

J dxdy = Cy, k72, (4.5)
ICx,y)I<1/k
trong do
a(N1+N2)/2 i .
W neu Nl +N2 la chan,
Cnoan, = 2
N1+N, Ni+No+1  Np+Np-1
272 @2 . a1
néuN; + N, lalé,
(N; + N)! PR
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va
—4m

_Zkf |(X,_)’)|dxdy:k_N1—Nz—cgN s
|Ge.y)I<1/k Ny +N,+1 %

27

sz |(X;J’)|2dxdy = k_Nl_NZ—(gN +N,>
|Ge,)I<1/k Ny +N,+2 %

trong do

— i Nj+Ny—2 .
GN, -+, -—f SN T gy LSNPy, 2dPrd Pyt d Py n, o
(O’TE)N1+N272

Do do
J |S0k(x: J’)|2dXdJ’ = (gl,Nl-I—NZk_Nl_NZJ (46)
QIZ
vGi
4 2
Ny+N,+1 N, +N,+2
Do |V, (x, y)|?> = k? nén nhu trong (@.5), ta cé

Gin+N, = Cnn, — T ( ) 6n,+N, > 0.

f Vei(x, y)Pdxdy = Cy oy, k>N,
QIZ
Tuong ty nhu (@.6), ta dugc hang s duong 6, y, 4x,(s, ¥) sao cho
J %%y 1* @ (x, Y)Pdxdy = Gon, 43, (S5 Y)k_Nl_NZ_Z(S'i'Y)'
Q12

Do vay,

¢ G, in,(5,7)
An,s,)f =< hn,s,y(k) = /s (kz + Xan—Z(s—i-y))

1,N;+N, N;+N,

v6i moi k > 1. Vi h,,, ., dat cuc tiéu tai

ns,y
= ((s +7) (52,N1+N2(5, Y)) m ‘"
Cny+N,
ta co 1
Ansy < sy ()= (5, 7)20""
vGi

1
st C 6. (_g’ ) THst+y
C*(S’ ’)/) = ((s + '}/) 1+§+y + (S + Y) 1+siy) N;+N, ( 2,N;+N, Y ) -

(gl’N1+N2 CN1+N2

Ménh dé duoce chitng minh. O
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4.2.3. Bit dang thitc Carleman

V6is,y,s+7 €(0,1], T > 0 va v6i moi wy € L%(Qy,) cho trudc, ta di thiét
14p bAt ding thiic Carleman cho nghiém w = w(x, y, t) cGia bai toan sau:
ow+Aw+Aw— 2alxZlyFw =0, (x,y,t)€Qq,x(0,T),
w=0, (x,y,t) €0, x(0,T), (4.7)
w(x,y, T) = wr(x,y), (x,¥) € Q1
LAy &y, 14 tAp mé khéc rbng clia Q, sao cho @y, C wiy C Q. DE thibt 14p
bAt ding thic Carleman, ta xét him trong
B(x,y)  eMlieqy _ pAlxy)
:t(T—t): t(T —t) ’
voi (x,y,t) € RMT™2 x (0, T), trong dé A 13 hing sb ducng, va ¢ € C*(Qy,)

o(x,y,t):

thoa man
>0 trén p,,
Y =0 trén 9Q,,
IV (x, ) >0, V(x,y) € Q5 \ @15,
va ham trong f c6 tinh chét sau (xem [14, Ménh dé 13D):

Ton tai cac hang so C;, C, > 0 sao cho

P
— >0 trén 9Q;,, (4.8)
ov
—AB(x, y)IEIP—2D*B(x, ¥)(&, &) = C €17,
v6i moi £ € RN (x, y) € Q1 \ @15, (4.9)
Aﬁ(X,J’)|vﬁ(x:J’)|2 - 2D2/5(X:J’) (vﬁ(x:.)’): Vﬁ(x:J’)) 2 CZ;
v6i moi (x,y) € Q5 \ @19, (4.10)

trong d6 D?B(x, y) 12 ma trdn Hessian clia ham v6 huéng S tai diém (x, y) va
D?B(x, y)(&, &) =ETD?B(x, y)E 1a dang bac hai lién két.

Chos,y,s+y<€(0,1],T >0, va ¢b dinh n € N* trong tAt ca céc chiing minh.
D& don gian ki hiéu, ta xét toan ti
ow

+ Aw — g |x|*|y|*w.
R 2nlx|Z 1y

Py w =
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Khi d6, ta c6 bat ding thitc Carleman cho nghiém w ctia bai toan (4.7).

Dinh 1i 4.3. (Bdt ddng thitc Carleman). Ton tai cdc hang s6 duong #, = A,(B)
va Ay = Ho(B) sao chow € CO([0, T1; L?(21,))NL3(0, T;Hé(ﬂlz)) thoa mdn

3
—2Mo 2
” (—t(T_ S Ivw w|? + ca—op™ )dxdydt

Q15,%(0,T)

- g M g
< JJ e M (t(T—thlwlzdxdydt+fJ —2M |Pnsyw|2dxdydt 4.11)

w12%X(0,T)

trong do

%max{T—i—Tz;XTf/g’Tz} néu 0<s+vy<1/2,
M =M(x,, T, B) := )
Jﬁmax{T+T2;xi/2T2} neu s=y=1/2.

Chitng minh. V6i ham o nhu trén, ta dat
o(x,y,t)=w(x,y, t)e Moy (4.12)
trong d6 M = M(T,n, 8) sé dudc chon sau. Khi do, ta co
e ™MoP  W=%0+ %0+ %0 (4.13)
vGi
G = Ap+Mo,p + M Vo — ey, |x*|y[*p,

Yop =9, +2MV0o-Vp+2MAoyp,
Y3 i = —MAT Y + (e — 1 xalx*y [T

T (@.12) va dinh nghia cla o, ta thiy ring
(P('s ) O) = ()0(5 ) T) =0 trong L2(912)7 (4°14)

va

@(', ) O) = (P(: s T) =0 trong Hé(912) (415)

Léy chuén hai vé trong L%(Q) clia dezmg thitc (4.13), ta nhan dudc

1 1
JJ (‘ﬁlcp%tp — §|‘<93<P|2) dxdydt < > ff e_ZM"an’S,YWFdxdydt, (4.16)
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8 d6Q=Qy, x (0,T). Dit

1
I= Jf (‘ﬁlcp%cp - §|‘<4380|2) dxdydt.

Khi do, ta co
I :Il +Iz+[3,

vOi
I, = ff Ap(p,+2MVo -V +2MAop)dxdydt,
I, =J (Mo, +M?|Vol»)p(p, +2MVo -V +2MAcp)dxdydt,
C(

I;=—¢ 2l X Py 12 (@, +2MVo - Vo +2M Ao p)dxdydt

1((
— = || 1% ?dxdydt.

Buéc 1. Tinh todn cho tirng s6 hang ctia I.
S6 hang I, : Liy tich ph4n tiing phan va st dung (4.15) cling v6i diéu kién trén

bién, ta co

.
JJ Appdxdydt =— JJ Ve -0,Vedxdydt

1("d )
——2| — | |VelPdxdydt=0. (4.17)
o dt 9,

. 0
St dung cong thiic Green va cht y rang Vi = aiv trén 0Q,,, ta dudc
v

ZMJJ ApVo -Vedxdydt =M J (|V<,0|2Ac7 2D20(V<,0,ch)) dxdydt

30
om f f
aQ12
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trong dé ds xac dinh vét cia d6 do Lebesgue trén 9Q;,. St dung cong thitc

Green mot 14n nita va ¢ = 0 trén 9y, ta cb

2M JJ ApAocpdxdydt = —-2M ff Vo -V(pAo)dxdydt

=M JJ (—2|V<,0|2Ac7 + Azalaplz) dxdydt. (4.19)

Két hop (@.17), @.18) va (@.19), ta thu dugc

I, =M JJ —|Vp|*Ac — ZDZU(ch,Vgo)] dxdydt

) 5‘0
+M A%op|? dxdydt—I-ZM
aQ12

S6 hang I,: Léy tich phan ting phan va st dung (4.14), ta c6

9@

dsdt. (4.20)

1
Jf (Mo, + M?|Vo|»)ee,dxdydt = -5 ff(Mat +M?3|Vol?),|elPdxdydt.

Hon ntra,

2M JJ (Mo, + M?|Vo|*)¢Vo - Vedxdydt
- M? ” V- ((o,+M|Vo)Vo) |plPdxdydt
Q
— M? ff [Ac(o,+M|Vo|*)+ Vo V(o) +2MD*c(Vo,Vo)]|elPdxdydt.

va

M3 Jf |Vo|?p?Acdxdydt = JJ (2M2c7tAU +2M3|VO'|2AO') lp|?dxdydt.
Do vay,

1
I,= ” (—E(Mat +M?*Vol|»), + M*Aco, — M*Vo - V(ot)) lplPdxdydt
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+ M3 JJ (AG|VG|2 — ZDZO'(VO',VO')) lp|?dxdydt. (4.21)
Q

S6 hang I,: Ly tich phén tiing phén, tit (@.14) va diéu kién bién, ta c6

—€ ” 12X Z1y 1 o(p, + 2MVo - Vo + 2MAc)dxdydt
Q

= J J (M7 - (I[P 1y Vo) +2Mz, x>l 7 Ao ] |plPdxdyde.
Q

S6 hang cubi trong I c6 thé uéc luong béang cach sit dung bt dang thitc Cauchy
nhu sau

1 2 1 251,127, 4|2
—3 |95 ¢ dxdydt:—a |MAO'g0+(e—1)xn|x| |y Y<p| dxdydt
Q Q

2_” (M*AcPlol? + (e = 1 221x|*|y["|o[*) dxdydt.
Q

Do do,

I st [My, V- (Ix*y[*Vo) +2My,|x |y Ac ] lp[Pdxdydt
Q

- JJ (M| Ac o + (e — 12 1x ||y [*|o]*) dxdydt (4.22)
Q

Két hop (@.20), @-21) va (#.22) thi (@.16) tré thanh
2Mfo do
o Joa, 9V

+H {f+eMy, [V (Ix*ly'Vo) + x|y Ac ] } el*dxdydt
Q

o¢|’ . .
™ dsdt + M (—IchI Ao —2D O'(Vgo,ch)) dxdydt
Q

1
—(e—=1)2 fj x2lx®ly 17 elPdxdydt < 3 Jf e ?M7|p, . wlPdxdydt, (4.23)
Q Q

trong do

1
f=- E(Mot +M?|Vo|?), + M?Aco, — M?*Vo -V(o,)+ MA%c
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— M?*Ac|*+ M3 (A0|Va|2 —2D?%*0(Vo, VO‘)) .

Buc 2. Ubc liugng cdc s6 hang trong (@.23). St dung (4.10), (4.23) trd thanh

M fJ (—IV(pIZAO' - ZDZO'(V(,O,V(p)) dxdydt
Q

+H {f+eMy, [V (Ix*ly'Vo) + x|y Ac |} el*dxdydt
Q

1
—(e—1)2 fj x2lx®ly 17 ePdxdydt < 3 JJ e M7|p,, wlPdxdydt. (4.24)
Q Q

Do do, ta co

1
f= m{w [ABIVBI? - 2D*B(VB, V)]

+ M2 [—|Aﬁ|2t(T —t)+(2t-T) (/D’Aﬁ +2|Vﬁ|2)]

+M [(¢(T — ))A%6 — (T? — 3Tt + 3] }

St dung (4.8), (4.9) va ham f8 x4c dinh, tron 16p C* trong Q,,, ton tai cac hing

s6 duong C; = C5(B), C, = C4(B) va ¢ = c¢(B) thdéa man

—|Vo|?PAc —2D*0(V, V) > |V ?,
Vél m01 (X, .ya t) € (512 \ C’;12) X (O: T);
|—IVe*Ac — 2D%0(Vp, V)| < G| Ve|?

vGi mOI (X7 Y t) = 512 X (0: T);

/= ﬁ [CoM?® = (T + T)M? = o(T + T*)’M ],

vGi m01 (X, Y t) € (512 \ (’512) X (O’ T);

Ifl < ﬁ [C4M3 +c(T+THM?>+ (T + TZ)ZM] ,

v4i moi (x, y, t) € &y X (0, T).

(4.25)

(4.26)

(4.27)

(4.28)

Tt (4.27) va (4.28), ton tai cac hdng s6 duong my = my(f), C, = C,(B) va

C,(B) sao cho M > My (T, 8) := m;(B)(T + T?), ta co

C,M? . S\~
f= D v6i moi (x, y, t) € (215 \ @12) x (0, T),
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c,M?
< oy
Do do, tu (4.25), (4.26), (4.29) va (4.30), ta nhan dudc tu (4.24) v6i M >

My(T, B),

|V |dxdydt+f J —=|p|*dxdydt
‘f J;212\6012 (T_ ) 7 le\wlz ))3 7

+J f eMy, [V- (Ix*|ly"Vo) + x|y Ac | lplPdxdydt
OPAZIP)

v6i moi (x, y, t) € &y X (0, T). (4.30)

T
—(8—1)2f f x21x®ly ¥l Pdxdyde
Q12\012

M
< (t(T——t))3|(p| dxdydt

®12%(0,T)

.
- J eMy, [V (IxPPlyPVo) + |x*ly Ao ] [p*dxdydt
J

@12%(0,T)
[ C.M
+ IchIdedydt+ e ?M7|p, . . wl*dxdydt
J t(T —t)
@12%(0,T)
+(e—1)? JJ x21x®ly |7 elPdxdydt. (4.31)
B1x(0,T)

Buéc 3. Két thiic chitng minh trong trudng hop: 0 < s+y < 1/2. Ly ¢ = 0,

(4.31) tré thanh

f f |V<p|2dxdydt
Q12\‘*)12
CyM?
2 4s 4 2
— 2 lx®lyl V) lpl"dxdydt
f Jﬂlz\wlz ((t(T t))?’

JJ |Vg0|2dxdydt+ JJ e ?M7Ip,  wlPdxdydt

15%(0,T)

M3
Jf ((t(;——t))*g +)(3|x|45|y|4y) lp|?dxdydt. (4.32)

©1,%(0,T)

T2 23 s 2R4(s+7)
MZMZZMZ(T:Xn’ﬁ): 4 Xn/ C’ ?
2
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v6i R > 0 thda man £, C BR(0), ta thu dugc

a3
2

2(6(T — £)*’ v6i moi (x,y,t) €0y, x (0,T).  (4.33)

2alx Iy <

Tt bay gid ta lay M = ¢y max{T + T?; y>/>T?} v6i

1,[2R¥sH)
Hyi=max | my, <\ ———
C

2

Vi véy, M > M, va M,. Do do, stt dung (4.33) ta nhin dudgc tu (4.32)):

' “M IVo|*+ M lo|? | dxdydt
o Japa, \HT—0) 7 2(t(T_t))3SD i

J‘f (ﬂw |2 C—MB| |2)d dvdt
(-0 Tr-op )

®1,%(0,T)

1
—2Mo 2
+ 3 JJ e *Mo|p, wlldxdydt, (4.34)

trong d6 Cs = C, + C;/2. Do (4.12) va bat dang thtic Cauchy, ta 6

C1M| 2 CyM?
(m—0 e = oy

CiM c/M?
—e~2Mo [ 17 [Vw —MWVO‘|2+—2 lw|?
t(T —1t) 2(¢(T —t))3

C:M c:Mm?
> 2Mo (6—|VW|2 + 2—|w|2) , (4.35)

lp]?

t(T —t) 4(t(T —t))3
v6i moi (x, y, ) € (R, \ @13) X (0,T), 6 day Cs = C;/(4C,|IVBIIA, +C)), va

CsM ) CsM?3
—— VoIt ————
t(T —t) (t(T —1))

C.M C-M?3
—e2Mo [ =37 |VW—MWV0|2-|-—5 3|W|2
t(T —t) (t(T —1t))

2C.M c,M3
<e"Mo [ 2 |ywP+ —L——|w]? 4.36

lo]?

t(T —1t)

v6i moi (x,y,t) € @y X (0,T), va C, = 2C5|| VB2, + Cs.
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T (@.35), (4.36) va st dung (@.12) thi (#.34) dudc viét theo w nhu sau:

c/M?3
—2M0 et 5 2— )
J Jﬂlz\wu (t(T )| Wl 4(t(T - t))3 |W| ) dXdydt

2C3 ) C7M3 )

©15,%(0,T)

1
oM 2
+ EJJ e "an,s,YWI dxdydt. (4.37)

Thém cung dai lugng vao hai vé cta (#.37), ta dudc

[ CeM CyM?>
e 2Mo (6—|VW|2 + —|W|2) dxdydt

JJ t(T —1t) 4(t(T —t))?
01,%(0,T)
[ CoM CoM?
< e2Mo (8—|VW|2 + 9—3|W|2 dxdydt
JJ t(T —t) (t(T - 1))
@12,%(0,T)
! —2Map 2dxdyd 4.38
+ 2 € | n,s,}’Wl xdayat, (4.38)

trong d6 Cg = Cg +2C3 va Cg = C, + C, /2.
Bay gid, ta xét p € C°(RM™:2 R ) sao cho 0 < p <1 trong Q;, va
p =1 trong &y, pP=0 V6i(x,y)¢ wis.

LAy tich phan tiing phin ta c6

p we : dxdydt
Tl,s,'}/W t(T t) .y

= ow Aw + g, |x[®|y ¥ pwe_ZMUd dydt
N ot W X XYW e Ty XY

_F 1| 2g-2t Mo,  _T-2t \. . .
- 2 e P\t T (=0 ) P

(.

Q

[ —2Mo 2 . ,—2Mo
pe 2 25112 lw|*pe
+ Vwl*dxdydt + f——————dxdydt

(.
rO

wi?e” ,
)] 2t(T -0 (Ap 4MVp - Vo + p(4M*[Vo |* — 2MAc)) dxdydt.

(.

Q
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Vi vay,

pCBMe_ZMGIv Pdxdydt < p oy POMWe™ v
t(T — whaxdyat= nar W t(T —1t) x4y
Q

pCgM|w|?e~2M7 Mo + T —2t dxdvds
2t(T —t) e t(T —1t) X6y
Q

C8M|W|2 —2Mo , ,
— 2T =D Ap —4MVp -Vo + p(4M*|Vol|*—2MA0o) |dxdydt

C M36—2M0W2
U e”Mo|p,  wl*dxdydt + U IO(t(T_t))L | dxdydt.

&12%(0,T)

v6i Cyy = Cyo(B,p). O day, ta da st dung bit ding thitc Cauchy véi chi y
M > T + T2 va supp(p), supp(Ap),supp(Vp) C &;,. Do d6

( C Me —2Mo —ZMO'
—IVW| dxdydt < —IVWIdedydt
t(T —

] t(T —t) t)
®12%(0,T)
L e Mo |p  wdxdydt + C“’Mge W edyae -
2, rert Y G
@15%(0,T)

Thé (@.39) vao (4.38), ta suy ra

([ CeM ciM?3
e 2Mo (6—|le2 + —))3|W|2) dxdydt

J) t(T —1t) 4(¢e(T
Q45,%(0,T)

( C' M
< /] ‘ZMGWM dxdydt+H —2Maip, wltdxdydt,
@12%(0,T)

v6i Cp; = Cy + Cy. Vi vay, ta duge bt ding thitc Carleman (4.11)) v6i hing sb

min{Cs, C,/4}
max{C;;,1} ~

2:

Buéc 4. Két thiic chitng minh trong trudng hop: s =y = 1/2. Trong trudng hop
nay, ta 14y ¢ = 1 thi (4.31) tr thanh

Vol dxdydt—l—J J —=|plPdxdydt
J Jﬂ12\0)12 (T_ ) Q12\0012 ))3




T
+J J My, [V (lxllyIVo) + x| lylac] lelPdxdydt
Q12\(312

C, M3
fJ ((t(T 0)° — My, [V (IxllylVo) + x| IyIAo]) lplPdxdydt

@12%(0,T)

JJ t(T |V90|2dxdydt+ JJ P nsYWIdedydt. (4.40)

©13%(0,T)

Ta co

CisxnM
t(T —t)

trong d6 Cy3 = Rsup |[VB| + 2R?sup |AB] v6i R > 0 sao cho Q;, € Bx(0). Liy

Q12 Q12

[Cis
M>M,:= 2C’X1/2T2

2aM |V - (x| lyIVo) + x| lylAo| <

1M |V - (Ix] [yIVo) + x| lylao| < V(x,y,t) € 2y, % (0,T),

thi

'ag3

2

2(t(T — £))*

v6i moi (x,y,t) € Qy, x (0,T). Do viy, tit bay gi6 ta 1y M = ., max{T +
1

T2, y2T?} v6i
A1 :=max { my(f); &
1- 1 ) 2C£ .
Do d6, M > M; va M > M,. Vi vdy, st dung (4.41) ta nhin dugc tir (4.40):
JTJ ( “M IVo|*+ M | |2)d dydt
A 4 o 3l¥ xay
0 Jau\n t(T —t) 2(t(T —t))°

CGM_ o o CsM? 2\ drdvd
m| ¢ +m|@| xdayat

®1,%(0,T)

1
+3 JJ e ?M7|p, . wlldxdydt,
Q

v6i Cs = C, + C}/2, bét dang thitc ndy chinh 13 (@.34). Vay ta c6 diéu phai

(4.41)

chting minh. O
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4.3. Chitng minh két qua chinh

4.3.1. Ludce d6 chitng minh Dinh 1i|4.1

Tt phuong phap HUM, tinh diéu khién dugc vé 0 ctia bai toan (4.1) tuong

duong véi tinh quan sat dudgce ctia bai toan lién hgp sau
we+Aw+A W+ lx|®|y|A,w =0, (x,y,z,t)€Qx(0,T),
w=0, (x,y,t) €00 x(0,T), (4.42)
w(x,y,z,T)=wr(x,y,z), (x,y,2) €Q.

Dinh nghia 4.2. Bai toan (4.42) 14 quan sat dugdc trong mién w = w,, X Q5 tai
thoi diém T néu tdn tai C > 0, sao cho v6i moi wy € L3(£2), nghiém w cia bai

toan (4.42) théa man

T
lw(x,y,z2, O)”iZ(m < CJ J lw(x,y,z, t)|*dxdydt.
0 w

Gia st w 1a nghiém ctia (4.42)). Ta c6 khai trién nghiém w = w(x, y,2, t)

thanh chudi Fourier theo z 1a
wy(x,y,t)= J w(x,y,z,t)p,(2)dz; wr,(x,y)= J wr(x,y,2)p,(2)dz.
Q3 Q3
Khi d6 w,(x, y, t) 1a nghiém ctia bai to4n sau (bai toan lién hop cta (@.3)).

ow, + A w, + A w, — 2, |x|*|yP'w, =0, (x,y,t) €, x(0,T),
w, =0, (x,y,t) €39, x (0,T), (4.43)
Wn(xJ y: T) = WT,n(x) }’), (x, J’) € 012:

Ta chd ¥ rang, v6i hdu khip ¢ € (0, T), va v6i moi tip mé w,, clia 2,5, ta b
J w(x,y,z, O)Pdxdydz =) | f [w, (x, y, O)Pdxdy.
W19 X N3 n W12

Diéu nay c6 dugc tit ding thitc Bessel-Parseval. Do d6, tinh quan sat dudc clia
bai toan (4.42)) tuong duong tinh quan sat dudc déu theo n € N* ctia bai toan
(@-43). Ta c6 binh nghia sau day vé tinh quan sat dudc déu.
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Dinh nghia 4.3. (Tinh quan sat dudc déu). Cho w,, 13 tip mé clia Q,,. Bai
toan (4.43)) 12 quan sat dudc trong w,, déu theo n € N* néu ton tai C > 0, sao
cho v6i moi n € N*, wy, € L*(Qy,), nghiém ctia (4.43) théa mén

T
J lw,(x,y,0)]2dxdy < Cf J lw,(x,y,t)|*dxdydt. (4.44)
Q1 0 Jowg

Do d6, d€ xét tinh diéu khién dudc vé 0 clia bai toan (4.1)) ta xét tinh quan
sat duge déu theo n € N* clia bai toan (@.43). Cu thé ta phai danh giad duoc
(4.44).

4.3.2. Chitng minh tinh diéu khién dudc trong Dinh li 4.1

Pinh li sau d4y cho ta cdc két ludn vé tinh diéu khién dugc trong Dinh I
Chiing minh dua trén bAt ding thiic Carleman (4.11) duogc thiét 1ap cho

nghiém ctia bai toan (4.43) va téc d6 tan xa (@.4).

Dinh li 4.4. Cho w,, la mién con mé khdc réng ctia ;.

e Néus+y e (0,1/2) thi bai todn ([@.43) quan sdt duoc trong ., déu theo

neN"vdimoi T > 0.

o Néus= y =1/2 thi ton tai T* > 0 sao cho bai todn (4.43) quan sdt dugc

trong wy, déu theo n € N* véi moi T > T*.

Chitng minh. V6i w, 1a nghiém cta bai toan (4.43) thi P, . w, = 0. Do dd, 4p
dung bit ding thiic Carleman (4.11) cho nghiém w, cta bai toan (4.43), ta
duadc

—2Mo M3 Zd d d < —2Mo M3 Zd d d

215,%(0,T) w12x(0,T)

(4.45)

Pau tién ta co

3

T -0y -

2Mo (625 vOi mOI (X, Y t) € wyp X (09 T):
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trong dé 6, := sup {e—zﬁ*fg?’ | £ e R+} véi B, = min{B(x,y) | (x,y) € @1}
Vi
2 T2
E < t(T - t) < T v6i m01 te [T/4,3T/4:|,

ta co

_ _ 2
e 20(x,y,t) e EsM/)T

> 6i moi (x,y,t) € T/4,3T /4],
W(T—0F > T%64 v6i moi (x,y,t) € Qqy X [T/ /4]

trong d6 €5 = 65(B) = sup{ﬁ(x) | x € Q;,}. Do vay, ta nhan dudc tir (4.45):

M3e—6M/T> 3T/4 T
ST f J [wi|*dxdydt S‘ng J w,|*dxdydt. (4.46)
T/64 [ Jo .

Nhén phuong trinh tht nhit trong (4.43) v6i —w,, lay tich phan trong 0, va
nhd Ménh dé ta co

I+s+y T

f lwa(x,y,0)|*dxdy < e ¥ EJ lw,(x,y,t)*dxdy, (4.47)
Q12 le

v6i moi t € [T/4,3T /4]. LAy tich phan (&.47) tit T/4 t6i 3T /4, ta nhin dugc

5 AT
f w,(x,y,0)Pdxdy < ?e_c*x“ Ef f lw,(x,y,t)|*dxdydt.
- (4.48)
Tu (4.46), va cht y rang M > 4, (T + T?) > J{sz, ta cé

2 H M 1+s+ 2
lw,(x,y,0)|*dxdy < T €XP | G ~ G = Iw |“dxdydt
Q12
VoL A = 26,/(644,47), ¢, va €3 khong phu thude vao y,, T.

) (1+1/T)*? khi s+7y<(0,1/2),
e Néu y, < thi M = (T + T?), do dé,
(1+1/T)* khis=y=1/2,

K
J lw,(x,y,0)]*dxdy < T eXP (‘63% 1—|— f J lw,|*dxdydt.
QIZ
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by > (1+1/T)*? Kkhis+ye<(0,1/2), "
e Neu y, = 1,
(1+1/T)* khis=y=1/2,

A x2PT? néu s+ye(0,1/2),

M =
Ay P12 néu s =y =1/2.
Do vay
LT .
;M LT —cdn” 5T H63x2%, néus+ye(0,1/2),
73 TG 5= T ,
— 12/ (C*E—J{ﬁ%): neus =y =1/2,

v6i c,, 65, A, chi phu thudc vao B vas,y.

Bay git v6is +y € (0,1/2) va T > 0 bét ki. Gid tri cuc dai ctia ham ¢ —
_ 2(4s+y)

H1 6033 — ¢ §1+S+V— trén (0,400) c6 dang €T -2 v6i hing sb € > 0
(khéng phu thudc vao T). Do vay,

A _ 2(1ts+y)
lw,(x,y,0)?dxdy < ?exp <€T = 2(s+ﬂ |w *dxdydt,
le

trong dé ¢, 6 khong phu thudc vao y,, diéu nay cho ta két qua trong trudng
hops+ 7y €(0,1/2).

A o s \ A Y %SM 1+§+y T
Bay gio, xét truong hop s = y = 1/2. Ta thay rang TR T <0
khi T > T* := 24,65 /c,. Bbi vay,
2 H (" 2
lw,(x,y,0)[*dxdy < T lw,|“dxdydt.
2 0 W12
binh 1i dudc chttng minh. O

4.3.3. Chitng minh tinh khéng diéu khién dudc trong Dinh li |4.1

Bay gi0 ta chiing minh két qua khéng diéu khién dudc trong binh i
bing cach chting minh bai toan (@.43)) khong quan sat dude déu theo n € N*.
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Pinh li 4.5. Cho Qy, la dang (=1, 1)M™ . Néus+y > 1, vd w;, = (a, b)N1+1e,

7,

Vo1
1

2+s+y

r+1
2

. s L2 e
min{(N; —1) 2 N,*> ,(N,—1) 2z N, }

<a<b<l,

s+l e+l

N,” N,?
thi bai todn (#.43) khéng quan sdt dugc trong w,, déu theo n € N*.

Ta chitng minh dinh li ndy béng cach chon cac ham thit sao cho tinh quan

sat déu khong xay ra.

Chitng minh. Cho s +v € (1,400) ¢b dinh. V6i moi n € N*, ta xac dinh béi A,
(thay cho A
cho ¢, ;) la ham riéng duong tuong ting, nghia la

ns,y), gia tri riéng d4u tién cla toan ti P, ., va béi ¢, (thay thé

—Apy + (2alxI*IyP" = 2,) ¢, =0 trong Qi,,
90 =0 trén 90y, (4.49)

n=0, ”(pn”Lz(le) =1
Khi do6, ham
Wn(x’ Y, t) = SOH(X, y)e_AH(T_t) V(x, Y, t) € QlZ X [0: T]

la nghiém cta bai toan lién hop (4.43). Hon niia, ta c6

f (wo(x,y,0)Pdxdy = e M7,
QIZ

_ =2,T

T
e
J J lw,(x,y, t)lzdxdydt=TJ |@n(x, y)IPdxdy.
0 w1y n (25D

Do viy, d€ chiing minh tinh khéng quan sat dudc déu, ta chi cin chiing td ring
2T

An

J lonl*dxdy — 0 khi y, — +oo0. (4.50)
w12

D€ 1am diéu do, ta sé so sanh ¢, v6i mot nghiém tudng minh clia bai toan trén

mot mién con phit hop cta Q.
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V6i moi n € N*, dat

A 2(s+y)
" — : (4.51)

1+s+y

Xn K

Do
I

trong dé

o 27T\/(s+ DN, +s = Dy + DN, +7 - 1)
- c* ((s +1)2N, + (y + 1)°N;) ’
v6i ¢* = ¢*(s, 7) dugc dinh nghia trong Ménh dé
bit Q, ; = (%, 1)M*™2 v6i moi 0 < x, < 1. Ta xac dinh
8Qim1(in) = {(x,y) €Q; 4| ton tai mot toa d6 bing in} ,
905 1(1)= {(x,y) €Qj 4| ton tai mot toa d6 bang 1} .
BS dé 4.1. Cho @, € C2((A,, 1)M*™:2; R) la nghiém clia
—AD, + (galx*ly1* = 1,) @, 20, trong Q; ,,
® >0 trén 9Q; (1), (4.52)
v-Vo, < —\/Zln trén 8(21”,1(71,1).

Khi do, ton tai n, € N* sao cho v6i moi y,, > n,,

J |pnldxdy SJ |, dxdy.

W12 W12

Chitng minh. Ta chil ¥ rang, nhd danh gia chin trén cta Apsy trong Ménh dé
véis+7y > 1, A, — 0 khi y,, — +00. Dic biét, tén tai n, > 1 sao cho
wiy € (A, 1M, Hon nita, ta ¢6 thé chiing minh dude ring |v - Vo, | <
\/ inkn trén animl(in). That vay, ta théy rang ¢, (x,y) = ¢,(=(x,y)), do
dé V,(0,0) = 0. Do vay, trén 89%1(1“), stt dung (4.49) va bét ddng thic

Cauchy-Schwarz, ta c6

o,
dx

v -V, |= (,...,0,1,,0,...,0)

i'n 8290
— —2(0,...,0,&,0,...,0)d&
0

J

A
:J A'nlﬁlprl(oa"'aoy 5:01'")0)'(1&
0

A A
SA’H\/J‘ dg\/f |(pn(0) s OJ g) 0: ce 0)|2d€ =< A’n v A’n”@n“Lz(le) = A’n \ A’rl‘
0 0
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Hon nita, ta ¢6 ¢, (x,y) < ®,(x,y) véimoi (x, y) € [A,, 11NNz y > n,. That

véy, néu khéng thi ton tai (x,, y,) € [4,, 1]V sao cho

(@, — ¢, )(x,y.) =min{(®, — 9, )(x,y) | (x,¥) € [A,, 11"} <.

Vi(®,—p,)(x,y)>0trén Q; ;(1) vav-V(®,—p,)(x,y) <O0trén 891n’1(in),
ta ¢ (x,, v.) € (A,,, 1)M*+ N2, Mit khac, ham &, — ¢, ¢6 cuc tiéu tai (x,, y,), do
do v(q)n - QOn)(X*, y*) =0va A((I)n - (pn)(x*: y*) > 0. Do Véy;

_A(q)n - (Pn)(x*; }’*) + (anx*|25|y*|2y - An) (q)n - (pn)(x*: J’*) < O;
Suy ra mau thun. Ta dudc diéu phai chiing minh. O
Bay gi0, dé chitng minh (4.50), bang cach ap dung B6 dé ta tim mot
nghiém trén &, ctia (4.52) 6 dang
¢, = Cne—ﬂn|x|5ﬂ|y|”1, (4.53)

v6i C,, 4, > 0. Ta thy diéu kién thi hai trong (#.52) dugc théa man. Bay gid,
ta chitng minh diéu kién thit nhit va diéu kién thit ba trong (@.52) ciing thda

man. Ta ¢co

Vo, (x,y) (4.54)

= = (5 DIXFT Y  Gegy v ), O + DI F Y O 08,)) @1
va
A®,(x,y) = [B2IxZ ]y (5 + 1Py P+ (r + 12x )
— 1, (G + D +5 = DIyl

+(r+ DW+y = DIy 1) |8,

Do d6, b4t ddng thitc thi nhit ctia (@.52) théa min néu va chi néu véi moi
(x,¥) € (A, DN,

(n =12 (+ 12y P+ (r + 11x ) ) x| ¥y [

+ (G + DA +5 = DIxP 7y [+ (r + DW, +y = DIxFy ) 2 4,
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Vi (x,y) € (A, )M+ ndu @.52) théa mén véi moi (x, y) € (A, 1)+ néu

[0 = 02 (s + 1Ny + (y + 1N, ) | x|y 1>
+ 20/ (s + DNy +5 — D(y + DWW, + 7 — DIxFlyl’ = A, (4.55)

théa méan véi moi (x, y) € (1, 1)V1™2. Bic biét, st dung dinh nghia ctia A, thi
(4.55) thda man véi moi (x, y) € (A,,, 1Mz khi d6 ta 14y

x L2

Up =
V(s + 12N, + (y + 1)2N;
Bay gio, tu (4.54) ta co

= Cl(s,}f))(rll/z. (4.56)

L
2

= : 5o\ st 5o 1t
C(Ny,Ny,s,7,A,) i = mln{(N1 -1 —I—Ai) 2 N,? ,(Ny—1 —|—7L,21) 2 N;° }
sao cho
v-V® (x,y) < —Cnunifﬁ“ min{s + 1,y + 1}e‘“"C(N1’N2’S’Y’in),

véi (x,y) € Bﬂiml(in), do d6, bat dang thic tht ba cta (4.52) thdéa man néu

ta chon )
ZlneHnC(NlﬁNZ’sfy’kn)
C,:= (4.57)

= S5 ty+1/2”
min{s + 1,7 + 1}, A5

B4y gi0 ta chitng minh (@.50). Nho B dé (4.53), (4.56) va (4.57), v6i moi

Xn Z M

2T 2A,T
2 2
= f lo(x, y)IFdxdy < @, (x, y)|*dxdy
n W13 n W12
2T s+l yil
< Cze_z“"NlZ N, % a2+t
- n
An
22, T 2 520, C(N1, N5, 7,4, sl pHl
e~ 4Ane n n —2u,N, 2 N, 2 sty

~ A4 min{s+1,y+ 1}2u%i,21(5+Y)+1

Tit dang thitc (4.56) ta cb
22, T

A

A, s+l rAl
f o, P dxdy S exp {222 -S5T = Gl (NN * e
W12

n

e

n

41,
52(s+y)+1 (4.58)

~ CNL N, i")” }min{s + 1Ly +1FPuiA,
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Néu s 4+ y > 1, ta nhan dudc tit danh gia chin trén cta Ans,y trong Ménh dé

4.2lva @.51):

n

va A, — 0khi y, — +oo.

1/2
Xn
Do dé, v6i moi T > 0, ton tai fi, > n, sao cho, v6i moi ¥, > i,,
An SN 2+s+ )
T -Gy ) (N12 Ny® @' = C(Ny, Ny, 7, m)

n
s+1 r+l

1 o1 rH
< _Ecl(SJY)(le N22 a2+s+Y
s+1 r r+1 sl
— min {(N1 —1)2N,? ,(N,—1)= N,? })a”s”.

Ap dung bét dang thitc trén cho (4.58) va chi ¥ rang

s+l phl

2 N 2 o2+s+ . ol % rl HTl
N> N,? a7 —min{(N; —1) 2 N,* ,(N,—1) 2 N, >0,
ta nhan dudc (4.50). O

Cht ¥ 4.1. Khi chiing ta chitng minh khang dinh trai chiéu, mét trong cac diém
1
2(s+y)

n

sty
1+s+y

Xn K
mil cia y, gitp ta vugt qua khé khéan khi tim kiém mot nghiém tudng minh @,

cua (4.52).

ki thuét 13 chon A, = thda mén A, — 0 khi y,, — 400 va sb

Cht y cudi chuong. Két qua trong chuong nay 13 mé rong cac két qua gin
day (xem [5] 13 [14]) vé tinh diéu khién dugc cho 16p phuong trinh parabolic
chtia todn t& suy bién Grushin sang 16p ton td suy bién manh P, .. Ching t6i
d4 4p dung lude db chting minh dudgc st dung trong [5, 13] va dic biét 1a cach
tiép cin trong [14]. Tuy nhién, do tinh suy bién manh ctia toan tit P, dan dén
xuét hién sb hang y,|x|*|y|*'w trong toan tit P, da giy ra mot s6 khé khin
khi thiét 14p bat ding thitc Carleman. Ta d3 biét d€ thu dugc tinh quan sat déu
theo n thi cAn c6 b4t ding thic Carleman. Vi ding diéu cta Ans,y Phu thudce
theo y, (xem Ménh dé nén bat ding thtic Carleman cé hiang s6 M phu
thudc vao y,, tly theo s,y quyét dinh dén tinh quan sat déu (xem trong chiing

minh ctia Dinh 1i |4.4). D€ vudt qua khoé khin dé ngoai viée lua chon cdc ham
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trong phtt hop, chiing t6i khai thac mét sb ki thuat dude stt dung trong chiing
minh B8 dé 5.2 trong [27] va Ménh dé 2.5 trong [5]]. Tuy nhién cling bdi kho
khin cda tinh suy bién manh, ma viéc thiét 14p bat ding thiic Carleman chua

dat dugc trong cac trudng hop suy bién qua manh.
Két luan Chuong 4

Trong chuong nay, ching téi di nghién ctu tinh diéu khién dugc vé 0 clia
phuong trinh parabolic chtia toan tt suy bién manh P, , trong mién Q c RV,

Céc két qua dat dugc la:

e Khis+y €(0,1/2): Chitng minh dugc tinh diéu khién duge vé 0 tai moi
thoi diém T > 0.

e Khi s = y = 1/2: Chitng minh dudc tinh diéu khién dugc vé 0 khi thoi

gian diéu khién da 16n.

e Khis+y > 1: Chting minh dudc tinh khéng diéu khién dugc vé 0.
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KET LUAN VA KIEN NGHI
1. Cac két qua dat duce

Trong ludn 4n nay, ching t6i dd nghién ctu su tdn tai nghiém, dang diéu
tiém cAn nghiém va tinh diéu khién dudc vé 0 dbi véi 16p phuong trinh parabolic
ntta tuyén tinh chita toan tt suy bién manh. Cac két qua dat dudc ctia ludn 4n

bao gom:

e Chitng minh dudc su ton tai va tinh duy nhit ca nghiém yéu, su ton tai
tp hit toan cuc dbi v6i mot 16p phuong trinh parabolic nita tuyén tinh

chtta toan t suy bién manh A, trén mién bi chin.

e Chitng minh dudc su ton tai va tinh duy nhit cta nghiém yéu, su ton tai
tAp hit toan cuc dbi v6i mét 16p phuong trinh parabolic nta tuyén tinh

chtta toan ti suy bién manh P, , trén toan khong gian RN,

e Chitng minh dudgc tinh diéu khién dudc vé 0 tai moi thoi diém T > 0
khi s +y € (0,1/2) (trudng hop suy bién yéu). Khi s =y = 1/2 (trudng
hop suy bién manh) chitng minh dudc tinh diéu khién dudc vé 0 khi thoi
gian du 16n. Khi s +y > 1 (trudng hop suy bién qua manh) chitng minh
dugc tinh khéng diéu khién dude vé 0 dbi véi bai toan diéu khién cho 16p
phuong trinh parabolic chtta toan ti suy bién manh P, , trong trudng hgp

nhiéu chiéu.

2. Kién nghi mét s6 vin dé nghién cttu tiép theo

Bén canh cac két qua d4 dat duge trong luin 4n, mot sb6 vin dé mé cin dugdc

tiép tuc nghién cttu nhu:

e Nghién citu céc tinh chét ctia tip hat toan cuc nhin dudc cta Chuong 2

va Chuong 3, chiang han nghién cttu tinh tron clia tdp hat, danh gia sb
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chiéu fractal, su phu thudc lién tuc vio tham bién,...

e Nghién ctiu su ton tai tdp hit toan cuc cta 16p phuong trinh parabolic

ntta tuyén tinh chita toan ti suy bién manh A, trén toan khéng gian RV.

e Nghién ctiu tinh diéu khién dugc cho bai toan trong cac truong hop
con lai clia s va y: Liéu ¢ diéu khién dugce vé 0 khis+y € (1/2;1) ? Liéu
6 diéu khién dugc vé 0 tai thoi gian da 16n, khong diéu khién duge vé 0
khi thoi gian bé, khis+y =1,s,y #1/2?
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