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MG dau

1. Li do chon dé tai

Vao nam 1948, khi nghién citu vé lyc tuong tac gitta hai nguyén ti
trung hoa, H. B.G. Casimir [16,17] da nhan thay réng lyc tuong tac
cham London-van der Waals c¢6 biéu hién nhu diém khong nang lugng
(zero-point energy) ctia truong dién tit. Két qua cling tuong ty khi ong
va cong su nghién citu lyc tuong téc gitta hai tam kim loai phang, trung
hoa, dat song song v6i nhau trong trudsng dién tir. Day chinh la hiéu ting
Casimir, mot hieu tng hoan toan méi & thai diem d6. Mic du vay, trong
su6t mot thoi gian dai sau d6, hiéu ting nay khong duge cac nha nghién
cttu quan tam. Phai dén nhitng nam 1970 trd vé sau, cic nha vat 1y mdi
bat dau chu ¥ dén hiéu tng Casimir va nghién cttu né trong cic hé vat
Iy khac nhau. Hiéu ttng Casimir 13 mot van dé lien nganh, pham vi ap
dung ctia n6 rat rong, tit vii tru hoc cho dén vat 1y cac moi truong dong
dac, dat biet 1a vat 1y nano va cong nghé ché tao vat lieu nano.

Trong 1y thuyét truong lugng ti, hieu tng Casimir c¢6 ba ting dung
chinh: M6 hinh hadron trong siac dong hoc lugng t1t, nang higng Casimir
clia quark va gluon déng gép dang ké vao ning luong nucleon trong mé

hinh t1i cho nucleon. Trong 1§ thuyét ctia Kaluza-Klein, hiéu ting Casimir



cung cap co ché hitu ich cho sy co ty phat (spontaneous compactification)
clia cac chiéu khong gian phu (extra dimensions). Viec do lyc Casimir
tao co hoi dé tim ducce su rang buoc manh mé clia cac tham s6 tuong
tac tam xa va hat co ban nhe ma 1y thuyét gauge thong nhat, sieu doi
xting, siéu hap dan va ly thuyét day da tien doan.

Trong vat 1y cac moéi truong dam dac, chéng han 6 vat liéu siéu
dan [10,19], hieu tng Casimir dan dén lyc hiat hodc lue day gifta cac
mat giéi han clia mang vat liéu siéu dan, lyc nay phu thudc vao dang
hinh hoc, nhiét do va thuoc tinh dién, co ctia bé mat vat liéu. O kich
thuéc vai nano e Casimir troi hon céc luc khac rat nhiéu. Ro rang, luc
Casimir c6 anh huéng quan trong dén sy gia cong va san xuat cac thiét
bi nano.

Trong ly thuyét hap dan, thien vin va vt tru hoc [59], hiéu tng
Casimir phat sinh trong khong - thoi gian v6i topo phi Euclide. Su phan
cyc chan khong tit hieu ting c6 thé thic day qua trinh lam phét (inflation)
ctia vii try. Trong 1y thuyét vé sy hinh thanh ciu tric cta vii tru, do cac
topo khuyét tat, hiéu ing phan cyc chan khong Casimir gan cac day vii
tru déong mot vai tro quan trong.

Trong vat Iy nguyén tit [5], tuong tac Casimir tam xa dan dén sy dich
chuyén cédc mic niang luong trong trang thai nguyen ti. Tuong tu, do6i
v6i moi truong chat hat nhan, hieu dng kich thudc hitu han da dudc
nghién citu trong cong trinh [56] va chi ra rang n6 lam thay doi dang ke
cac qua trinh chuyén pha trong chat hat nhan.

Trong vat 1y toan, viéc nghién citu hiéu ting Casimir thic day su phat



trién ctia k§ thuat tai chuan héa bing cach st dung ham tat nhanh ¢ [63]
cting nhu trong céc nghién ctiu vat 1y toan khéc [6,50, 73].

Déi v6i moi truong BEC, mac du duge dy doan tit nam 1925 nhung
cac nghién citu vé né chi thuc sy bung noé tit nhitng nam 1995 ca vé
mit 1y thuyét va thuc nghiem, dic biet 1a sau thyc nghiém tao ra dugc
he BEC hai thanh phan [71]. Tuy nhién, nghién citu vé hi¢u ting kich
thuée hitu han néi chung va hiéu ting Casimir néi riéng trong moi truong
nay chi méi duge chu ¥ dén tit nhitng nam 2000 tré lai day. Sau nhiing
thanh cong ciia thyc nghiém do Iiyc Casimir t6i han trong chat 16ng
lugng tit [29,30] va luc Casimir-Polder [34,41,52] trong moi truong BEC
thi cdc nghién citu vé hiéu tng kich thuéc hitu han trong he BEC méi
thuc sy biing no. Do mai truong BEC c6 thé coi 1a mot chat long lugng
ti nén ton tai ning luong bé mat ma tuong tng véi nd 1a su xuat hien
luc cang bé mit, né dude xem 1 thanh phan trudng trung trinh cta luc
Casimir [13]. Vi li do nay méa &nh hudng ctiia sy co gon khong gian trong
moi truong BEC thuong duge nghién ctiu ¢ hai khia canh: thi nhat 1a
lye Casimir truong trung binh gay ra khi hé BEC bi giam trong khong
gian giéi han bdi cac tuong ciing, con dugce goi la hiéu ting Casimir-like
(tuong ting v6i n6 la luc Casimir-like) [13,61,74,75]; thid hai la hiéu tng
gay ra bdi cac thang giang luong tu 1én trang thai co ban cia hé va
nguyen nhan 13 do cac kich thich phonon trén bé mit cia heé, con duge
goi 1a thanh phan thang giang lugng ti ctia lyc Casimir [13,66]. Trong
luan an nay, ching toi thong nhat goi thanh phan truong trung binh

ctia lyc Casimir 14 Iye Casimir-like, con thanh phan thang giang luong



ti clia lyc Casimir duge goi tat 1a luc Casimir.

Trude hét, ta hdy néi vé hieu ting Casimir-like. Ddi v6i hée cac hat
Bose 1y tudng, dya trén thong ké Bose-Einstein, S. Biswas [12] da tinh
luc Casimir-like cho céc mien khac nhau ctia nhiét do, ké ca mién nhiét
do 16n hon nhiéu so v6i nhiét do t6i han. D61 véi hé Bose loang, viéc
tinh toan lyc Casimir-like da dugc thuc hién béi mot s6 tac gia clia cac
cong trinh [13,61]. Lyc Casimir-like cling duge khéo sat déi véi he BEC
hai thanh phan trong gan ding DPA § trang thai t6i han demixing [74].

D6i véi thanh phan Iiye Casimir gay ra bdi cac thang giang lugng ti,
cac nghién ctu hién cé tuong déi phong phd. Tuy nhién, diem han ché
cua cac nghién citu nay la:

- Céac tinh toan mdi chi thyc hien dugc trong gan ding mot vong.
Chinh vi Iy do nay, cac nghién cttu hién c¢6 méi chi tap trung khao sat
liic Casimir, trong khi con nhieu dai luong vat 1y khac clia hé ciing bi
anh hudng bdi hiéu ting kich thuéc hitu han.

- Chi khéo sat v6i he BEC mot thanh phan. Déi véi he BEC hai thanh
phan, do xuat hién thém tuong tac gitta cac hat ¢ hai thanh phan khac
nhau nén sé dan dén nhiéu két qua quan trong. Mic dit vay, theo hiéu
biét cia ching toi, day van con 1 linh vyc chua duge quan tam.

- Chi khao sat trong théng ké chinh tac 16n.

Chinh vi nhiing 1y do trén ching toi da lya chon dé tai ctia luan
an la “Nghién ciu hiéu tng Casimir trong hé ngung tu Bose-

Einstein”.



2. Muc dich nghién citu

Vé6i muc dich khao sat anh hudng ctua hiéu ting kich thuéc hitu han
len cac tinh chéat ctia he BEC, trén co s6 d6 gép phan dinh huéng cho
cac nghién cttu thyc nghiem vé hiéu ting Casimir trong moi truong BEC,
trong luan an nay, chung téi dat ra hai muc dich nghién cttu chinh nhu
sau:

- Nghién cttu anh hudng clia sy co gon mot chiéu khong gian lén céc
tinh chat cia BEC mot thanh phan.

- Nghién cttu anh hudng clia su co gon mot chiéu khong gian lén céc
tinh chat ctia BEC hai thanh phan, dac biét 1a lam 16 vai tro clia tuong

tac gitta cac hat ¢ hai thanh phan khac nhau.

3. D6i tuong va pham vi nghién ciu

Déi tugng nghién citu ctia luan an bao gom hai he vat 1y:

- He BEC mot thanh phan.

- He BEC hai thanh phan.

Cac hé BEC nay bi giam gitta hai tuong ciing dat song song v6i nhau
va két néi (khong két ndi) v6i bé hat ben ngoai, tic 1a hé tuong tng véi
tap hop thong ke GCE (CE). Véi ddi tugng nghien citu nhu trén chung
toi gidi han pham vi nghién citu ctia luan an & cac khia canh sau:

- Nghién citu hé BEC mot thanh phan trong théng ké chinh tic va
thong ké chinh tic 16n.

- V6i hé BEC hai thanh phan, do tinh phic tap clia cidc tinh toan



toan hoc nén chung to6i chi khéo sat trong thong ké chinh tic 16n.

V6i hé nghién cttu nhu vay, hiéu tng Casimir phu thudc vao diéu kién
bién, tuong tac gitta cac hat trong hé, nhiét do va truong ngoai. Trong
luan 4n nay, ching t6i tap trung nghién citu hé ¢ nhiet do gan nhiét do

khong tuyet doi va khong c6 trudng ngoai.

4. Nhiém vu nghién cttu

V6i hai muc dich cu thé nhu da dé cap & trén, nhiem vu nghién cttu
duge dat ra cu thé nhu sau:

a. He BEC mot thanh phan:

- Tim ham séng mo ta trang thai co ban dya trén phuong trinh GP.

- Tinh nang lugng mat ngoai va luc Casimir-like.

- Nghién cttu anh huéng ctia hiéu tng kich thudc hitu han 1én nang
luong Casimir va lyc Casimir trong gan ding mot vong va gan ding hai
vong.

- Nghién citu luc Casimir toan phan, la tong hgp cia luc Casimir
lugng t1t va lye Casimir truong trung binh.

Nhitng khao sat ¢ trén dude thuyc hién trong ca théng ké chinh tac va
thong ké chinh tac 16n.

b. He BEC hai thanh phan:

- St dung gan ding DPA dé nghién ctu niang luong mit ngoai va luc
Casimir-like.

- Nghién citu lyc Casimir trong gan dang mot vong va gan ding hai

vong.



Nhu da trinh bay & trén, déi véi he BEC hai thanh phan ching toi

chi nghién citu trong théng ké chinh tic 1én.

5. Phuong phap nghién ctu

Dé thyc hieén dugc céc nghién cttu & trén, chiing t6i lita chon phuong
phap nghién cttu nhu sau:

- Khi nghién citu Iyc Casimir-like chiing toi st dung phuong phap gan
ding trudng trung binh déi véi he BEC mot va hai thanh phan. O nhiet
do khong, trang thai co ban ctia hé duge mo ta bdi (hé) phuong trinh
GP. Tuy nhién do tinh chat phi tuyén ctia (h¢) phuong trinh GP nén
gan dang DPA dudc ap dung v6i muc tiéu tim ra nghieém giai tich, tic 1a
biéu thiic gidi tich ctia ham séng mo ta trang théi co ban cia hé. Trong
cic nghién cttu nay, hé khong bi 4nh hudng bdi truong ngoai dong thoi
cac thang giang luong t1t ciing duge bo qua.

- Dé nghién cttu Iyc Casimir, ching toi sit dung phuong phap tac dung

hiéu dung CJT.

6. Y nghia khoa hoc va thuc tién ctia luan an

Nhitng két qua ma luan an thu duge déng gép mot phan rat quan
trong vao nhiing két qua nghién citu vé Iiye Casimir va nhitng 4nh hudng
ctia hieu tdng kich thude hitu han lén tinh chat vat 1y ctia he BEC bi gidi
han bdi cac tuong cting. Dong thai ciing gép phan vao nhiing nghién citu

méi vé BEC 6 Viet Nam cling nhu trén thé gidi.



7. Cau trac cua luan an

Ngoai phan mé dau va két luan, noi dung chinh ctia luan an dugc
trinh bay trong ba chuong:

Chuong 1. He thong 1y thuyét nghién ctu vé luc Casimir

Trinh bay tong quan vé hiéu tng Casimir, cdc nghién citu vé BEC
va tinh hinh nghién citu lyc Casimir trong moi truong BEC. Dong thai,
Chuong 1 ciing trinh bay cac 1y thuyét lien quan dén cac nghién citu cla
luan an trong Chuong 2 vd Chuong 3 nhu: 1y thuyét GP, phuong phap
DPA va phuong phap tac dung hiéu dung CJT.

Chuong 2. Liic Casimir trong ngung tu Bose-Einstein mot thanh phan

Stt dung phuong phap gan diung parabol kép, gan ding mot vong va
hai vong, chiing t6i nghién cttu anh huéng cua kich thude lén lyc Casimir-
like, Iyc Casimir va lyc Casimir toan phan. Qua d6, chi ra nhitng anh
huéng ctia kich thuéc hitu han lén tinh chat cia he BEC mot thanh
phan, ching toi thuc hién khio sat hé trong ca thong ké chinh tic va
thong ké chinh tac 16n.

Chuong 3. Luc Casimir trong ngung tu Bose-Einstein hai thanh phan

Nghién cttu anh hudng cua kich thudc lén luc Casimir-like va luc
Casimir. Qua do, chi ra nhitng anh huéng cta kich thudc hitu han lén
tinh chat ctia he BEC hai thanh phan, ching toi thyc hién tinh toan
trong gan dung parabol kép, gan ding mot vong va hai vong. Do tinh
chat phtc tap clia tinh toan toan hoc, chung toi chi khio sat hé trong

thong ké chinh tic 16n.



Chuong 1

Hé théng 1y thuyét nghién ciu ve

luvc Casimir

1.1 Téng quan vé luc Casimir

1.1.1 Dao dong diém khéng va biéu hién ctia ching

Trudc tién ching ta ban vé khéi niem ning lugng diém khong. Ching
ta déu biét rang, nang luong chuyén dong nhiét cia mot vat ti le véi
nhiét do tuyet déi. Nhu vay, khi nhiét do moi truong 1a khong do tuyeét
déi thi vat sé ding yén, tic 1a nang lugng clia né bang khong. Diéu nay
c6 nghia la tai nhiét do khong tuyet déi ching ta c6 thé biét chinh xac
toa do va xung luong ctia hat vi mo, tic 1a vi pham nguyeén ly bat dinh
Heisenberg. Dé théa méan nguyén 1y bat dinh Heisenberg thi & nhiét do
khong tuyét doéi, vat van phai c6 mot nang luong nao dé goi 1a nang
luong diém khong. Khai niem ning lugng diém khong duge Planck st
dung dau tién khi ong thiét lap cong thic tinh mat do bic xa ciia vat

den tuyet déi [47]. V6i khai niem nang lugng diém khong, Planck da



thiét lap dugc cong thic tinh mat do bic xa clia vat den tuyét déi phu
hop v6i thue nghiém. Vi du don gian nhat vé nang luong diem khong 1a
nang luong ctia dao dong ti diéu hoa. o) trang thai dung thi n, nang

luong ctia dao dong t1t diéu hoa mot chiéu c6 tan s6 goc w 1a

E, = hw (m%) (1.1)

v6i h 1a hang s6 Planck rat gon va n = 0,1,.... Nhu vay, trang thai co

ban ctia dao dong t1t diéu hoa nay cé ning luong 1a
hw
By= "5 #0. (1.2)

Bing ching thuc nghiem dau tién vé su ton tai ctia ning luong diém
khong duge quan sat béi Mulliken vao nam 1924 [51] khi 6ng nghién ctu
cau tric quang pho ciia 6-xit bo.

Chan khoéng lugng ti la trang thai co ban cua van vat, vo hudéng,
trung hoa va mang nang lugng cuc ticu. Nang luong clia mot trang thai
vi mo nao dé, theo nguyén ly bat dinh, 1a chudi ctia 22, 3w 5w - [99],
Nhu vay, ngay tai nhiét do khong tuyet doi thi cac nguyén ti, phan ti
van luon dao dong, diéu nay tao nén cac thang giang luong tit. Do ning
luong to6i thidu khac khong va tan s6 w c6 thé nhan bat cit gia tri nao ti
khong dén vo ciing nén chan khong luong tit c6 ning luong vo han khi
ta lay tich phan theo tat ci cac tan so6 dao dong w.

Tuy nhién, do tinh v6 hudéng, trung hoa, ma lai ¢6 nang luong vo
han nén theo 1y thuyét truong luong ti, khong gian tréng rong that ra
dang tran ngap vat chat c6 thoi gian song ngan, cac hat va phan hat

xuat hien trong khoanh khéc, ching tuong tac, bién doi, phan ra tré ve
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v6i “khong”, ¢t nhu vay noi tiép vong sinh hity. Phan anh tac dong ciia
chan khoéng luong t1, hieu tng Casimir da dude phat hién va kiem ching
thanh cong.

Mot dieu quan trong nita 13 chiing ta can xem xét moéi lien heé gitta
hiéu ttng Casimir v6i cic hiéu ting khac trong 1y thuyét truong lugng ti
c6 lien quan dén su ton tai clia cac dao dong diém khong, chang han
hiéu tdng phan cyc lugng tit gay ra bdi cic truong ngoai. Mot tinh chat
quan trong cua hiéu ting nay la sy khong triét tiéu ctia nang lugng chan
khong phu thuoc vao do 1én clia truong ngoai. Cac bién ciia hé c6 thé
duge xem nhu 1a cac truong ngoai [11,24]. Diéu nay dan dén két qua la

lic Casimir cting phu thuoc vao diéu kien bien [45].

1.1.2 Hiéu tng Casimir

Hi¢u tng Casimir ¢ dang nguyén goc [16] dugc Casimir phat hién
chinh 1a su tuong tac giita hai tam kim loai phang, trung hoa vé dién,
dat song song v6i nhau trong truong dién tit. Nguyén nhan dugc giai
thich 1a do su bién dang chan khong ctia dién tiu trudng gitta hai ban
kim loai nay. Hién tuong nay khong thé giai thich bang 1y thuyét co dien
vi hai tam kim loai khong mang dién. Ro rang day 14 mot hiéu tng thuan
tay luong ti, trang thai co ban ciia dién tir truong trong ly thuyét dien
dong Iuc hoc luong tit da tao ra mot lye 1am cho cic tam kim loai nay
hut nhau.

Dé hiéu r6 hon van dé nay, chiing ta hay khao sat né trén quan diem

clia cd hoc lugng tit bang cach khdo sat mot dao dong tit dieu hoa véi
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nang lugng cua cac trang thai dimg theo phuong trinh (1.1) va & trang
thai co ban theo phuong trinh (1.2). Theo quan diém ctia qua trinh lugng
t1t chinh tic, nang luong ciia trang thai co ban nay dugc lien két véi sy
tiy ¥ clia toan tit sip xép trong viec xac dinh toan t Hamilton H bing
cach thay thé vao toan tt Hamiltonian c6 dién H (p, q) va céc bién dong
hoc béi cac toan tit tuong tng H = H(p, ¢). Phai nhdn manh réng, niang
luong trang thai co ban Ej khong thé quan sat dugc bing céc phép do
trong heé luong ti, tic la trong qué trinh chuyen dich giita cac trang thai
lugng tit khac nhau, hoac vi du trong cac thi nghiém tan xa. Tuy nhién,
tan s6 w cia dao dong tit c6 thé phu thuoc vao cac tham s6 bén ngoai
hée luong ti. Vao dau nam 1919, dieu nay da dudc phat hién bdi sy giai
thich ctia 4p suat hoi ¢ cac dong vi nhat dinh, khéi luong khac nhau tao
ra sy thay doi can thiét ¢ tham sd ngoai.

Khi giadi quyét bai toan nay theo 1y thuyét truong luong ti, ching
ta phai gidi quyét van dé ve su phan ky ti ngoai clia mot s6 dai lugng.
Nguyén nhan la do nang lugng cua trang thai co ban duge dinh nghia

134 tong nang lugng ciia cadc mode trong trusng lugng ti, tic 1 [14],
B=23 (1.3)
- Wh, .
0= 3 4

trong d6 chi s6 n 1a s6 luong ti dic trung cho cdc mode trong truong
lugng tit. Phép lay tong trong cong thic (1.3) ro rang khong hoi tu.
Casimir 14 ngusi dau tién da khit duge phan ky ctia niang lugng diém
khong trong truong dién tir lugng tit bi giam gitt gitta hai tam kim loai
phang, trung hoa, dat song song v6i nhau. Phan hitu han chinh I3 nang
lugng Casimir va tuong ting v6i né la lyc Casimir.
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Dé khtt cac phan ky sinh ra tit ning luong chan khong, ta dua vao

khai niém N-tich sao cho trung binh chan khong triét tiéu
(O|N(ABC'...)|0) = 0. (1.4)

Ve mit lich st, su ra doi ctia hieu ing Casimir lién quan dén viéc giai
thich lyc tuong tac gitta hai phan t1t trung hoa do van der Waals dé xuat
vao nam 1873. Nhung mai dén nam 1930, ngudi ta méi bat dau hiéu
duge nguon goc cua lyc nay khi London [72] chi ra ban chat lugng ti
clia n6, thé niang tuong tac gidm manh theo khodng cach R. Thé nang
tuong tac gitta hai luéng cuc la

1

(1.5)

Mai dén nam 1948, khao sat ctia Casimir va Polder cho thay & khodng
cach 16n, thé tuong tac giam nhanh hon [17],

1

(1.6)

T d6, hinh thanh khéi niém vé sy tuong tac phu thuoc khodng cach,
tic 1a tuong tac tam xa. Véi quan diém nay, hieu ing Casimir don gian
14 su thé hien vi mo mot tong vo sé cac tuong tac van der Waals. Tuy
nhién, sau cong trinh ctia Casimir dugc cong bo, Borh da goi ¢, nang
luong chan khong chinh 14 nguon gdc lyc tuong tac gitta cac phan ti.
Theo huéng d6, ngusi ta khao sat moé hinh don gian: trong truong chan
khong dién tir ta diat vuong goc véi truc z hai tam kim loai dan dién 1y

tudng véi dien tich S va cach nhau mot khoang ¢ sao cho ¢ < V/S.
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/ hai tm kim loai khong mang dién

PR

dao dong chan khong lyc Casimir

Hinh 1.1: Lyc Casimir gita hai tAm phang méng song song [35].

Véi truong vo huéng khong khéi hugng @, tenxo ning-xung luong co
dang
1
WW:&@W@—iWWMw@g (1.7)
thi nang luong diém khong (1.3) dudc tinh theo cong thiic
1 —
571;% = /da: (0] 7% |0) . (1.8)

Luyc tac dung léen moi tam 1a [48],

fzﬁmwmmm» (1.9)

D6i véi truong dien tir dude xac dinh bdi vecto cuong do dién truong
E va cuong do tu truong H thi thanh phan theo phuong 0z clia tenxo

nang-xung lugng (1.7) ¢6 dang
1

trong d6 H., E, va H,, F| 1an luot 1a hinh chiéu ctia H, E len cc phuong
0z va phuong vuong goc véi 0z. Két hop (1.9) véi (1.10) sé cho ta gia
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tri phan ky. Dé giai quyét van dé nay, Casimir da trit di phan ning
lugng chan khéng vo6 han cia truong dién tiu lugng ti trong khong gian

Minkowski tu do. Két qua thu duge phan hitu han 1a

f= /dedy (0|T.. — T..(vo han)|0) . (1.11)
Ap dung diéu kien bien ¢6 dién

H =E, =0, (1.12)

cho séng dién tit c6 vécto song k = (k,, ky,k.) = (k.,k,) va vécto phan
cuc CZ st dung phuong phap ham Green, Plunien va cong su [57] tim
dugc

E = iwpde™ ™ sin(k,z)e ™,

H = k x dupde™ ™Y cos(k,z)e ™. (1.13)
Tt cac cong thic trén, Iye Casimir tac dung lén tAm kim loai dugc tinh

theo cong thic [14,57],

2he
f= _240645’ (1.14)

trong do c 1a toc do anh sang trong chan khong.

Ngoai phuong phap trén, phan ky trong nang lugng diém khong (1.3)
con c6 thé khit biang phuong phap ham zeta Riemann ((z) duge dinh

nghia nhu sau
((s) =) n" (1.15)
n=1

Trong (1.13), thanh phan theo truc 0z clia vécto song c6 dang k, = k,, =
nw/l, do do

7”L27T2
w? = (kﬁ+£—2>. (1.16)
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Thay (1.16) vao (1.3), ta thu duge ning lugng diém khong 1a

Ak n2m?
Ey = sm/ ) D\ R+ (1.17)
n=1

Hé s6 1/2 trong (1.17) bién mat 1a do ta da tinh dén hai trang thai phan
cyc ciia séong dién tit. Biéu thic (1.17) phan ky va dé khit phan ky nay
ta dua vao thita s6 hiu chinh ¢ ¢6 dang w?. Khi d6, (1.17) c6 thé viét

dué6i dang

42k, 00 ) 22 (1-s)/2
E() = ShC/ (27_‘_)2 Z (kj_ + 2 > . (118)
n=1

Chuyen sang hé toa do cyc va chi ¥ dén (1.15), ta c6 thé dua (1.18) ve

dang
2 7.(.275 o - 2 71.275
Ey = —She— o — > nf = —Sheg—5—C((s=3). (1.19)
n=1

Dé loai bd thita s6 hiu chinh da them vao (1.18), ta lay gidi han cia
(1.19) khi s — 0. Két qua cho ta nang lugng Casimir

m2he

E= 0@

(1.20)

Dao ham cia (1.20) theo khoang cach gitta hai ban kim loai sé cho ta
luc Casimir (1.14).

Céac nghién citu da chi ra rang, luc Casimir phu thudc vao nhiéu yéu
t6: ban chat hée, cau trac hinh hoc ciia he, diéu kién bién va nhiet do. Vé
mit thyc nghiém, viec do duge chinh xac Iyc Casimir 1a rat khé khan do
mot mit, lyc ndy chi xuat hién trong mot viing khong gian rat nho, mat
khac thi viéc tao nén mot cau tric nhu tinh toan ban dau ctia Casimir 1a
rat kho kha thi. Day ciing 14 mot trong nhitng nguyén nhan lam cho hiéu
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ing nay it dudgc quan tam ngay tu khi né6 méi duge Casimir phat hién
ra. D& c6 rat nhiéu nd luc thuc nghiem dé nghién cttu lue Casimir nhung
két qua chua duge nhu mong mudn [22]. Phai dén nam 1996, ttc 1a 48
nam sau khi duge phat hién, Lamoreaux [42] mé6i do duge lye Casimir

v6i sai 86 ¢d 5% so véi tinh toan 1y thuyét.

1.2 Tinh hinh nghién ctu lyc Casimir trong ngung

tu Bose-Einstein

1.2.1 Ngung tu Bose-Einstein

Boson 1a hé cac hat c6 spin nguyeén, ching tuan theo théng ké Bose-
Einstein. He boson ¢6 thé 1a tap hop cac hat boson hoiic hé cac hat Fermi
lien két v6i nhau dé tao thanh cac hat gia boson. Khi Bose khong tuong
tac goi la khi Bose 1y tuéng. Trang thai ciia hé boson dugc mo ta bang
cidc ham séng ddi xing, s6 lap day khong bi han ché béi nguyen 1y Pauli

ma c6 thé nhan gia tri tiy ¥. Thé nhiét dong Q ciia hé c6 dang [53],
- [l
Qp = —kBTan [e ’“BT} : (1.21)
n=0

v6i kp 1a hing s6 Boltzman, T' 13 nhiet do tuyet doi, p 1a thé hoa va g,
la ning luong ctia mot hat & trang thai c6 vécto song k. Tong nay chi

H—ELE

hoi tu khi e*s7 < 1 nén ta co thé viét
O = kpTIn (1 _ ekfﬂ’f) . (1.22)

Goi ny la mat do hat ¢ trang thai c6 vécto song k thi mat do nang lugng
clia trang thai nay bang tong ning luong clia tat ca cac hat ndm trong
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trang thai do. Tu day, ta co

np = —— = . (1.23)

D61 véi khoi khi boson gom N nguyeén tit khong tuong tac bi giam cam
va lam lanh bang mot thé diéu hoa ba chiéu thi nhiét do chuyén pha
(bdt dau c¢6 ngung tu) thda man [53],

Nl/a

kpTS = :
“ T (@)c(a)

(1.24)

trong d6, C,, 1a hang s6 phu thuoc vao cac tham s6 dac trung cla he,

ham gamma dudc dinh nghia duéi dang

I(a) = /OOo @ e (1.25)

V6i khi boson dong nhat dugce giam trong hd thé ba chiéu thi a = 3/2

va (1.24) tré thanh

R2n2/3
T ~ 3.31—-Y 1.26
C mkg ) ( )

trong d6 ng, m lan lugt 1a mat do khéi ctia ngung tu va khoi lugng ciia
mot hat.

Khi nhiét do 7 ctia hé nhé hon nhung rat gan vé6i nhiét do t6i han

No= N [1 - (%) a] | (1.27)

Tai nhiét do nay, cac hat boson cé cuing budc soéng de Broglie thoa man

orh2 \ M/?
AdB:(m/@T) , (1.28)

thi s6 hat ngung tu 1a

va n6 c6 gia tri cing bac véi khoang cach trung binh gitta cac hat.
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Déi véi khi Bose c6 tuong tac thi cac boson trong hé tuong tac véi
nhau béi luc hit hoiic luc day, tuong tac nay dude xac dinh qua do dai
tan xa a cta song s. 0 day, ching ta gi6i han 6 truong hgp tuong tac
day v6i cuong do [54],

A h?
g =

> 0. 1.29
o (1.29)

Dé c6 thé 4p dung 1y thuyét nhiéu loan, ta chi xét truong hop khi Bose
tuong tac yéu hay con goi 1a khi Bose loang. Diéu kién nay chi théa man
khi nga® < 1 [1]. St dung phuong phap khai trién N 16n, Baym va cong
su [8] chitng minh duge nhiet do t6i han T ctia khi Bose tuong tac yéu
sal khac so véi nhiét do t61 han T, g ctia khi Bose 1y tudéng mot s6 hang
duong

Te = To + pTp, (1.30)

trong d6 p = (2,2 + 0, 2)an,/*.

O nhiéet do khong tuyet déi, cdc thang giang luong ti 6 vécto song

k xuat hién v6i pho nang lugng ctia hat [53,54],

e(k) = l%lﬁ + (%)2] 1/2, (1.31)

con thé héa duge xac dinh theo cong thic

3

2
1A gng [1 + ﬁ(noai”)W] : (1.32)

1.2.2 Tong quan vé nghién cu hiéu tng Casimir trong BEC

Nghién citu vé hi¢u ng Casimir phat trién manh mé vao nhitng nam
1970 ctia thé ki truée. Tuy nhién, nghién cttu hiéu dng nay trong moi
truong BEC chi thyce sit biing no tit nhitng nam 2000.
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Tru6e hét, ta diém qua cac nghién citu ve hiéu tng Casimir trong moi
truong BEC & nhiét do khong. Hé nghién ciu la moi truong ngung tu
BEC dugc giam giit gitta hai tdAm phang (dudc goi 1a hai tuong ciing)
dat song song v6i nhau va cach nhau mot khoang ¢. Dién tich hai tam
phang rat 16n, tic la thoa man diéu kien dién tich S > ¢2. He dugc giit
& nhiet do gan do khong tuyét doi. Luc nay hiéu tng Casimir bat nguon
tir cac thang giang luong ti cia trang thai co ban.

Cong trinh dau tién c6 thé ké dén 1a nghién citu cia A. Edery [27]
v6i he BEC ba chiéu. Dién tich hai tam phang la ¢; x 5 va khong c6 thé

giam cam. Trong hé don vi A = ¢ = 2m = 1, mat do nang lugng cltia he

E = %;E(k), (1.33)

E(k) = kK2 + ap — K — pu. (1.34)

Trong khong gian bi gidi han, sit dung diéu kién bién tuan hoan thi vécto

song bi lugng tit hoa theo cong thic

2n 2 2nqm 2 2noT 2

2 1 2

p— —_— . ]_.

k ( 7 ) + ( ’ ) + ( ' > ( 35)

Két qua cho ta mat do nang luong Casimir 1

w2 v o7t

Er— —— —
¢ =790 ' 315065

(1.36)

v6i v 1a toc do am trong moi truong BEC.

Stt dung 1y thuyét truong luong tit 6 gan ding mot vong, nam 2009
J. Schiefele va C. Henkel [66] d& nghién cttu hiéu ting Casimir trong moi
truong BEC & nhiét do khong, trong khong gian mot chiéu va st dung
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hé don vi tu nhién. Sau khi loai bé phan nang luong khoi va nang luong
bé mat, cac tac giad ching minh dude rang, nang lugng Casimir 1a phan

htu han ctia mat dé nang lugng tu do

_ 1 X 2k
Fl = —
20 £~ (27)?

VIER? + 2] [M (k)2 + 2, (1.37)

v6i L = {/27 va
M(k) = L\/k2 +1/€2,

trong do6 € la do dai dac trung. St dung cong thic Abel-Plana dé khtt

phan ki tit ngoai, nang luong Casimir dugc biéu dién qua tich phan cta

Eo = /OOO P, L) (1.38)

mat do trang thai

627737 -1 )

véil

pji(x, Lj)
——8W§14§2 [arcsinn —n(1 —2n*)\/1— 772} , khio <ax < L/¢

— khiz > L; /€,

(1.39)

la ham mat do trang thai, trong d6 n = % Khi khoang cach gitta cac
tuong cing dt 16n L/€ > 1, mat do nang lugng Casimir c6 dang gan
ding , L

Eo o _Z)T_Oé% + %%

Két qua nay cing cho thay, véi hé cac hat Bose 1y tudng & nhiet do

(1.40)

khong tuyéet doi, toc do am bi triét tiéu nén trong hé khong xay ra hiéu
ting Casimir.
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Van v6i he BEC mot chiéu, S. Biswas va cong sy [13] st dung hinh
thiic luan Hamilton dé khéo sat cac luc tuong tac trong he BEC. Theo
do, luyc tuong tac trong moi truong BEC gom hai loai:

- Luc Casimir-like: day 1a loai lyc gay ra do phan nang luong mit
ngoai chénh léch ciia hé nghién citu so v6i ning lugng bé mit ctia hé vo
han. Ham séng bieu dién ctia hé tim duge bing cach gidi phuong trinh

GP. Két qua tinh toan cho thay luc Casimir-like c6 do 16n

O 22 2 _ 2
F = —Msec4 (\/SWTLOM il ) ; (1.41)

m 8

trong do6 ng 14 mat do khoéi, a 14 do dai tan xa song s, m 1a khoi luong
nguyén tit khi Bose.

- Lyc Casimir: lyc nay gay ra béi cac thang giang lugng tit 1én trang
thai co ban ctia he. Dé khit phan ky viing UV, cac tac gia da khai trién
vécto song ciia luc va gitt dén s6 hang gan ding bac 4. Két qua cho biéu

thic cta lye Casimir dudi dang

1 /gng 278
Fr—_, /20 272
=9\ T @rne”

(th)*C(=3) | (7h)'¢(=4)  (7h)°((-5)
X {— i et Semem T (1.42)

trong do6 ¢ 1a ham zeta Rieman.

Tich phan theo xung lugng (ho#c vects séng) bi phan ki UV, nén phai
dua vao s6 hang ngit (cut-off) A dé ngat tich phan. Ngoai ra, két qua
thu duge phai duge 1ay gigi han khi A — oo. Viéc khai trien xung luong
va gidi han dén bac bén nhu trén 1a diéu khong hop 1y. Nham khac phuc

van dé nay, trong [75], N. V. Thu da sit dung cong thic Euler-Maclaurin
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dé khit phan ki UV. Bén canh d6, bai toan ciing duge mé rong & hai
khia canh:

- St dung diéu kien bien Robin: day la diéu kién bién tong quat hon
diéu kién bién Dirichlet van dang dudc st dung rong rai va quan trong
hon 13, vé mit toan hoc, né c6 thé cho ta két qua tuong tng tng véi
diéu kien bien Dirichlet trong truong hop diac biét.

- Khéo sat cac lyc tuong tac trong ca thong ké chinh tac va thong ke
chinh tac l6n.

So v6i cac cong trinh trude day, két qui quan trong thu duge & [75]
la:

- Luyc Casimir-like c¢6 thé 1 lye hut hodc Iyc day, tuy thuoc vao théng
ké duge xét 1a chinh tac hay chinh tac 16n.

- Luc tong hgp tac dung trong hé BEC ciing c6 thé 1a luc day hoac
luc hat, tuy thudce vao thong s6 ctia hé va thong ké dang xét.

- C6 thé xay ra chuyen pha trong khong gian trang thai co ban cta
hé va néu c6 thi day la chuyén pha loai 1.

Nghién cttu vé hiéu ting Casimir trong moi truong BEC & nhiét do
hitu han hién nay con kha khiém ton. Cac cong trinh hién c6 chi ditng lai
6 hé ngung tu Bose Iy tudng, tic la khong c6 tuong tac gitta cac phan ti
boson. Cong trinh nghién citu dién hinh 1 [12]. Trong cong trinh nay, sit
dung théng ké Bose-Einstein cho cac ving nhiét do khac nhau, Biswas
da tinh thé chinh tic 16n ctia hé va trén co s d6 tim luc tac dung. Nhu
vay, trén thuc té, day khong phai 1a hiéu tng Casimir ma thyc chat 1

anh hudng clia su co gon khong gian lén thé nhiet dong. Két qua chinh
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ma ong thu dugc la:
- Trong ving nhiét do thap (rat nho so véi nhiet do ngung tu T¢),

luc Casimir-like c6 dang:

T 3/2 2h2
> al (1.43)

Fo=-N|—| —&t
¢ (TC m€3’

v6i N 1a s6 nguyén tit boson trong hé.
- O mién nhiet do 16n hon nhung rat gan véi nhiet do chuyén pha Tp
thi
242
mh
Fo=—-—N—7r. 1.44
¢ me3 ( )

e) ving nhiét do rat 16n so v6i nhiét do chuyen pha thi

Fo=—

N(kpT)? 2ml?kpT
BN (kpT)"mt exp <—M) : (1.45)

h? h?
Két qua cho thay, ¢ mién nay khong con ngung tu va lyc Casimir-like
gidm dan theo quy luat ham mi ctia cd nhiét do va binh phuong khoang
cach gitta cac tuong cing.

D61 v6i moi truong BEC hai thanh phan, nghién ctu vé hiéu tng
Casimir hién nay con bo ngo. Hiéu ting Casimir-like duge nhién cttu
trong [74]. Theo d6, lyc Casimir-like ctia hé van khac khong khi ma hai
thanh phan tron 1an vao nhau. Day 14 mot két qua rat dic biét cia hieu
ting kich thudc hitu han lén tinh chat tinh ctia hé BEC hai thanh phan.

Do vay, trong luan an nay, ching t6i sé tap trung nghién cttu anh
hudng tit hiéu tng kich thudc hitu han lén cac tinh chat tinh ctia he
BEC hai thanh phan, tap trung vao hai dai luong quan trong nhat dé

l1a luc Casimir-like va luc Casimir.
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1.2.3 Ly thuyét Gross-Pitaevskii

a. Phuong trinh Gross-Pitaevskii

Phuong trinh GP thyc chat 1a dang phi tuyén ctia phuong trinh
Schrodinger khi xét trong gan ding trudng trung binh. Dé thiét lap
phuong trinh GP, chiing ta xuat phat tit viec khao sat he BEC, do6 1a
mot hé N hat boson dong nhat ¢ nhiet do khong tuyéet doéi. Trong diéu
kién nay, tat cid cac hat déu nam trong trang thai co ban. Theo dinh
nghia, Hamiltonian ctia hé 1a tong clia dong ning céc hat va thé ning

tuong tac [58],
N
=3
i=1

Trong vé phai ctia phuong trinh (1.46), s6 hang thit nhat trong dau tong

9 N N
2m+wﬁm0+5§22)wn—mn (1.46)

i=1 j#i

dau tien 1a dong nang ciia hat thi 4, s6 hang thit hai 13 thé nang tuong
tac clia hat thit i véi truong ngoai Vi, (7). Dau tong thit hai 1 tong thé
nang tuong tac gitta cac cap hat trong hé, 7; la toa do ctia hat thi ¢, hé
s6 1/2 dé dam bao tuong tac gitta hat thit ¢ va hat thi j chi tinh mot
lan.

Déi v6i he hat boson dong nhat, ching khong bi chi phdi béi nguyén 1y
loai trit Pauli va ham séng mo ta trang thai clia cd heé ¥ phai 1a ham déi
xitng. Goi v 13 ham séng ctia mot hat thi ham séng ciia ca hé cé thé viét
duéi dang tich tenxo cia ham song mot hat |U) = [)R[)®. . .& ) [54].

Duong nhién ham séng nay phai théa man diéu kién chuan hoa

<mm:/ﬁWW:N (1.47)
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Nang luong ctia hé duge xac dinh theo cong thic

(V] H|)

(1.48)
Theo dinh nghia, nang lugng tu do ctia hé dude xac dinh qua biéu thic

F=F—uN. (1.49)
Két hop (1.48) v6i (1.47) va (1.49), ta dugc

F() = (U] H|T) - u(V] ). (1.50)

Bay gio ta tim ting s6 hang trong phuong trinh (1.50):
- S6 hang dong nang

7
(> o
1=1

) = Zh— / Vi (7 V()R

—N—/\w )|?dF (1.51)
:—N—/zp (7) V2 (7)dF.

- S6 hang thé nang tuong tac véi trudong ngoai

xp|2vm\\p N/¢ Vet (F (1.52)

- S6 hang thé nang tuong tac cip
LN N
WSSV -7
i=1 j;éi

vy [ [ @u@van - mhee e

i=1 j#i

-2 far / VARV (7~ o). (153)

26



- S6 hang tuong ting véi thé héa ciia hé

p(W]T) = 4 ( / ww(f)df)N. (1.54)

Thay (1.51) - (1.54) vao (1.50), ta thu dugc

F= JW—/¢FV2)W#N/@WWQMWW
N-1) / P v ()7
_u (/¢ ) . (1.55)

Trang thai co ban ctia hat phai tng véi cuc tiéu ctia nang luong tu do
(1.55), tic la
OF
O

— 0. (1.56)

Thay (1.55) vao (1.56) ta c6
N [ |- gm0 + Vel

HN ) ( [rwpvir- Ff|>dﬁ) (@
Y 50 (Fd(F) = 0.

— ()] 0 (1.57)

Thé ning tuong tac giita cac cap hat ctia hé thong thuong dugc chon
duéi dang ham delta [53],

B 4 h?

m

ad(F — 7). (1.58)

Thay (1.58) vao (1.57) v6i cha ¥ rang cac ham séng don hat phéi thoa

méan diéu kien chuan hoéa va lay gan ding ham séng ctia hé thoa man
U(F) = VN (), (1.59)
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ta thay phuong trinh (1.57) chi théa man khi

Amh?

n - alV(7))?W(F) = p¥ (7).  (1.60)

—5 V() + Vi (FE(F) +

Chu § dén (1.29) thi phuong trinh (1.60) trd thanh

O Vi) — e g0 () = 0 (161

Phuong trinh (1.61) duge goi la phuong trinh GP, nghiém ctia phuong
trinh nay chinh la ham séng mé ta trang théai co ban ciia BEC. Khi hé

khong c6 truong ngoai thi (1.61) tré thanh

[_;_mw o g|\1f(f)\2] U(7) = 0. (1.62)

Thé tuong tac GP c6 dang
Vep — —M\M”%\W- (1.63)

b. Hé phuong trinh Gross-Pitaevskii

Bay gio ta di xdy duyng hé phuong trinh GP cho ngung tu Bose-
Einstein hai thanh phan. Déi v6i he BEC hai thanh phan, tuong téac
gitta cac cap hat gom hai thanh phan khac nhau:

- Tuong tac gitta cac cap hat trong cing mot thanh phan: tuong téac
nay dugdc dic trung béi hiang s6 tuong tac

A h?
95 =

a ..
ik
m;
v6i a;; 1a do dai tan xa song s gitta cac hat trong cing mot thanh phan,

Jj=1,2.
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- Tuong tac gitta cac cap hat é hai thanh phan v6i nhau véi hing s
tuong tac

1 1
g12 = go1 = 27h? <— + —> a2,
mq mo

VOl a9 = a9 12 do dai tan xa séng s gitta cic hat ctia hai thanh phan.

Stt dung két qué gan dang (1.59) khi xay dung phuong trinh GP cho
BEC mot thanh phan ta c6 thé mé ta he BEC hai thanh phan béi ham
mat do Lagrangian

Zh * * h2 * w72
L= |5 W — ;007 + g V|~ V), (164
j=1,2
trong d6 V 1a thé tuong tac, né c6 dang
i
V(i ) = (—uj\wj|2+§\wj\4) + guali [Pl (1.65)
j=1,2

Trong cong thitc nay ¢; = 1;(7,t) 1a ham séng phu thudc thoi gian cta
thanh phan j.

Ap dung nguyen 1y tac dung t6i thidu, ta tim duce phuong trinh

Euler-Lagrange cho méi thanh phan

oL oL
— 9 =0. 1.66
oy, Y (3(31»%)) (1.66)

Tt d6 tim duge hé phuong trinh GP phu thudc thoi gian cho cac tham

sO trat tu

0 h2
zhﬂ = <——V2 + 911!101\2 + 912|¢2\2> (0

(% 2m1
1.67
L Oy O 2 2 67
ZFLE— _Q—V +922W2‘ +912|¢1‘ 'po.
ma

Dé thu dugc hé phuong trinh GP khong phu thuoc thoi gian ta viét ham
song dudi dang
Oj(7t) = Wy (e mat/m, (1.68)
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Thay (1.68) vao (1.67) sé dan dén hé phuong trinh GP

h2
—%V2\If1 — 10y + g1 |V 2P0 4 g1o|Ws|* Ty = 0,
h21 (1.69)
—2—V2‘1’2 — 112Uy + Goo| U Wy + g1 W1 |? Wy = 0.
mo
Nhu vay thé tuong tac GP ctia hé c6 dang
Var = > (=il %517 + gl W51"] + gi5 @119 . (1.70)

j=12

RO rang véi hé mot thanh phan, ta cho j = 1,5 = 0 vA g9 = 0 thi
céc phuong trinh (1.69) va (1.70) trd thanh céc phuong trinh tuong ting
(1.62) va (1.63).

1.2.4 Gan ding parabol kép

Khi nghién cttu he BEC mot va hai thanh phan, ci cac tinh chat tinh
va dong luc hoc, thi yéu cau dau tién 1a phai gidi duge (hé) phuong trinh
GP. Nhu da néi (hé) phuong trinh GP 1a (hé) phuong trinh vi phan phi
tuyén. Viéc tim dugc nghiém giai tich ctia né chi c6 thé thuyc hién trong
mot s6 truong hgp don gian:

- V6i he BEC mot thanh phan bi gidi han bdi mot tuong cing dit
vuong goéc véi truc 0z, nghiém cia (1.62) ¢6 dang [54],

¥(z) = tanh (\%2&) , (1.71)

trong do6 & = h/+/2mgny duge goi la do dai dac trung.
- V6i he BEC hai thanh phan, viéc giai hé phuong trinh GPs con phiic
tap hon nhiéu so véi he BEC mot thanh phan. Nguyén nhan 1& do céc

phuong trinh GPs lién két véi nhau. C6 ba truong hop dic biét:
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e Khi he ¢6 déi xting, ttic1a & = & va g2 = 3./q11 922, A. B. Malomed

va cong sy tim duge [44],

V(z2) =

| —

V2¢;

1+ (—1)"* tanh — ] (1.72)

. 3
e Khi hé phén doi xing & = 1/2 va g9 = 5‘/911922, J. O. Indekeu va

cong su [36] tim dugc

Vj(z) = %

1+ (—1)7+! tanh \/%] : (1.73)

e Khi hé phan tach manh K — oo thi [54],

U,(2) = tanh [“Wf%é] . (1.74)

Céc truong hgp con lai ta khong thé tim duge nghiem gidi tich ma (he)
phuong trinh GP chi c6 thé giai duge bang cac phuong phap gan ding
hoiic tinh s6. Hién c6 khé& nhiéu phuong phap gan dung dé tim nghiem
gidi tich ctia (hé) phuong trinh GP, trong d6 phuong phéap DPA duge
dé xuat ¢ [36] kha don gian nhung két qua thu duge ¢6 do chinh xéac
cao. Ching ta sé xem xét mot s6 nét chinh ctia phuong phap nay bang
cach xét he BEC v6i thé nang GP 6 (1.63). Trudc hét ta dua vao toa do

khong thi nguyén va ham séong rut gon

¢ =—. (1.75)

Var s @
= — = — —. L.
Vap s ¢»” + 5 (1.76)



¥ rang & gan tuong cting, ham séng rat gon gidm dan tit gia tri khoi

D

b

¢ =1 vé 0 tai tuong cting, do do, ta c6 thé khai trién & bac nhat
¢~1+a, (1.77)

v6i a 1a s6 thuc, nhé. Thay (1.77) vao (1.76) va gitt dén gan ding bac

hai ctia tham s6 trat tu ta thu ducc

VDPA ~ 2(¢ — 1)2 — % (178)

-15-10-05 00 05 1.0 1.5
¢

Hinh 1.2: Thé tuong tac theo tham sé trat tu ¢.

Bang viéc thay thé nang GP biang thé ning gan dung Vppa nhu & (1.78)
thi phuong trinh GP (1.62) tré thanh phuong trinh Euler-Lagrange

khong thi nguyén nhu sau

—a—p2+oz2(gb— 1) =0, (1.79)

véi a = /2.
Hinh 1.2 14 dd thi biéu dién thé tuong tac theo tham s trat tu o,
trong d6 duong lién nét tng véi thé GP khong thit nguyén, duong diit
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nét ing véi thé DPA khong tht nguyén. Nhu vay, thé GP dudc thay thé
bang hai dudng parabol nén gan dung nay dudc goi la gan ding parabol
kép.

RO rang trong gan dung nay, phuong trinh vi phan phi tuyén (1.62)
da dugc thay thé bang phuong trinh vi phan (1.79), d6 1a phuong trinh

ma ta hoan toan c6 thé tim dugc nghiem giai tich.

1.2.5 Tac dung hiéu dung Cornwall-Jackiw-Tombolis

Mot yéu cau khac khi nghién citu Iy thuyét vé cac tinh chat ctia hée
BEC la khong lam mat di tinh chat phi tuyén ctia cac hiéu ting tap thé
va tinh lien két ctia hé ngung tu. Dé gidi quyét van dé nay, nhom nghién
ctu J. Golstone, A. Salam va S. Weinberge [32] da dua ra phuong phap
tac dung hieu dung vao nam 1962 dya trén tich phan phiém ham. Tiép
tuc phat trién phuong phap nay bang cich mé rong tac dung hiéu dung
cho cac toan tit da hgp, nhom nghién ctu Cornwall-Jackiw-Tomboulis
da thanh cong khi gidi quyét cac van dé ctia Iy thuyét truong luong ti
va phuong phap nay dugc goi tat 1a phuong phap tac dung hiéu dung
CJT [21]. Tac dung hiéu dung CJT 1a T’ [(5, G} phu thudc vao gia tri trung
binh clia trudng lugng tit ¢(z) va phu thude vao ham truyén G(z,y).

Dé tim hiéu vé phuong phap tac dung hieu dung CJT, trong moi qua
trinh vat 1y, ching ta c6 thé coi trang théi ctia hé tai thoi diem ban dau
t — —oo va thoi diem cubi ciing ¢t — oo 1a cac trang thai tng véi nang
lugng thap nhat, ting véi cac chan khong |O~) va (tO|. Do vay khi he
chuyén tit trang thai chan khong |O~) dén chan khong (TO| dudi anh
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hudng clia cac nguon ngoai J, K thi bien do xac suat c6 dang [49, 60],
ZJ, K] = (*0l07) 1k =N / Dge!([SeIto-T+50.K0), (1.80)

trong do ta da st dung cac ki hiéu

1 cac tich cham dugc thuc hién trén tat ca qua trinh bén trong va khong
thoi gian, A 1a thita sé chuan hoéa; S [¢] 1a tac dung thong thudng.
Phiém ham sinh Z [J, K] sinh ra cac ham Green tong quéit bao gom
tat cd cac gian do lien két va khong lien két. Phiém ham W [J, K] chi
bao gom céic gian do lien két, khong tinh dén sy khac nhau do giao hoan

cac dinh sé déng gop vao Z [J, K] duge cho béi
Z[J, K] = WAL (1.81)

Phiém ham I [¢, G] bao gdm nhing gidn do bat kha quy hai hat cho
cac ham dinh lién két, nhan duge bing phép bién doi Legendre loai hai

I'[¢,G]=WI[JK|—¢.J— %gE.K.gE — %Tr G, K], (1.82)

trong do6
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Do dé6 ta co

oT [¢,G] _
Téi =—Ji— (K.9);, (1.83a)
o [0, G] 1

6Gi_j — _ §Kij- (1.83b)

Khi cdc nguon ngoai bang khong, ciap phuong trinh (1.83) ting véi trang

thai co ban ctia hé tré thanh phuong trinh khe mo ta chuyén dong cia

truong ~
or [¢, G]
— 7, . =0 1.84
5¢ |J—K—O ) ( )
va phuong trinh SD cho ham truyén G
or (¢, G]
—— | g_0=0. 1.
5C |j=x=0=0 (1.85)

Vay khi ¢6 thém nguon ngoai K dic trung cho tinh hén hgp, tac dung
hiéu dung I' [qg, G] khong chi phu thudc vao tri trung binh ctia trucng
luong ti ma con phu thudce vao ham truyén G - 13 tri trung binh cia T'
- tich cac toan ti truong. Do do, dé xac dinh cac tinh chat nhiét dong
ctia hé ta can tim tac dung hiéu dung I’ [@, G}. Diéu nay rat thuan loi
cho viéc nghién citu sy vi pham doéi xting. Tuy nhién, viéc xac dinh day
du I [¢, G| la vo cing kho6 khan ma phai dung dén phép gan ding nhat
dinh. Phuong phép khai trién vong cho phép ta giadi quyét van dé nay.
Xét véi cac hat boson, khai trién hai vong c¢6 dang

L[6.6] =5 [3] - 5Tr [nGGs' — GG +1] + T [5,G],  (186)

trong d6 I'y [¢, G| bao gdm tong tat ca cac gian do chan khong bat kha
quy hai hat c¢6 cac dinh dugce xac dinh béi S;, [qz_ﬁ, gb] va ham truyéen G.
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Lay dao ham theo G ctia (1.86) c6 tinh dén (1.83) ta thu dugc phuong
trinh SD cho ham truyén va nang lugng riéng ciia hé [39)].
Trong trusng hop hé c6 déi xting tinh tién, truong cd dién ¢(z) la

mot hang s6. Tac dung hiéu dung I’ [qg, G] c6 dang

I [3,G] = Vi, (6,6) / d'z, (1.87)

VOl Vg (gz_S, G) 13 thé hieu dung. Khai trién chudi (1.74) ta thu dugc thé

hiéu dung CJT trong khong gian xung lugng

Vigs (6:6) =U(0)+5 [ 35T I GOIG () = G () + 1]

+ V(9. G), (1.88)

trong d6 U(¢) la thé co dién va Va(¢, G) 1a tong tat ca cac gidn dd chan
khong bat kh& quy hai hat v6i cdc dinh v ham truyeén G(p). Bay gio,
dieu kién ding (1.84) va (1.85) mo ta trang théi co ban trd thanh

OWVerr(0,G)
= = 0, (1.89a)
Verp(o,G)

Nhu vay, thé hieu dung CJT la ham ciia ¢ va la mot phiém ham cta
G. O trang thai co ban, tdc dung hieu dung va thé hieu dung CJT ¢6 ¥
nghia nhu nang lugng va mat doé nang lhugng [62].

Nhu vay, c6 hai két qui quan trong ma tac dung hieu dung mang lai
la:

- Ta thu dugc phuong trinh chuyén dong (1.89a) xac dinh su bién doi

clia truong lugng t1t va phuong trinh SD (1.89b) cho ham truyeén;
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- Khi hé phuong trinh cho nghiém ¢(z) # 0, c6 nghia 1a c6 sy pha
v6 doi xtng. Nghia 1a co ché pha vd ddi xing da tu dong sinh ra ngay
trong hinh thiic luan tac dung hiéu dung CJT. Mat khac khi khai trien
tac dung hiéu dung CJT quanh nghiém ding, cac hién tugng vat 1y 6
trang thai co ban ciing tuy dong xuat hién trong cac nghiém khong nhiéu
loan ting véi sy pha vé doéi xiing [7, 20, 33,39, 76].

Do d6, phuong phép tac dung hieu dung CJT & gan ding hai vong 1
phuong phap méi, c¢6 tinh chinh x4c cao. Ngoai ra né con cé thé tu dong

cho ra hai két qua quan trong dung dé xac dinh nghiem vat 13 ctia he.
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Tong két chuong 1
V6i muc dich trinh bay céac kién thic c¢d sé cho nhitng nghién ctiu &

cac chuong tiép theo, Chuong 1 da dat dudc mot s6 két qua sau day:

1. Trinh bay so luge vé hiéu tng Casimir va tong quan vé tinh hinh
nghién hiéu ting Casimir trong vat 1y, dac biét la trong moi truong

ngung tu Bose-Einstein;

2. Tém tit hai phuong phap co ban dude st dung rong rai dé nghien
cttu hiéu tng Casimir trong BEC mot va hai thanh phan 13 phuong
phép truong trung binh véi Iy thuyét GP va phuong phap tac dung
hiéu dung CJT.
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Chuong 2

Hiéu tng Casimir trong ngung tu

Bose-Einstein mét thanh phan

Trong chuong nay, chiing ta nghién cttu hiéu ing Casimir ciia hé BEC
mot thanh phan bi giam trong khong gian gitta hai tuong ciing dit song
song v6i nhau va cach nhau mét khoang ¢. Chon truc 0z sao cho né
vuong goc véi hai tuong cting va goc toa do nam gitta hai tuong. Cac noi
dung nghién citu duge tién hanh trong cd GCE va CE. Bén canh viéc
nghién cttu hiéu ting Casimir trong gan dung hai vong, mot s6 van dé
chua duge giadi quyét triet dé trong [75] (gan ding mot vong) sé dudc
nghién ctiu trong chuong nay.

Noi dung chuong nay duge cong bo trong cic cong trinh 3, 4 va 5.

2.1 Nghién cttu luc Casimir-like

Lyc Casimir-like trong hé BEC mot thanh phan bi giam gitta hai
tudng cting dit vudng goc véi truc 0z da duge nghién ctu trong [75] véi

diéu kien bien Robin. Trong luan an nay, chung toi st dung diéu kién
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bién Dirichlet dugc ap dung tai vi tri ctia hai tuong ciing, tic la

14 14
v <_§> vy (5) —0, (2.1
Hé dugce khao sat ¢ nhiét do khong trong ca GCE va CE.

Vé mat toan hoc, cac két qua tng véi diéu kién bien Dirichlet c6 thé
dé rang suy ra tit két qua tuong tng vé6i dieu kien bien Robin. Dé c6
thé tao ra diéu kien bién Robin, trén 1y thuyét, ta phai dua vao cac
truong bé méit v, tai cac vi tri tuong cing [75]. Vé mat thyc nghiém,
theo hiéu biét cua chung t6i, hién chua thé tao ra diéu kién bién Robin
cho ham séng mo ta trang thai co ban ctia hé. Tuy nhién, diéu kién bién
Dirichlet khong khé dé tao ra bang cach sit dung thé quang hoc hoac
quang tit [2,23]. Dac biét, nho sy phat trién ctia cong nghé lam lanh
nguyéen ti trong nhitng nam gan day, phuong phap thé mang quang hoc
(optical lattice) [25,40] gitip tao ra tudng ciing dé giam giit cac phan ti

ctia he ngung tu BEC va tao duge diéu kién bién Dirichlet.

2.1.1 Trang thai co ban

Trudc tién, ching t6i tim ham séng mo ta trang thai co ban cta hé,
tiic 1a tim nghiém ctia phuong trinh GP (1.62). St dung cac bién s6
khong thit nguyén, trong DPA ta phai tim nghiém ctua phuong trinh

(1.79) v6i dieéu kién bien (2.1) dugc viét lai nhu sau

ORIOE I
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voi L = (/€. C6 thé dé dang gidi phuong trinh (1.79) véi diéu kien bien
(2.2), ta c6 dugc ham séng 6 trang théi co ban

6(9) = 1~ coshlap)sec (£ ). 23)

07

0.8

0.6

d(p)

0.4

0.2

0.0

p

Hinh 2.1: Sy phu thudc ctia tham s6 trat tu theo toa do.

Do thi biéu dién (2.3) duge vé trong Hinh 2.1. K& qua cho thiy, ham
song mo ta trang thai co ban ctia hé bi triét tiéu tai cac vi tri cia tuong
cting va n6 nhanh chéng dat gia tri ciia mat do khéi ciia ngung tu trong

khoang khong gian gitta hai tuong cing.

2.1.2 Luc Casimir-like trong GCE

Bay gio chiing toi sé sit dung ham song (2.3) dé khao sat Iuc Casimir-
like ctia he BEC mot thanh phan trong GCE. Dé lam diéu nay, ham thé

chinh tac 16n ctia ngung tu duge dinh nghia [36],

0= / i [—h—”—q b+ V, (2.4)
1%



v6i thé tuong tac c6 dang
_ = 2, 9 4
V—/dr [—w + 2y } (2.5)
v 2

Dé thuan lgi cho cac tinh toan, ching toi dua biéu thic vé dang khong

th nguyén va xem xét trong DPA

0 =2P,S / (07026 + Vpap) dp, (2.6)

|t~

v6i Py = gn3/2 1a 4p suat. Két hop (1.78) va (2.6), ta thu dugc ning

lugng bién thién tréen mot don vi dién tich bé mat (hay sic cang mat

ngoai) )
v = ¢ _SQb = 2P¢ /L dp [¢* 050+ 2(¢ — 1)?] . (2.7)
Thay biéu thiic (2.3) vao (2.7), ching toi thu dugc
v = 4daPyé tanh (g) : (2.8)

Hinh 2.2: Sy phu thuoc clia stic cang bé mit vao L trong GCE.
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Hinh 2.2 biéu dién su phu thudc clia stic cang bé mit vao khoang cach
L. Chung ta nhan thay, tai L = 0 stc cang bé mat bang khong va no
tang len khi L tang. Khi khoang cach du 16n, stic cing bé mit tré thanh
mot hang s6

lim v = 4aPy¢. (2.9)

L—oo
Luc tuong ing véi nang luong bé mat du thita duge dinh nghia 1 gradient

ctia nang lugng bé mit. Trong GCE c6 dang

0 10y
- -9 2.10
! ol 0L (2,10
Thay (2.8) vao (2.10), ta thu dugc luc Casimir-like
I\ 2
F, = —4Psech (—) : (2.11)
a

-3+

4L

Hinh 2.3: Sy phu thuoc cta lyc Casimir-like vao L trong GCE.

Hinh 2.3 biéu dién luc Casimir-like trong GCE theo L. Ro rang la
lyc nay 1a hat va do 16n ctia né c¢6 xu huéng bang khong khi L ¢ mién

l6n. Lic nay, khoang cach gitta hai tuong cing rat 16n so véi do dai dic
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trung nén hiéu tng kich thudce hitu han tré nén mas nhat. Khi L — 0 thi

lyc Casimir-like ¢6 gia tri hitu han

él_r% F, = —4P,. (2.12)

Ve mit vat 1y, khi khoang cach gitta cac tuong ciing bang 0, cac nguyeén
t ctia he BEC bi day xubng bé chita, chi con 16p rat méng dinh vao

tuong cing.

2.1.3 Luc Casimir-like trong CE

Bay gio, chiing ta hay khao sat hé trong CE. S6 hat ctia hé dugc viét

duédi dang
i1
N = nO/ Y(2)%dz, (2.13)
¢

va c6 gia tri khong doi. Khi he BEC théa man diéu kién loang, khi do c6
thé coi tuong tac gitta cac phan tit 1a yéu, thé hoa c6 the 1ay gan ding,
theo (1.46), 1a u = gng. Khi d6, ham séng mo ta trang thai co ban van
sé c6 dang (2.3).

Ning lugng bé mit trong CE duge dinh nghia bdi P. Ao va T. S.
Chui [3],

OF

AE=F—uN =F — N—. 2.14

o 5N (2.14)

Két hop phuong trinh (2.13) va (2.14), chung ta thu dugc stic cing mat
ngoai la [3],

AE 1 [ K2
S N PN AR v2 Y 2.1
’ S 2/_5 Zw( ZmV)w (2.15)

S6 hat bi giam gitt trong khoang khong gian giita hai tAm trong biéu
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thite (2.13) dugce viét lai

N = / V(2)%dz = noéS 2 d*dp = nySIy. (2.16)
v
O dang thit nguyen, ham séng & trang thai co ban (2.3) dugc viét lai
d(z)=1-— COSh(%) + sinh(%) tanh <£) (2.17)
§ § §
Thay (2.17) vao (2.16) ta 6
In=10+ olif — g tanh(— : ). (2.18)
cosh(—) + 1 ag
§
Tt cac biéu thiic (2.15) - (2.18), chiing ta thu duge siic cing mat ngoai
Sh? [5 sinh (%ﬁ) — aé}
o= 0y (2.19)
ol al
mgl N < al |cosh ? + 2| — 3¢ sinh «S

2773
trong dé6 oy = %.

Luc Casimir-like duge dinh xac dinh theo cong thiic

oo
F=-2
ov

Thay biéu thiic (2.19) vao biéu thic (2.20), ta c6
Fa . Fl
Fo 4920m?N? [—3045 sinh (%) + 2{ cosh (%) + 44

(2.20)

5, (2.21)

VOl

= Sh? {2a§ sinh (%) [35712 cosh (%g) + 9Sh? — 4glmN]

—4S50h? cosh (%6) } ,

N 2m 3]\74
va Fy = Zigr—
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Hinh 2.4: Sy phu thudc clia stic cang bé mat vao L trong CE.

K&ét qua tinh clia ching toi va cac két qua tuong tng trong [75] cho thay
mot diem khac biét nita 1a e Casimir-like trong CE (& dang khong thit
nguyén), ngoai phu thuoc vao cac tham s6 cau hinh ctia heé nhu trong
GCE, n6 con phu thudc vao hing sb6 tuong tac gitta cac hat trong he.
Vi vay, dé danh gia vé nhitng dac diem dinh tinh ctia lyc Casimir-like
trong CE, thay vi tinh s6 cho natri nhu trong [75], trong luan an nay
ta hay tinh s6 cho he BEC mot thanh phan clia cac nguyén tit rubidi
87 [70]. Cac tham s6 clia rubidi 1a m = 86.909u (1u = 1.660510~%"kg),
a = 100.4ag, ag = 0.529A 1a ban kinh Bohr, dién tich méi tuong ctng
S =10"%m?, s6 hat N = 6.10%, mat do khoi ng = 4; ~ 2.5 x 10'® m~?,
didu kien lodng noa® &~ 3.745 x 1077 < 1 va do dai déc trung & = 4000A.

Hinh 2.4 va 2.5 biéu dién sy phu thuoc ciia stc cang bé mit va luc
Casimir-like trong CE vao khoang cach L. Ching ta nhan thay rang,
giong nhu két qua trong GCE, lyc nay sé biang khong khi khoang cach
di 16n dé c6 thé bd qua hieu tng kich thuée hitu han. Diem khac biét 6

day 1a lyc Casimir-like trong CE 1a lyc day va tang rat nhanh khi khoang
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cach gitta cac tuong cing giam, né tré nén vo cung 16n khi khoang cach
nay tién dan dén khong. Day 1a bieu hién ctia tinh chat khong chiu nén
ctia chat 16ng. Két hop két qua tinh s6 cho rubidi 87 va natri 23 trong [75],
chiing ta c6 thé két luan ring, nhitng nhan xét vé luc Casimir-like trong
CE dung cho moi hé ngung tu BEC mot thanh phan, mic du toc do
bién thien do 16n ctia lyc Casimir-like theo khodng cach gitta hai tudng

cing ing véi cac hé khac nhau sé khac nhau.

3.0
25[

20

F,/Fy
&

Hinh 2.5: Syt phu thuoc cta lyc Casimir-like vao L trong CE.

2.2 Luc Casimir

Trong phan tiép theo nay, ching toi xem xét hiéu tng Casimir trong
he BEC mot thanh phan tuong tic yéu trong gan ding HF, trong dé c6
tinh dén cac thang giang luong tu.

Lagrangian ctia hé c6 dang

. * . a h2 82 * g * 2
L=1 <—Zﬁ§ - %@> Y=t + W) (2.22)
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v6i 1) la toan tr truong va gia tri trung binh cia né doéng vai tro nhu
tham so trat tu cia mo hinh.
Dé tinh dén cac thang giang lugng ti, truée hét ching toi khai trién
toan tit truong ¢ theo gia tri trung binh ¥, ctia né va hai truong thuc
Uy, U, ting véi cac thang giang nay [1]. Trong gan dung HF, ta viét toan
tu truong dudi dang [1],

Y =Wy + L (W) +0Wy). (2.23)

V2

Thay (2.23) vao (2.22), ching t6i thu duge Lagrangian tuong téc trong

gan dung hai vong

g 2 2 9,19 212
Lit = —=VoW (V7 + U3) + =(U7 + U5)~“. 2.24
t \/§ 0 1( 1 2) 8( 1 2) ( )

Ham truyén nghich ddo tuong tng trong khong gian xung lugng 1

h%k? 2
s +29¥7 —w
— 2mq 1
D '(k) = o | (2.25)
2ma

w
véi k 1a vécto song.
Heé thtc tan sic Bogoliubov cho ngung tu c¢6 thé thu duge bang cach cho

dinh thitc ctia ham truyén nghich déo bang khong [28], tiic 1a
det D™' =0, (2.26)

do do

2m 2m

E(k) = \/ R (ﬁ + 2g\11(2)>. (2.27)

Trong gi6i han bude séng dai, phuong trinh (2.27) c6 thé viét gan ding

h2
E(k) ~ ky| —g02, (2.28)
m
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tuong ting véi bosson Goldstone do doi xiing U(1) bi pha vé. Nhitng kich
thich nay lan truyén theo cach tuong tu nhu photon ciia truong dién ti
trong cac tinh toan ban dau ctia Casimir [16], trong truong hop nay, van

toc cua cac hat bang v6i "van toc am".

2.2.1 Nghién citu trong gan ding moét vong

Tiép theo, chung to6i sé xét hé trong gan ding mot vong. Trong gan
dang nay, dua vao Lagrangian tuong tac (2.24), thé nhiet dong c6 theé
viét duéi dang [1],

1 1
Q- 5/Trlnp (), (2.29)

g
6 day chiung t6i st dung ky hiéu

JRCETID S =S (2.30)
3 n=—00

va w, = 2mn/B la tan s6 Matsubara va T 1a nhiet do, n = 0, +1,£2, .. ..

Stt dung cong thie [67],

i nio In [w? + E%(k)] = E(k) +2B1n {1 - MEW} , (2.31)

n=—00
ta c6 thé thue hién phép lay tong theo w,. Két qua la (2.29) c¢6 dang

%/ﬁTrlnDj_l(kz) _ %/% {EjJr%ln(l —e—ﬂEf)] @232

Véi chi ¥ rang, chiing toi dang nghién ctu vé nang lugng Casimir va Iyc
Casimir & nhiet do bang khong gay ra bdi cac thing giang lugng tit, do
d6, s6 hang phu thuoc nhiét do trong (2.32) c6 thé bd qua. Mat do nang

lugng tir do trong gan ding mot vong (2.29) c¢6 thé duge viét lai

1 [ Bk Rk Rk
O =— 292 |. 2.
2/(27?)3\/2771 (2m T2 ) (2:33)
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Dé cho don gian, ching t6i ciing st dung cac dai luong khong thit nguyen

nhu khi nghién citu lye Casmir-like. Khi d6, phuong trinh (2.33) ¢6 dang

d3

trong d6 chung toi st dung vécto song khong thi nguyén k = k€.
Do su giam gitt doc theo truc 0z, vécto séng dugce lugng tit hdéa nhu
sau

k2 — kS 4+ k2 (2.35)

trong do6 %k, 1a thanh phan vécto séng vuong goc véi truc 0z va k, 1a
thanh phan vécto séng song song véi truc 0z. St dung diéu kién bién

tuan hoan ta cé
- (2.36)

Trong thuc nghiem vé BEC, diéu kién bién tuan hoan dudc tao ra theo
mot s6 phuong phap khac nhau. Tiéu biéu la phuong phép bay hinh
xuyén [15,26] va phuong phap thé mang quang hoc [69]. O dang khong
thit nguyén cong thic (2.35) tré thanh

K — kY 4 K (2.37)
con (2.36) c6 dang
(2.38)

Do su lugng tit héa ctia vécto séng (2.37), tich phan theo vécto song

Y ~ o L 2
ba chiéu sé bien doi nhu sau

[as=3 [

20

(2.39)



Stt dung (2.37) va (2.39) ta c6 thé viét lai mat do nang lugng (2.34) nhu

sau
g d? /ﬂ
253 Z / /<;L+f<;2)(/ﬂ+/<:2+qb2) (2.40)
St dung ky hieu M = L./k? + ¢?, cong thiic (2.40) c6 thé duge viét
duédi dang
_ g N~ [ Pry 72,2 N (N2 L 12
0=t ;/ (2W)3\/(L K2 +n2) (M2 + n2), (2.41)

Tich phan theo thanh phan vécto song vuong goc vdéi truc 0z trong
(2.41) bi phan ki § viing ti ngoai. Hién nay c6 mot s6 phuong phap khéc
nhau dé khit phan ky nay nhu phuong phap ngat xung lugng (cut-off),
phuong phép ding s6 hang hép thu (counter term). O day ching ta si
dung phuong phap ngit xung luong bang cich dua vao mot gi6i han trén

A cho xung lugng. Phuong trinh (2.41) dugc viét lai nhu sau

A o0
9o .
ey /0 £idRL ; \/ (LK1 +n?)(M? 4 n?). (2.42)

Dé thyc hien phép lay tong trong (2.42), chiing toi sit dung cong thiic

Euler-Maclaurin [4],

- >0 1 1
0.F(n)— | F(n)dn=——F — F"(0)— =——F®
> 0= [ Fn)in = —35F 0)+ 5357 0) = 56 F OO0 +
(2.43)
trong do
1/2, mnéu n=0;
0, = (2.44)

1, néun > 0.

o1



Thuc hién phép lay tong, sau dé6 lay giéi han A — oo, ta sé thu dugc

phan hitu han ctia (2.42). Day chinh 1a nang lugng Casimir

_ gng T
€2 144013

(2.45)

Luc Casimir dugc dinh nghia 1 trai dau dao ham bac nhat clia nang
lugng Casimir theo khoang cach gitta cac tuong cing

oS}

Fro— —228
¢ ol

(2.46)

a. Nghién citu trong GCE

Trong GCE, vi mat do khéi clia ngung tu la khong doi nén do dai dic
trung ¢ 1a hang s6. Dinh nghia (2.46) dugc viét lai nhu sau

1092
__1oe 4
Fe £ ol (2.47)

Tit (2.45) va (2.47) ching ta thu dugc biéu thic clia lyc Casimir trong

GCE
gno ¢

Fo=—22""_
7 e 4oLt

(2.48)

Trén Hinh 2.6 1a do thi biéu dién su thay doi ctia luc Casimir theo khoang
cach L gitta hai tudng. Dua vao phuong trinh (2.48) va Hinh 2.6, ching
t61 dua ra mot sd6 nhan xét:

- Lyc Casimir luén luon la Iyc hit, do d6 né tang do 16n cua luc
Casimir toan phan tac dung lén cic tam;

- C6 su phan ky tai L = 0, day 1a dic diem dién hinh cta su bién

dang nang lugng chan khong;
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=
0.00 -
-0.02 -
-0.04 -

-0.06 -

EFc
9o

-0.08 -
-0.10

—012[

Hinh 2.6: Sy phu thuoc cua lye Casimir vao L trong GCE.

- D6 16n cua lye Casimir giam manh khi tang khoang cach, tuan theo
quy luat L=*. Diéu nay c6 nghia la luc Casimir chi dang chi ¥ khi 6
khoang cach nho.

Céc két qua nay phit hop véi két qua thu duge trong [66] khi xét cho
mién giéi han ciia khoang cach gitta hai tuong cing.

Bay gio, ching toi di xem xét Iyc Casimir toan phan tac dung lén cac
tam trong GCE. Trudc hét ta nhan thay rang, luc Casimir-like chinh 13
thanh phan truong trung binh, tic 13 thanh phan ngung tu ¥ trong
khai trién (2.23) va duge tinh dya trén 1y thuyét GP. Luc Casimir gay ra
bdi cac thang giang luong tit khoéi trang thai co ban ctia hé, tic la tuong
ing v6i cac truong thang gidng Wy, Uy trong khai trien (2.23) [13]. Nhu
vay hai luc nay 1a doc lap v6i nhau nén cé thé tong hop ching dé tinh
luc toan phan.

Dé so sanh v6i e Casimir-like, phuong trinh (2.48) nén dugc viét lai
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dué6i dang phu thudc vao ap suat

dmg [ 72
Fo=-P
¢ "h2 !480L4}’

(2.49)

vl vy = y/p/m 1a van toc am, lyc Casimir trong (2.48) thu dugc trong

gi6i han nay la
hv,
Fo~— 71 (2.50)

Lyc Casimir toan phan tac dong lén cac tam trong GCE c6 dang

ﬂotal — ny ‘l‘ FC. (251)

Van xét vé6i rubidium 87 [70], ching t6i thu duge sy phu thudce vao

khoang cach L cua liyc Casimir toan phan.

0.0

Hinh 2.7: Sy phu thudc ctia lte Casimir toan phan vao L trong GCE.

Su phu thudc vao L ctia lyc Casimir toan phan dugce vé trong Hinh
2.7. Trong viing L nhd, khai trién chudi lity thita theo khoang cach, Iuc

Casimir toan phan c6 dang

Fiotal & ——o——+ (2 — 2a7) . (2.52)



Biéu thiic (2.52) cho thay riang trong viing nho L, lite Casimir 13 chiém
uu thé.

Nhu vay, vé mat toan hoc, luc Casimir va lyc Casimir-like tim duodc &
day tng véi diéu kien bién Dirichlet tuong tu nhu két qua da tim dugc
trong [75] khi do dai suy rong Ay (extrapolation length) ctia cac tudng

triét tiéu.
b. Nghién cttu trong CE

Khi nghién citu trong CE, mat do khoi clia ngung tu ng phu thuoc
vao khoang cach gitta cac tuong cting, do dé do dai dac trung ciing phu
thuoc vao £. Tit biéu thiic (2.16), nang lugng Casimir trong (2.45) dudc

viét lai dudi dang c6 thit nguyen

2 ph?
= — : 2.53
1440amé I, 2 (2.53)
Thay biéu thiic (2.53) vao phuong trinh (2.46), chiing toi c6 dudc
F, M
FC —~ S, (2.54)
0 1440am3g3N4¢3 [25 cosh (%f) + 40 — 3af sinh (%f)]
6 day
203 134 ¢ : l 2
M =n“S°¢h” cosh | — | [sinh | — (QSh —|—4gmN€)
ag g
30 14 3¢
+ 9Sh%sinh | — | — 29amgNé& cosh (| — | — TamgN cosh [ — | | .
g g ag

Hinh 2.8 1a d6 thi biéu dién su phu thuoc cta lyc Casimir vao khodng
cach L trong CE v6i cac tham s6 da chon. o) day khoang cach gitta hai

tuong cing duge do theo don vi & = 4000A. Két qua cho thay, vé co
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Fo/Fy

6L

-8

Hinh 2.8: Syt phu thudc cta lyc Casimir vao L trong CE.

ban, Iyc Casimir trong CE vi GCE chi khac nhau & do 16n va toc do suy
giam khi khoang cach gitta cac tuong ciing tang lén.
Véi Iyc Casimir toan phan tac dung lén cic tuong trong CE, theo
dinh nghia ta c6
Fiota = F, + Fe. (2.55)

Froa/ Fo

100 [ 1

50 §

Hinh 2.9: Sy phu thudc ctia Ite Casimir toan phan vao L trong CE.

Bay gid ching ta sé gidi quyét mot sdé van dé con b6 ngd trong cong
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trinh [75]. Trude tién, giong nhu déi véi e Casimir-like, & day cac tinh
s6 dugce thuyc hién cho he BEC mot thanh phan ciia rubidi 87, thay cho
hé natri 23. Sy phu thudc vao khoang cach gitta hai tuong ciing cua luc
Casimir toan phan dugc vé trén Hinh 2.9. Két qua cho thay, lyc Casimir
toan phan la Iyc day ¢ ving khodng céach l6n (duong cong mau do) va
1 Iic hut ¢ viing khoang cach nhé (dudng mau xanh). D6i véi he ngung
tu rubidi 87, luc tong hop doi chiéu tai diém M véi L = 1.0327. Diém
nay tring khép chinh xac véi diém tai dé tong nang luong E = o + Q
la cuc dai nhu trén Hinh 2.10.

1

Hinh 2.10: Su phu thudc ctia tong ning lugng vao L trong CE.

Bing cach nay, ta c6 thé khai trién luc nhu mot chudi theo viing khodng
nhé. Dan dén phuong trinh (2.21) ¢6 dang
553K0

" DN (2:56)
va bicu thitc (2.54) duge viét lai
11 2aQ5 h8
P ~ w5 (2.57)

C T 1920t migi NG
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Do & ~ (12 trong biéu thitc (2.57) cho thiy lic Casimir trong CE ti le
v6i £~13/2 trong khi (2.49) cho thiy luc Casimir trong GCE ti & véi £~2.
Nhu vay, thay cho quy luat suy giam theo liiy thita nguyén ctia khoang
cach gitta hai tuong cing trong GCE, trong CE lyc Casimir suy giam
theo ltiy thita ban nguyén ctia khoang cach gitta hai tuong cing. Day la
mot két qué chua duge khao sat trong [75].

Tai vi tri ma luc téng hgp triét tiéu, liyc Casimir-like va lyc Casimir
c6 cung do 16n nhung nguge chieu nhau. Tt day ta tim duge gia tri clia

khodng cach gitta hai tuong ma lyc Casimir toan phan triét tieu 1a

1/ 121741855 \ M7
( T ) (2.58)

0% 1 o

Nhu da nhan xét ¢ trén, khi nghién citu trong CE, luc Casimir-like va
lye Casimir khong chi phu thudoc vao khoang cach gitta hai tuong ciing
ma con phu thudc vao tiung hé cu thé: sb hat trong he, khoi luong nguyén
tf ngung tu va cudng do tuong tac gitta cac nguyen tit. Két qua (2.58)
cho thay, v6i cac hé nguyén ti khac nhau luon ton tai mot gia tri cia
khodng cach gitta hai tuong cting ma 6 d6 lyc Casimir toan phan bi triét

tiéu.

2.2.2 Nghién citu trong gan ding hai vong

Stt dung phuong phap tac dung hiéu dung CJT, ching t6i di nghién

cttu Iyc Casimir trong gan ding hai vong. O nhiet do hitu han, trong
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gan dung HF, thé hieu dung CJT c6 dang [21],

VI D) = =+ G+ 5 [ T D7)+ D ) DG~

3 3
9P + 292 + IPy Py, (2.59)

+8 8 4

trong do cha y dén (2.30), va

P Z/D11(k),P22=/D22(]€)7
B B

duge goi 1a cac tich phan momen xung lugng. Trong bicu thic (2.59),
D(k) 1a ham truyén trong gan dung HF, cAc phan tit ciia n6 thu duge
bing cach cyc tiéu hoa thé hieu dung (2.59) theo chinh cac phan tit clia

ham truyén va két qua l1a

DY (k) = Dyl (k) + 2, (2.60)
trong do
0
5= , (2.61)
0 %
v6il
3
5 = 791311 + gP22, (2.62)
3
Yy = %Pu n 791322. (2.63)

Phuong trinh khe thu dude bang cach cie tiéu héa thé hieu dung (2.59)

theo tham s6 trat tu, ching toi thu duoc

—p+ gy + 3 =0, (2.64)
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Tuwong tu, phuong trinh SD c6 dang
M = —p+ 3gi§ + So. (2.65)

Két hgp phuong trinh (2.64),(2.65) va (2.60), ching toi thu duge ham

truyen nghich ddo trong gan dung HF

R+ 3gy2 + B —wn

DYk = [ *" . (2.66)

21.2
W BE — i+ gy + 2o

va két hop véi (2.26) ta thu duge hé thite tan sic

h2k? h2k?
zz%(___u+@%+zg<}__w+g%+zg. (267)

2m 2m

Trong gi6i han séng dai, cong thiic (2.67) khong thé dua duge vé dang
(2.28), tiic 1a boson Goldstone xuat hién trong gan ding cay da bién
méat. Nhu thé, dinh 1y Goldstone bi vi pham. Dé khoi phuc lai dinh Iy
Goldstone [31], chung t6i 4p dung phuong phap duge dé xuat béi Y. B.
Ivanov va cong su [38]. Theo d6 ching toi them vao thé hieu dung s

hang
xg
AV = 7 [2Pabpba - Paapbb] ) (268)
trong do
%Mi/Dm(%b:Lm- (2.69)

Dé cho dinh 1y Goldstone dugc nghiém ding thi ta phai cé D2_21 =
R2k%/2m, tic 1a o = —1/2. Thay vao (2.68) ta duoc

AV = _% [P+ Psy — 2P, Py) (2.70)
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Thay (2.70) vao (2.59), ching t6i thu dugce thé hieu dung

VS (o, D) = — i+ S+ /B Tr [ln D7 (k) + Dy ' (k, o) D(k) — 1]

g

3
<Ph+ Ip2 4+ 29 P\ Py (2.71)

* 8 4
Cuc tiéu héa clia thé hiu dung (2.71) theo cac yéu td ctia ham truyén

va tham s6 trat tu, ching toi thu dudge phuong trinh SD
M = —p+ 3g¥g + %1, (2.72)

va phuong trinh khe
—p+ gy + B2 =0, (2.73)

v6i

g 39
i ==P —P
1= 5 11+2 22,

3
Sy = ?gpn + gpzz. (2.74)

Tuong tu nhu trong gan dung HF, st dung céc cong thite (2.71), (2.72)
va (2.73), ta thu duge ham truyén nghich dao

h2k>

PE M —w,
D Yk)=|* e | (2.75)
2m

Wn

Két hop (2.75) vé6i dieu kien (2.26), chung ta thu duge he thiic tan sic

h2k? [ h2k?
E=\———+M 2.
\/Qm (Qm i )’ (2.76)

v6i M 1a khoi lugng hieu dung. Nhu vay, bang cach thém sé hang (2.70)

vao thé hieu dung trong gan dung HF, ching toi thu duge thé hieu dung
CJT mdi (2.71) va boson Goldstone duge phuc hoi. Day 1a 1y do ching
toi goi n6 1a gan dung IHF.
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Stt dung quy tac lay tong [67],

> o = g || = 2.77
ZW%vLEQ(k)_QE(k){ +m}7 (2.77)

n=—oo

ching t6i thu duge cac tich phan momen xung lugng & nhiét do 0 ¢6

b _1/ Pk h2k2/2m
Y7o ) e\ R2k22m + M

1 [ Pk [R2k2/2m+ M
Py == . 2.78
> 2/(27r)3\/ n2k2/2m (2.78)

dang

Do su rat ngan khong gian doc theo truc 0z, vécto séng bi luong ti hoa
nhu & (2.35)-(2.38). Lic nay cac tich phan mémen xung lugng (2.78),

sau khi chuyén vé cac dai lugng khong thit nguyeén, c6 dang

dzlﬁ_ k? + k2
Pomgs 3 [
283 = K+ KE+M

d*k, kY 4+ K24+ M
n 2.79
22 253 Z_ / \/ Hi + li% ) ( )
» M, . . : .
v6i M = —. Stt dung cong thic Euler-Maclaurin (2.43) thi (2.79) sé
gno
cho
Pll = Oa
B gnoemM/? (2.80)
S DY - A

Két hop cac phuong trinh (2.72), (2.73), (2.74), (2.45) va (2.46), ching
toi thu duge phuong trinh SD va phuong trinh khe 6 dang khong tha

nguyen
1/2
M 1s gy BmM
/‘2 12h2¢ (2.81)
s gmM? '
1 J —
ot 2 12h%¢ ¥
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Dé& dang dé gidi he phuong trinh (2.81), ching téi thu duge két qua

M = 2, (2.82)

mgM1/2
¢ = \/1+Th?€' (2.83)

Mic du khoi lugng hieu dung thu dude trong gan dung IHF c6 cling gia
tri nhu trong gan ding mot vong nhung & day c6 su khéac biet ddi véi
tham s6 trat ty. Trong gan ding mot vong, tham s6 trat ty bang hing
s6 v dong nhat. Trong biéu thitc (2.83) cho thay rang, trong gan ding
IHF tham s6 trat tuy phu thuoc manh vao khoang cach gitta cic tudng
cting, dac biét ¢ mién L nho va né bi phan ki khi khoang cach nay tién

t6i khong.

-

Hinh 2.11: Sy phu thuoc ctia tham s6 trat tir vao L trong gan dung hai vong.

Hinh 2.11 1a do thi biéu dién tham s6 trat tu nhu mot ham ctia khoang
cach do6i véi ngung tu ciia rubidium 87. Khi khodng cach L tang thi tham

sb trat tu giam nhanh va c6 xu huéng khong ddi tién dén gia tri ctia né
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trong gan ding mot vong ¢ mién L 16n

¢ = \/1 + V232 (nga®) M2

57 (2.84)

Dé&i v6i he BEC loang nga® < 1, khai trién gan ding (2.84), chiing toi

c6 dugc
7T3/2(n0a3)1/2
3L ’

trong d6 ¢; = 1 1a tham sb trat tu trong gan ding mot vong.

¢ =¢1+

(2.85)

Tit biéu thiic (2.82) chiing toi thay rang khéi lugng higu dung 13 mot
hang s6 va n6 khong phu thudc vao khodng cich gitta hai tam song song
nén khong anh hudng dén luc Casimir. Vi vay bicu thic Iuc Casimir

tuong tu véi trong gan ding mot vong.
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Tong két chuong 2

Trong Chuong 2, ching t6i da nghién citu tinh chat ctia he BEC mot
thanh phan bi gi6i han béi hai tuong ciing trong cd CE va GCE. Céc
két qua chinh thu dude, ngoai nhitng két qua giong nhu da trinh bay
trong [75], c6 thé liét ké nhu sau:

1. Khi xét & dang khong thit nguyeén, khac véi cac két qua trong GCE,
lye Casimir-like va luc Casimir trong CE, ngoai phu thudoc vao khoang
cach gitta cic tuong ciing con phu thuoc vao ban chat ctia hé bi giam
cam. Véi he BEC mot thanh phan, cic lyc nay phu thudc vao khéi lugng
va cuong do tuong tac gitta cic phan ti trong hé. Tuy nhién, quy luat
bién thién ctia cic dai lugng nay theo khoang cach 14 nhu nhau véi cac
hé BEC c6 ban chat hoéa hoc khac nhau.

2. Trong CE, luc Casimir suy giam theo quy luat liiy thita ban nguyén
cua khoang cach gitta hai tuong cting khi khoang cach nay tang len.

3. Trong CE, luon ton tai mot gia tri ciia khodng cach giita hai tuong
cting ma ¢ dé luc Casimir toan phan bi triét tieu. Gia tri nay ctia khodng
cach ¢ dugc tinh theo cong thic (2.58).

4. Khi tinh trong gan dang hai vong trong 1y thuyét CJT, tham sb
trat tu phu thudéc manh vao khoang cach gitta cac tuong ciing. Day la
két qua noi bat clia gan ding hai vong so véi két qua tuong tng trong

gan diung mot vong.
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Chuong 3

Hiéu tng Casimir trong ngung tu

Bose-Einstein hai thanh phan

Nhu da trinh bay ¢ Chuong 1, déi v6i he BEC hai thanh phan thi
ngoai tuong tac gitta cac hat trong cting mot thanh phan con c6 tuong
tac gitta cdc hat ¢ hai thanh phan khac nhau, véi cuong do tuong téc
dugc xac dinh bdi hing s6 tuong tac gio. Do tuong tic nay ma hée BEC
hai thanh phan c6 thé & trang thai tron 1an hoiic khong tron 1an. Khi
d trang thai khong tron 1an, tuong tic giita cac hat ¢ hai thanh phan
khéc nhau tao nén nhiéu thay déi trong cac tinh chat ctia he, dac biet
14 trang thai phan tach manh. Nghién citu vé hiéu ting Casimir trong hé
BEC hai thanh phan hi vong sé mang lai nhiéu két qua tha vi.

Noi dung co ban ctia chuong nay dude cong bd trong cac cong trinh

1 va 2.
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3.1 Nghién citu luc Casimir-like

Xét he BEC hai thanh phan & trang thai can béang, bi giéi han béi
hai tudng cing dat song song véi nhau va cting vuong goc véi truc 0z va
cach nhau mot khoang ¢ nao d6. Dé thuan tien khi tinh toan, ching toi
gid thiét cac tuong cing dudc dat tai z = 0 v 2z = £. Theo cac phuong
x va y hé c6 tinh chat d6i xting tinh tién. Déi v6i hé nay, R. Lipowsky
va cac cong st [43] da chitng minh duge rang, dé mat phan cach vuong
goc véi truc 0z thi cac phuong 0z, Oy khong thé vo han. Thuyc chat, cac
thanh phan ctia BEC hai thanh phan dugc giam trong mot hinh chit
nhat véi kich thude theo cédc phuong 0z, Oy, 0z lan lugt 1a £,, ¢, ¢, = ¢

thoa man ¢,, ¢, > (.

3.1.1 Trang thai co ban

D61 véi he BEC hai thanh phan, hé phuong trinh GP ¢6 dang (1.69),
hé phuong trinh nay thu dudc tit viec 4p dung nguyen 1y tac dung toi
thiéu Lagrangian cho mdi thanh phan (1.64) va thé tuong tac GP clia
hé cho béi (1.70).

Khi cac thanh phan ngung tu duge phan bd doc theo phuong 0z va
c6 tinh chat déi xting tinh tién theo cac phuong Oz, 0y thi (1.69) dugc

viét lai nhu sau

h? 9*U
et — U+ g [ U 20+ g2 0[PP =0,
2my; 0z 31
h? 9%V, (3.1)
————— — 12V + gaa| U [* Wy + 1| U1 [P ¥y = 0.
2my 0z

Bay gio ching toi dua cidc phuong trinh trén vé dang khong thi nguyén

67



bang cach gi6i thieu mot s6 dai luong khong thit nguyén sau:
- M6i thanh phan c¢6 do dai dic trung riéng
h .
§ = ;=12

\/ 2m; gm0

- Thoi gian ddc trung ctia thanh phan thi j: ¢; = hy;.

- Hang s6 tuong tac
912
V911922

Trén co s6 d6 chung toi dua vao toa do khong tht nguyen p; = z/¢;,

K:

(3.2)

thoi gian khong thi nguyén 7 = t/t; va ¢; =

W,
T
ctia thanh phan thi j.

Véi cht ¥ rang, hé dang xét & trang thai can bang pha, tic 1a ap suat
ciia hai thanh phan phai bing nhau P, = P, véi P; = 22 Dang thoi
ching toi ciing dang xét hé trong GCE nghia 1a cdc thanh phan ngung
tu ducc nbi véi mot bé hat dé chung c6 theé trao doi hat véi nhau, khi dé
thé hoa ctia cac thanh phan ngung tu c6 gia tri khong doi p; = g;;mn;o.

Tu cdc nhan xét trén, he (3.1) duge dua veé dang khong tht nguyén

nhu sau

— ¢y + |612b1 + K|pa|*p1 = 0,

(3.3)
— G2 + |pa|* B2 + K1 [°¢2 = 0.
Thé nang tuong tac (1.70) duge viét lai thanh
VGP 651
= ( 1" + ‘7 + K[ ¢1]*| o] *. (3.4)

j=12
Ty thudc vao gia tri cia K ma c6 thé xay ra hai kha nang khéc nhau:
néu K > 1 thi hai thanh phan khong thé tron 1an vao nhau va ngudc

lai.
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Dé tim 10i giai tusng minh cho (3.3), chiing t6i stt dung phuong phap
gan ding DPA trong khong gian bi giéi han. Ham séng ¢,(j = 1,2) tai
p = L/2 dugc dinh nghia la truong mat phan cach (interfacial fields),
n6 bao gom truong cia thanh phan 1 va truong clia thanh phan 2 tai
do, duong nhién la c6 gia tri khac 0. Khi K — oo, mat phan cach sé
di Chuyén trén truc 0z, vi trf clia né 1a diém ma tai dé hai thanh phan
khong chong lan lén nhau. P. Ao va cong sy [3] cling da tim ra cau hinh
ngung tu dya trén gid thiét rang, sau trong ving cia thanh phan 1(2)

thi ¢ — 0(¢; — 0), nghia la trong DPA ta c6 thé viét

p = 6/27 (]73/) - (172)7
6l = 1+¢j,[05] = o5, (3.5)

p<0/2,(5,5) = (2,1),
v6i €;,0; 1a nhing dai lugng khong thi nguyén va rat nhé so véi 1.
Thay (3.5) vao (3.4) va giit dén s6 hang bac hai clia &; va 0/, ta thu
duge thé DPA tuong ting v6i moi nita khong gian giéi han bdi mit phan

cach [36,74],

>€27 '7 ) = 1,27
VDPA(¢1a¢2):&2(|¢j‘_1)2+52‘¢j/|2_%’ p=1/2,(j,5) = (1,2)

p<10/2,(5.5) = (2,1),
(3.6)

trong d6 a = /2,8 = VK — 1. Dé don gian, ching toi dit & = %
T (3.6),tuong tu nhu [36, 74], ta thu dugc phuong trinh Euler-

Lagrange
d2¢1 2
— +a’(pp—1)=0,
dp2 ( 1 )
d* o
) 2, _
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6 phia bén phai va

— + 591 =0
dp? ! ’

2
952 @ n—1) =0, (3.8)

0 phia bén trai.
Dé tim nghiém ctia phuong trinh (3.7) va (3.8) ta can xac dinh diéu
kién bien. D6i v6i cac tuong ciing thi diéu kién bieén Dirichlet 1a pht hop
65(p = 0) = ¢;(p = L) = 0,v6i j = (1,2). (3.9)

V6i diéu kien bién (3.9) ham séng & trang thai co ban clia hai thanh

phan théa man (3.7) ¢6 dang

g1 =€ (e —e™) (Ar(e™ +e*) + 1), (3.10a)
¢y = —2Bje’¢ sinh (@) , (3.10D)
¢ bén phai mat phan cach va théa méan (3.8) la
g1 = A (e — e ), (3.11a)
6y = B, (e“! _ e?p) Fl—e €, (3.11b)

6 bén trai mat phan cach.

Trong (3.10) va (3.11) thi A;, B; 1a cac hing sb tich phan va ching
dugc xac dinh bang cach st dung diéu kién lién tuc ctia ham séng ciing
nhu dao ham bac nhat ctia né tai mat phan cach. Theo cac tinh toan
trong [74], trong truong hop khong déi xiing mit phan cach cé thé lech
khoi vi tri gitta hai tuong cting. Tuy nhién do léch nay khong nhiéu.
Trong cac tinh toan ¢ day, ching t6i coi nhu vi tri mat phan cach gitta
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hai thanh phan nam tai p = L/2. Diéu kién lién tuc ctia ham soéng va

dao ham bac nhat ciia né c¢6 dang

¢j(p=L/2+) = ¢j(p=L/2—),

0 ; 0 ;
ﬁ’L/QJr: %‘L/Q- (3.12)

Thay (3.10) va (3.11) lan lugt vao diéu kién (3.12), chung toi thu dugdc

(& . 5)604L "‘665 —I—ﬁe(OH_Qﬂ (a _|_6> (a+B)L

A= (v = B)eletAl 4 (B — a)e®F — (a + B)et + (a4 Beatdl
A asinh (@)2
o Bsinh( ) cosh ( ) +acosh( ) sinh (%L),
B ae s (eaLE — 1)2
- 2fpoon () (F - 1) rasmni ()]
B, — B cosh(5¢) (6“5 - 1) + asinh(g) (3.13)

() e () (7

Dé minh hoa cho két qua trén, trén Hinh 3.1 ching t6i vé do thi ham
song cla hé ting véi K = 3 va £ = 1. Ro rang 1a khi hé c6 tinh déi xing
& = & thi mit phan cach gitta hai thanh phan nim & gitta hai tudng

cung.

D61 v6i truong hop phan tach manh, tiic 1a K — oo thi (3.10), (3.11) va
(3.13) c6 dang:

1 — cosh (29 — ap)sech (2£), néup > L/2;
L [1m e - asen -
0, néup < L/2.
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Hinh 3.1: Ham song & trang thai co ban ting véi K =3 va £ = 1.

0, néu p > L/2;
¢2 =
1 — cosh (O‘(elx—;l’))) sech (%) , néup < L/2.
1 1
Al == —ﬁ, AQ = O, B1 = 0, BQ - AR
eOé +€0¢ eaE
b ¢2 ]

Hinh 3.2: Ham séng 6 trang théi co ban tng véi K — oo va £ = 1.
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Do thi biéu dién truong hop nay tng véi € = 1 dude vé trén Hinh 3.2.

Trong truong hop nay, cac thanh phan sé phan tach nhau hoan toan.

3.1.2 Luc Casimir-like

Tiép theo chiing toi nghién cttu lye Casimir-like ctia hé BEC hai thanh
phan. Dé tim dugc Iitc nay chiing t6i xem xét stic cing bé mit trong GCE
duge dinh nghia bdi J. O. Indekeu va B. Van Schaeybroeck [36,64]. D6i
v6i hé bi gidi han bdi hai tuong cing dat tai p = 0,p = L, trang thai
co ban la nghiém cta hé phuong trinh GP duge dua ra v6i hé BEC hai
thanh phan khong tron 1an. Hon nita, hé nhu vay chi ton tai trong hinh
hop [4,, 4] x [£y, 0] x [0,€] v6i € < £y, 0, va £, f, 16n nhung hitu han.
Ching toi gia thiét rang khodng cach giita hai btic tuong du 16n so vdi
chiéu dai dac trung &. Trong GCE, hé dugc xem nhu dude két néi véi
bé hat chita moi thanh phan.

Trong GCE, nang lugng bé mit duge dinh nghia 13 phan nang luong
khi tao thanh m&t phan cach gitta hai thanh phan so véi nang lugng khéi

clia ctia hé [36], tic 1a

¢
Qo = 25P¢; / dz [(0.01)" + £2(0.¢2)° + PV] . (3.17)
0

Stt dung céac dai lugng khong thit nguyen & trén, ta c6 thé dua (3.17) vé

dang sau

L
Q= QSP&/ dp [ Taiﬁbl + f%;@%@ + Vap(é1, ¢2)} ; (3.18)
0

tit do, ta c6 nang luong bé mit phan cach

AQ =y — PV.
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Dé tinh ning luong bé mat phan cach, truée hét, ching to6i luu ¥ hai
diem khac biét ctia hé dat ra trong luan an nay so véi hé duge khao sat
trong [36]. Cu thé nhu sau:

- He ching t6i khao sat c6 kich thude hitu han theo ca ba chiéu trong
khong gian, dac biét la doc theo phuong truc 0z. Tic la hé duge khao
sat & day tuong tu nhu hé da khéo sat trong [74];

- Trong trudng hgp tong quat, hé phuong trinh GP, nhu da néi 6 trén,
khong co 15 giai giai tich. Dé c¢6 thé danh gia lyc Casimir-like & cac mién
khéc nhau ciia hiang s6 tuong tac K, cac tac gia clia cic cong trinh [64]
va [74] da st dung "hing s6 chuyén dong" dé dua s6 hang dong nang tit
dao ham bac hai vé dao ham bac nhat ctia ham séng. Trong khuoén khé
clia luan an nay, st dung DPA ching toi tim duge biéu thic giai tich
clia ham séng nén c6 thé tinh truc tiép stic cang mat phan cach tit bieu
thitc dinh nghia cta no;

- Do ham song trong DPA dugc xac dinh cho hai mién khac nhau
ctia mat phan cach nén dé tinh nang lugng bé mat, trude tien ching toi
ciing tinh cho timg phia ctia mat phan cach roi thuc hién phép lay tong
dé thu duoce két qua cho toan he.

- Trong ving L/2 < p < L,

L

AQ, = 25 P¢, / / [—$102¢1 — E20202¢2 + 2(¢1 — 1)* + 73] dp.
L/2
(3.19)
- Trong viing 0 < p < L/2,

L/2
AQ, = 25P&, / [~ 10261 — E265020 + 2 — 1)° + 5°6%] dp.
0
(3.20)
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Thay céac biéu thic (3.10), (3.11) véi cac hé s6 trong (3.13), ching toi
thu duogc

AQ = AQy + AQ.
Stic cang mat phan cach duge dinh nghia la nang lugng du thira trén

mot don vi dién tich bé miat

A
Y12 = T (3'21)

Thay (3.19), (3.20) vao (3.21), chiing toi thu duge biéu thiic clia siic cang

mat phan cach

Y2 =2P§ { [eﬁ _ 1} {1 + A (eLa B ei)}

1 — e # — 4Bysinh (Q)Q (3.22)
2 45 . .

Dé minh hoa cho cac tinh toan tren, ching t6i khao sat sy bién thien

+¢

cua 177;521 theo 1/K tai L = 10 v6i céc gia tri khac nhau cta €.

Hinh 3.3: Sy bién thién stic cing mit phan cach theo 1/K tai L = 10 khi £ = 0.5

(duong mau den), £ =1 (dudng mau dé) va & = 3 (dudng mau xanh).
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Két qua biéu dién tit Hinh 3.3 cho thay, v6i mdi gia tri ¢d dinh cla
&, stic cang bé mat gidm dan khi cudng do tuong tac gitta hai thanh
phan gidm. Diéu nay c6 thé hiéu duge vé mat vat 1y 1a khi d6 dién tich
mit phan cach giam, tuy nhién do day clia méit phan cich tang len. Dén
trang thai demixing thi stc cing bé mat dat gia tri nhé nhat, lic nay
déng gop ctia thanh phan tht hai chiém uu thé. Tai K = 1,£ = 1 va

khoang cach gitta hai tuong cing du 16n, gan dang ta cé

Y12 4 2v2 2 1
Pe, ~4V2 + 73 +L3+O<L4>. (3.23)

Két qua nay duge giai thich 13 hiéu ting Casimir-like [74] va day la diém
khac biet rat 16n gitta heé hitu han va hé vo han. Trong gi6i han phan
tach manh K — oo (tiic 1a 1/K — 0), stic cing bé mat dat gia tri 16n
nhat do ldc nay dién tich mit phan cach 16n nhat. Két qua nay giong

nhu két qua tuong ting ctia hé vo han, § d6 [36],
Y Y = 2V2P(& + &), (3.24)

trong DPA va trong ly thuyét cia GP thi [64],

1 = MP(&Jrﬁz) (3.25)

Su phu thudc cia stc cang mat phan cach vao khoang cach gitta hai
tuong cing duge vé trén Hinh 3.4 tai £ = 1 va Hinh 3.5 tng vé6i £ = 3.
Két qua cho thay su tuong tu gitta stc cang mat phan cach ciia BEC hai
thanh phan vi stic cing bé mit ciia BEC mot thanh phan: khi khoang
cach gitta hai tuong ciing giam thi stc cang mat phan cach giam nhanh
ve khong do hé dudc két ndi v6i bé hat; khi khodng cach gitta cac tuong
ciing di 16n thi stic cang nay dat gia tri khong doi. Diém khac biet & day

76



1a vai tro ctia tham s6 € = &/&;. Khi tham s6 nay tang lén thi bien do
bao hoa clia stic cang mat phan cach tang len. Mot cach hinh thtc, két

qua nay c6 thé gidi thich duge dya trén cac cong thiic (3.24) va (3.25).

PoL)
RS

y12/P&4

&=1

T T T S S MY
0 5 10 15 20 25 30
L

Hinh 3.4: Sy bién thién ctia sitc cing mit phan cach theo L tai & = 1. Dudng nét lién,

nét gach va nét cham lan lugt tng véi K = 1.1, K =2 vda K = 3.

Dé két thic muc nay, ching t6i tinh luc Casimir-like. V6i he BEC hai

thanh phan, dinh nghia (2.10) dugc viét lai nhu sau

8’Y12

Fly=—=7 (3.26)

Thay (3.22) vao (3.26) ta thu dugc
F, = —a’e [1 + By — Bze% + eL(}f) (1 + A — 41416g + 3A1€QL>} '
(3.27)

St dung (3.27) va cac cong thiic lien quan (3.13), ching t6i thu duge
Hinh 3.6 va 3.7, trén d6 biéu dién su thay doi ctia luc Casimir-like theo

L véi cac gia tri khac nhau cua K va £. Tu hinh vé nay, ching t6i nhan
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Hinh 3.5: Sy bién thién ciia siic cang mat phan cach theo L tai & = 3. Dudng nét lién,
nét gach va nét cham lan lugt ting véi K = 1.1, K =2 va K = 3.

thay trong truong hgp hé phan tach yéu K < 3, luc Casimir-like 13 luc
hit khi hai tuong cing kha gan nhau, né tré thanh lyc day néu hai
tuong ctng tién ra xa nhau L > £. Trong truong hop hé phan tach
manh K > 3, luc Casimir-like luon la lirc hat va triét tiéu v6i moi tham

so cta hé khi L — +oo.

Tém lai, bang viéc st dung gan dang DPA, ching ta da nghién ctu
duge cac tinh chat tinh ctia he BEC hai thanh phan. Véi gan dang tho
14 coi nhu mat phan cach gitta hai thanh phan ngung tu nam tai gitta hai
tuong ciing, biéu thiic cho ham séng ciia trang thai co ban ctia hé (3.10)
va (3.11) don gidn hon nhidu so véi cac biéu thiic tuong tng trong [74].
Dic biet hon, tat ca cac tinh chat ctia hé duge tim ra trong [74] déu dugc
tim lai theo cach don gian hon nhiéu nhd viéc tinh truc tiép biéu thic
giai tich ctia thé nhiet dong ma khong st dung "hang s6 chuyen dong".
Day 1a lgi thé rat 16n ciia viéc sit dung gan dung DPA trong nghién citu
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Hinh 3.6: Sy phu thuoc cia lyc tac dung 1én moét don vi dién tich tuong ciing theo L
tai &€ = 1. Cac duong nét lien, nét gach va nét cham lan lugt tng véi K = 1.1, K = 2

va K = 3.

0.056 ————

0.00]
-0.05]-

—0.10f

FIPE,
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—0.20
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Hinh 3.7: Su phu thuoc cta lyc tac dung 1én mot don vi dién tich tuong cting theo L
tai £ = 3. Cac duong nét lién, nét gach va nét cham lan lugt tng véi K = 1.1, K = 2

va K = 3.
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hé BEC néi chung va dac biét 1a he BEC hai thanh phan néi riéng trong
khuon kho 1y thuyét truong trung binh.

3.2 Luc Casimir

Tuong ty nhu vé6i BEC mot thanh phan, bay gio ching toi st dung
Iy thuyét trusng luong tit dé nghien citu luc Casimir trong hé BEC hai
thanh phan duge mo ta bdi Lagrangian (1.64) véi thé tuong téc co6 dang
(1.65).

Dau tién, ta xét v6i gan dung cay, c¢6 nghia la ta b qua thang giang
luong ti. V6i U la gia tri trung binh ctia toan t trudng ¢; 6 miic nay,
lay cyc tiéu clia thé tuong tac (1.65), ta co

— W10 + gVl + 912035,y = 0,

(3.28)
—uaWag + g2 W3 + g12W5Wag = 0,
két qua 1a trong pha pha vé déi xing ta co
\1,20 _ g2201 — 912#2’@%0 _ giip2 — G121 (3.29)

911922 — 9%2 911922 — 9%2 '

Dé khao sat trong gan ding bac cao, tuong tu nhu déi véi hé mot thanh

phan, truéc hét ching toi khai trién toan tit trudng dudi dang

1 .
%‘ = \Ifjo + E (\Ifjl + Z\Ifjg) . (330)

Thay (3.30) vao phuong trinh (1.64) va (1.65), ching t6i thu duge La-

grangian tuong tac trong gan dung hai vong

Lint = Z 1955V 0¥ j1 + g12V jro W jr1] (‘1{31 + ‘1’?2)

1
\/§j:172

1 912
+t3 Z 955 (U5 + 0%)° + Z(‘I’% + W) (W5, + U35,).  (3.31)
j=12
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Cac ham truyen ti do nghich ddo trong khong gian xung lugng tuong

ing v6i hai truong la

h2k? 2 —w
_ 2 10 n
D 101 (k) - ™ )
2 k>
wn 2m1

Dy (k) = | > o | (3.32)

2m2

trong do k 1a vécto song va
M? = g, 02 3.33
50 = 935 ¥ jo- (3.33)

Heé thiic tan sic Bogoliubov cho thanh phan ngung tu j c¢6 thé thu duge
bang cach cho dinh thic ciia ham truyén nghich dédo bang khong [28],
ttic 1a ap dung cong thiic (2.26) cho ting thanh phan

det D' (k) = 0,

ta thu dugce

Ei(k) = \/ Wk <h2k2 + M}O). (3.34)

2m; \ 2m;

Trong gidi han budc séng dai, phuong trinh (3.34) ¢6 dang gan dung

Ei(k) ~ %k (3.35)
Tuong tu nhu biéu thitc (2.28) déi véi he BEC mot thanh phan, hé thic
(3.35) cho thay rang trong he BEC hai thanh phan ciing xuat hién céc
bosson Goldstone do do6i xing U(1) x U(1) bi pha v&. Nhitng hat nay
lan truyén theo cach tuong tu nhu photon cua truong dién tir trong cac
tinh toan ban dau cta Casimir [16], trong truong hop nay, van toc cla

cac hat bang véi "van toc am".

81



3.2.1 Nghién citu trong gan ding moét vong

Trong gan dung nay, dua vao Lagrangian tuong tac (1.64), thé nhiet
dong c6 thé viét dusi dang [1],
Q=V+ > %/TrlnDj_l(k). (3.36)
j=12"75
V6i s6 hang dau clia vé phai trong bicéu thitc (3.36), két hop véi (1.65)
va (3.29), ta thu duge

Vv G113 — 2g1pi1 fo + Gooji?

3.37
2(g% — 911922) (3:37)

Dua trén biéu thic (3.32) va (3.33), ching toi thay ring ham truyén
nghich ddo khong phu thuoc tryc tiép vao thé héa hoc, vi vay sau khi
chuan héa, mat do hat njo = \I/?O c6 thé tim dugce tit phuong trinh (3.36)
bang céch lay dao ham thé nhiet dong ddi véi thé hoéa hoc

o012

Cac phuong trinh nay dan dén

H1 = g11n1o + g12M20,
(3.38)
H2 = G22T20 + g12M10-
Do vay, thay biéu thitc(3.38) vao biéu thiic (3.37), ching toi c6 dugc

biéu thic mat do nang luong

1
&= 5(911”?0 + 2g12n10N20 + gmngo). (3.39)

RO rang két qua nay trung voéi két qua trong [56] ¢ nhiét do khong.
Tuwong tu nhu trong Chuong 2, sit dung cong thitc (2.31) va thuc hién
tong trén w,, s6 hang thtt hai bén phai ctia (3.36) c¢6 dang (2.32).
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V6i chi ¥ rang, ching toi dang nghién citu vé nang lugng Casimir va
luc Casimir ¢ nhiét do bang khong do thang giang luong ti, do d6 sb
hang phu thudc nhiét do c6 thé b qua (2.32). Nang lugng tu do trong

gan ding mot vong (3.36) c¢6 thé duge viét lai nhu sau [1],

Q=V+U=V+) A (3.40)
j=1,2
v6il
1 [ &Pk [h2k2 [ h2Kk2
hj =5 n% Q. A1
1j 2/(27T)3\/2mj <2mj + gjj ]>—|- Avj (3.41)

Nhu da trinh bay trong Chuong 2, tich phan theo vécto séng bi phan ky
tt ngoai. Trong phan nay, ching ta sit dung phuong phap s6 hang hap
thu dé khit phan k¥, d6 chinh 1a s6 hang Aq; Q2 trong (3.41) nhu da dugc
trinh bay trong [1,66].

Dé cho don gian, ching ta hay dua vé dang khong thi nguyén nhu da
lam & cac phan trudc bang cach dua vao vécto séng khong thit nguyen

k; = k&;. Nhu vay, phuong trinh (3.41) & dang khong thit nguyen

GiiMi0 d3k
Ry KN e B
J

Chii ¥ dén (3.2), tham s6 trat tu trong phuong trinh (3.29) c6 thé

dugce viét lai
1
K+1

Bay gio chiing t6i di nghién citu nang lugng Casimir ciia hé BEC hai

¢ = b5 = (3.43)
thanh phan bi gidi han gitta hai tAm song song dat vuong géc vdi truc
0z. Do bi giéi han theo phuong 0z, vécto song ctia mdi thanh phan bi
lugng tt hoa. Tuong tu nhu (2.37) va (2.38), ap dung diéu kién bién

83



tuan hoan cho thanh phan ngung tu j ta co6
KF = Ki 4 Ky, Kjn = , Ly = —7%, n € Z. (3.44)

Tuong ting, tich phan theo xung luong vuong goc véi cic tam dugce thay

thé bang mot tong

dglij - dQKjJ_
Thay phuong trinh (3.45) va (3.44) vao phuong trinh (3.42), ching toi

thu ducc

- RS [ G e, G

vl

Ajo = Lj\[ K3+ ¢5. (3.47)
Nhu trong [63,66] da chi ra, trong diéu kien bién Dirichlet ap dung cho
cac tAm song song, nang lugng Casimir c6 lien quan dén ning luong

trong gan ding mot vong cho mdi phan duge thda man [14],

Ql = LQl|V—|— Z gcj, (348)

J
trong do

Ec= ) &, (3.49)

j=12
dugc goi 1a nang lugng Casimir. Tong trong (3.46) c6 thé tinh bang cach
st dung cong thitc Abel-Plana I [9],

if(n):/Oooda:f(sz:)Jr%f(O)+z’/ooodxf(m)_f(_m). (3.50)

627ra: -1
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V6i chu ¥ rang, s6 hang dau trong (3.50) bi phan ky nhung bi hap thu
bdi s6 hang khit phan ky tit ngoai. S6 hang f(0) trong (3.50) bién mat,

dan dén

M2
50' _ 29]jn]0 / d2/<,j / 0 \/ ( 70 )dx
J 0 Linst e?ﬂ'x ’

szQ -1
(3.51)

Biing céch thay doi thi tu ctia tich phan trong (3.51), tich phan r;; c6

thé dugc bicu dién va biéu thic (3.51) duge viét lai

5Cj:/oood pile, Ly) (3.52)

6271'35 _ 1

v6i pi(x, L;) 1a mat do ham trang théi ctia thanh phan thi j, n6 c6 dang

pj(x> Lj)
(
—é’;%%% [x, /L?gb? — x? (2x2 — L?gb?) + L;*gb? tan~! (W)] )
=9 khi0 <z < L;oj;
3injod; . 7
K_g 165} , khiz > L;¢;.
(3.53)
Luyc Casimir duge dinh nghia bdi
e 1 880
Fr= =Y _ S 3.54
¢ ol 2nE ;:2 (3:54)

Két hop (3.54) véi (3.52) va (3.53), chiing toi thu dugc

]% L2gb2 _ 332
Fo=Y" Jiilto_ / R (3.55)

27T2€2 L? 6271'35

j=12
Tt biéu thiic (3.55), chiing t6i nhan thay rang lyc Casimir ctia BEC hai
thanh phan khong don gian chi 14 sy chong chat ctia lyc Casimir gay
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ra béi ting thanh phan don 18. Su tuong téc gitta hai hat khéc loai véi
cuong do gia ¢6 mat trong ¢;. Ta c6 thé thay ring luc Casimir bao gom
hiéu ting cta kich thuéc hitu han va lyc day gitta cac hat. Phuong trinh
nay cho thay rang:

- Déi v6i he Bose ly tudng, gj; = 0, luc Casimir bi bién mat nhu
trong [12,13] v6i BEC mot thanh phan.

- Trong truong hop khong c6 tuong tac gitta cac hat ¢ hai thanh phan
khéc nhau thi ¢g;2 = 0, hé biéu hién nhu trong BEC mot thanh phan.
Trong trudong hop nay cac tham sé trat tu khong phu thoc vao gio, dicu
nay dan dén ham truyén nghich ddo trong biéu thitc (3.32) va sau do la
thé nhiet dong (3.36) cling khong phu thuoc vao gis.

- Trong gidi han phan tdch manh g5 — oo, hai tham s6 trat tu chi
giao nhau va triét tieu ¢ bé mit phang song song v6i hai tam giéi han
ctia hée. Vi ta chi xem xét sy kich thich ning luong thap, nén tit phuong
trinh (3.35), (3.51) va (3.55), mot cach hinh thitc, ta c6 thé xem Iyc hit
gay ra béi thiang gidng luong tit va luc day giita hai hat khac loai 1a nhu
nhau trong gi6éi han phan tach manh. Vé mat vat 1y, trong giéi han phan
tach manh, tuong tac day giita cac hat ¢ hai thanh phan khéc nhau lam
cho mat do ngung tu ¢ mat phan tach hai thanh phan bang khong va
tai day khong con thiang giang mat do hat nén lyc Casimir bi triét tiéu.

Bay gio ching t6i di xem xét lyc Casimir trong giéi han khoang cach
16n. Trong gidi han nay, ta c6 thé kiém tra tich phan trong (3.52) bi
suy giam theo cap s6 nhan va tién téi khong rat nhanh. Bang cach dua

ra dai luong y = x/(L;¢;), ving dau tién ctia mat do trang thai trong
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(3.53) c6 the duge viét lai thanh

 gimiod;

- 3.90
p] 871.6]2 ( )

y(2y% — 1)\/1 — 52 + arctan ——2— :
V1—19?
v6i 0 < y < 1. Khai trién (3.56) theo chudi lity thita quanh y = 0 dan

t61

N _gjjnjocb? [ 8z? 4 ] (3.57)

Pj =~ D) 733  ETH5

7€ |3L37  BL0g0

Thay biéu thiic (3.57) vao phuong trinh (3.52) va cht ¥ rang chiing toi
dang xem xét & day la he tuong tac yéu nén L;¢; > 1, ta c6 thé danh

gia tich phan trong (3.52) va thu dugc két qua 1a

Eri = ——3 39 | L _ — |, 3.58
T 360mR2 (L;% ;L8 (3.58)

v6i v; = /p;/m; 14 van toc am cia thanh phan j. Tt phuong trinh

(3.54) va (3.58), luc Casimir thu dugc trong gisi han nay la

1 3g; 5
Fro~ 02 | =L — — | . 3.99
“= 1207782 ];2 Rl (L;’f 7¢jL§> (3.59)

D6i v6i he BEC mot thanh phan, dé dugc coi 1a hé loang thi diéu kien
npa® < 1 phai duge théa man [1,66]. D6i v6i he BEC hai thanh phan
loang, ta c6 dieu kien njoaf;?j < 1, do vay dinh nghia (3.2) tuong duong
vl
F—mim G (3.60)
2 /mima \/a11az2

Vi m; 1a ¢6 dinh do6i v6i mot hé cho trude va ca ba do dai tan xa c6

thé thay doi mot cach doc lap bang cach st dung k¥ thuat cong huéng
Feshbach [37], nén K c6 thé chay tit khong dén vo cing. Dé cho don
gidn, ching to6i nghién cttu truong hop doéi xing g1 = g = g,& = & =
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£,m19 = ny = ng va thu duge do thi biéu dién su phu thuoc cia luc

Casimir vao khoang cach L khi K =0.5, K =1va K =1.5

0.000F

-0.005}F

4
|
°
o
=
o

-0.015}

Fel(gnoe/€2)10~

-0.020F
-0.025}

-0.030}

Hinh 3.8: Sy phu thudc cia Iye Casimir vio khodng cach L tai K = 0.5 (dudng mau

do6), K =1 (dudng mau xanh 1a) va K = 1.5 (duong mau xanh lam).

Trén hinh 3.8 bicu dién Iyc Casimir nhu mot ham ctia khoang cach
hiéu dung tai cac gié tri ctia K. Chiang toi thay rang:

- Khi L tang thi luc Casimir tién t6i khong rat nhanh va cé ki di
tai L = 0; day la diic diém dién hinh ctia su bién dang nang lugng chan
khong. Do 16n giam manh khi ting khoang cach, tuan theo quy luat L2,
Diéu nay c6 nghia 13 lyc Casimir chi dang cha ¥ khi 6 khodng cach nho;

- Lyc nay bi triét tiéu trong truong hogp phan ly manh hoan toan
gi12 — 0. D61 v6i truong hop khong tuong tac khéc loai g1» = 0 nhu BEC
hai thanh phan don phan biét.

Hinh 3.9 1a dd thi biéu dién sy phu thudc ctia lyc Casimir theo 1/K

(hinh 3.9a) v6i truong hop khong tron lan va K véi truong hop tron 1an
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Hinh 3.9: Sy phu thudc ctia Iyc Casimir vao tham sb tuong tac tai L = 1 (dudng mau
ds), L = 2 (dudng mau xanh 1a) va L = 3 (duong mau xanh lam).

(Hinh 3.9b), chtung toi thay rang n6 phu hgp véi Hinh 3.8. N6 ciing cho
thay, v6i sy phan tadch manh hoan toan K — oo thi e Casimir tién t6i
khong.

Bén canh do, lyc Casimir (hay nang lugng Casimir) sé bi triét tiéu
khi K c6 xu huéng tién t6i vo ciing va L 1a hitu han. Vé mit toan hoc,
tit phuong trinh (3.43) ta c6 thé mé rong (3.55) biang chudi liiy thita

o LagP
) ;21:2 2%;;312 [_j Li—? + C’?(cb?)] . (3.61)
Phuong trinh nay kiém chiing két qua trinh bay trong Hinh 3.9 khi
1/K — 0.

3.2.2 Nghién citu trong gan ding hai vong

Trong phan tiép theo nay, chiing to6i xem xét anh hudng ciia hiéu ting
kich thudc hitu han trong hé BEC hai thanh phan tuong tic yéu trong
gan dang hai vong. Stt dung phuong phap tac dung hi¢u dung CJT [21],
¢ nhiet do hitu han trong gan dung HF, thé hiéu dung CJT, VCJ T ¢6
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dang

gj
VETT = 37 (=aslWiol? + 21 Wj0l*) + gralibrol? W

7=1,2
1/ 1 1
2w ST D k) + D (k) DR — 2.1
2/ {322 ! ’ (3.62)
3911 g1 3922
2 —=—(P+ P})+ PP+ == 3 (QF1 + Q%)

922Q11Q22 + = J12 (P11Q11 + P11Q22 + PaoQ11 + Pr2Qe2),

cha y dén (2.30) va

Py = /6 Prs Qua = /ﬁ Qo (3.63)

Sau nhiéu tinh toan, céc tac gid clia cong trinh [55] cho thay rang, trong
gan dung HF, dinh 1y Goldstone bi vi pham. Dé giai quyét van dé nay,
tuong ty nhu da lam ¢ Chuong 2 déi véi BEC mot thanh phan, ta st
dung phuong phap do Ivanov va cong su [38] da dé xuat, tic 1a them

vao thé hieu dung (3.51) s6 hang AVCJT,

X
AVOJT gll [QPabea Paapbb] + @ [QQabea Qaa@bb]

2
Z
912 Paabe> (364)

2
v6i Py, duge dinh nghia tuong tu nhu (2.69) con Qup = [ D . Hoan
toan tuong tu nhu da lam véi he BEC mot thanh phan, dé kh01 phuc cac
boson Goldstone da xuat hién trong gan dung cay, ta phai co Dj_(%2) =
R?k?/2m;. Yeu cau nay dan t6i z = y = —1/2, 2 = 0. Nhu vay, s6 hang
bo chinh (3.64) c6 dang

90



AvgcJT . (P} + P3,) — 92 (Q%l +Q3) + &PHP?? T @QHQM’

4 2
(3.65)
thay (3.65) vao (3.62), ta ¢6 dugc
VETT =% <—Mj|¢j0|2 + ) + gialthr0l* [0
j=12
+ % /ﬂ tr {122[111 D' (k) + Dj' (k)D(k)] — 2.11} (3.6
911 (Pn + P22) 3gHPllP22 + 5 92 (Qu + Q22)

8 4
922 gi12
——Qu Q2+ — (P11Q11 + P11Q22 + PaoQ11 + PraQ2).
- Ham truyen nghich dao trong gan dung nay c¢6 dang (3.32). Lay cuc

tiéu ctia thé hieu dung, khoi lugng hieu dung dugce viét

M? = —puy + 391103, + 9125 + E§”,

(3.67)
M3 = —pa + 392203 + 91203, + B,
va hé phuong trinh trén dugc goi la phuong trinh SD.
- Cac phuong trinh khe
(1 _
—p1 + guVig + g1293 + 8y’ =0,
0 2 (3.68)
iz + 9203 + 91203 + 2P =0,
vei
3
Zgl) = %Pll + %Pn + @Qn gLz Q22»
2?) 922Q11 + = 922 — Q2 + @Pn + 912 P227
3
gy = %Pn + %Pm + @Qn 912 =5 @
3
252) 922 — Q1 + = g2 Q22 + %Pu + %PM
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Tiép theo ching toi xem xét cac tich phan xung lugng (3.63). Cha ¥
dén (2.31) va ham truyén (3.32), ta c6 thé viét cac tich phan xung lugng
(3.63) 6 nhiet do khong dudi dang [55],

b _1/ 3k B2k? [2my h _1/ Bk [R*K*/2my + M}
Yo ) @ep\ Rk 2my + M2 TP T 2 ) (2n)3 R2k2/2m,

0 _1/ d3k R2k? /2my Oy — 1/ 3k |h2k?/2my + M3
o ) e\ Rk 2my + M2 T 2 (2n)3 R2k2/2my

(3.69)

va mat do nang lugng ctia thanh phan tht 7 ¢ nhiét do khong 13

1 . 1 [ &k |h2k? [ R2E?
= 5/[3trlnD‘j (h) = 5/ (27r>3\/2mj' 2m; FM)- B0

Dé cho don gian, chiing t6i dua vé dang khong thit nguyén va khéi lugng

hiéu dung & dang khong thit nguyén duge dinh nghia M? = Mf/gjjnjo.
Do d6, ta c6 thé viét lai phuong trinh (3.69)

P, 1 /d?’m K1 P 1 /d3/-£1 K + M3

C2) e My 2 e . (3.71)
1 dSKJQ K9 1 dSKJQ \/m .
=5 / RN Ee VAT / T
khi do, (3.70) tré thanh
Q) = J040 / Pry \/Kﬁ(nuw). (3.72)
255) (27)3 JN J

Chia cho mat do khoi njg, tham s6 trat tu khong thi nguyén tuong tng

la ¢; = \\/D% va ta xét hé & trang thai can bang, cic phuong trinh khe
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va phuong trinh SD dudc viét 6 dang khong thit nguyen

~1+ ¢+ K¢+ »i =0,
g11nio
~1+ 5+ K¢t + » =0,
g22n20 (373)
—1+4 3¢+ K¢2 + V= M2
g11M10
—1+3¢3+ K¢ + 2 = M2
g22120

Tuong tu nhu trong gan ding mot vong, su co gon khong gian theo
phuong truc 0z dan dén su luong tit hda vécto séng ciia he. Duéi dang
khong thit nguyén né c6 dang (3.44). Két hop véi dicu kien bien Dirichlet

dan dén tich phan xung lugng (3.69) duge viét dudi dang
Z/ d K/J_ H%J_ + (27TTL/L1)2
P = 263 - k1, + (2mn/Ly)* + MY

Z/ d? m K2+ (2mn/Ly)? + M?
P = 28 & K2, + (2nn/Ly)?

Dé thyc hien phép lay tong trong (3.74), chiing toi sit dung cong thiic

(3.74)

Euler-Maclaurin (2.43). Sau khi lay tong, chiing toi 1ay gigi han A — oo
cho (3.74). Két hop (2.43) va (3.74) dua dén

griniomiM; 0 :922n20m2/\/12
12p2¢ 0% 12h2¢

Thay (3.75) vao (3.73), chiing t6i thu dugc phuong trinh khe va phuong
trinh SD

P1=0Q1 =0,Py=

(3.75)

mig1nMi Magaa Mo

—l+gi+ Koy + — oo — + K— 05— =0,

g Ko T O -
—1+3¢% + Kb+ 3—%%5}4 Ly K—m;ﬁ;j;@ = M2, |
—1+ 303 + K¢? + 3—%%5}4 2 4 K—m;il;b;;“ - M.
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RAt dé dang dé giai he phuong trinh (3.76), chiing toi thu duge cac tham

sO trat tu va khoi luong hieu dung 6 dang khong thi nguyeén

2
2 a2
1 giimi
2
— + : 3.77
A= R 12120,/2(K + 1) (3.77)
#2 1 G22102

TR AR )

So sanh véi két qué trong gan ding mot vong trong (3.43), ching toi
thay rang, su co lai ctia khong gian c6 anh huéng dang ké dén cac tham
sO trat tu, diac biet trong vung khoang cach 1& nho, trong khi véi gan
dtng mot vong thi tham s6 trat tu 14 doc lap véi khoang cach. Chu ¥
dén (3.43) thi 16 rang la ¢ = ¢% + A¢? v6i s6 hang bo chinh

A = ¢j2g{;(7+n' (3.78)

Tit biéu thiic (3.78) ta thay rang s6 hang bo chinh sé bién mat khi ¢ du

16n hoac v6i hé BEC 1y tudng.

Hinh 3.10 1a do thi biéu dién tham s6 trat tu nhu mot ham ciia khoang
cach cho cac héon hop BEC hai thanh phan gom rubidium 87 va cae-
sium 133 [46] v6i cac thong s6 m; = 86.909u,a;; = 100.4ag,my =
132.905u, azs = 280ag v6i u = 1.665 x 10~2kg, ay = 0.529nm. Cac dudng
mau dé va mau xanh tuong tng véi rubidium va caesium; dudng mau
den biéu thi gia tri 1/(K +1) 1a gia tri trong gan ding mot vong. Con s6
nay xac nhan cac tinh toan trén, dong thoi cling cho thay su khac biét

két qué gitta gan dang hai vong va gan ding mot vong.
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Hinh 3.10: Sy phu thuoc ciia cac tham s6 trat tuy khong tht nguyén va khoang cach /¢
cho rubidium (dusng mau dé) va caesium (dudng mau xanh).

Bay gio chting toi di xem xét Iue Casimir. Theo phan trén, ning lugng
chan khong dugc viét dudi dang (3.49) cho thanh phan tht j, phuong
trinh (3.72) tré thanh

Eoj = 932‘7;3‘70 Z/ s \/ K+ (27m/Lj)2} [/{?L + (27n/L;)? + M?]
(3.79)

V6i chi § dén (2.43), ching toi thu duge nang lugng Casimir trén mot

don vi thé tich ¢ dang khong thi nguyén

o C 2 .
g5njo&;m M,

(C/‘ L=
¢ 14400

(3.80)

Tu két qua trong (3.77), ching toi thay rang, khoi lugng hieu dung khong
tht nguyén khong phu thudc vao khoang cach. Thay (3.77) vao (3.80)
va cht ¥ dén dinh nghia trong (3.54), ching t6i thu duge

(3.81)

F p—
¢ 48024\/}(-+» ZE:
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Biéu thic (3.81) khang dinh két qua hyc Casimir trong gan ding mot
vong ¢ phan trén. N6 cho thay ring luc Casimir ciia BEC hai thanh
phan khong don gidn chi 14 sy chong chat clia mot trong hai thanh phan
vi sy ¢6 mit clia hang s6 tuong tac gi» trong tham sé6 K. Bén canh do,
két qua trén ciing cho thay lyc Casimir bi triét tiéu trong giéi han cia
sy phan tach manh K — oo, dieu nay trung véi két qua tuong dng trong

gan ding mot vong.
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Téng két chuong 3
Trong Chuong 3, ching to6i di nghién cttu tinh chat ctia hé BEC hai
thanh phan bi giéi han béi hai tuong cing va da thu duge mot s6 két

qua sau:

1. Sit dung phuong phap DPA véi diéu kién bién Dirichlet va gan ding
tho cho vi tri clia mat phan cach gitta hai thanh phan ngung tu,
chiing toi da tim ducc biéu thitc giai tich ham séng & trang thai
co ban. Trén co sé d6, thay vi st dung hing sé chuyén dong nhu
trong [74], ching toi tién hanh tinh lyc Casimir-like tryc tiép ti
dinh nghia v& thu dugc nhitng két qua tuong tu. Day 14 mot cai

tién tot vé quy trinh tinh gidi tich so véi [74].

2. Nghién cttu luc Casimir trong gan ding mot vong va gan dang hai

vong chung t6i thu dude cac két qué quan trong

e Lic Casimir trong hé BEC hai thanh phan khong don thuan 1a
tong hop luc Casimir do ting thanh phan ngung tu riéng biét
gay ra. Tuong tac gitta cAc hat & hai thanh phan ngung tu khac
nhau anh hudéng rat 16n dén mat do ngung tu, vd do d6 anh

huéng dén Iyc Casimir;
e Trong giéi han phan tach manh (K — o00), lyc Casimir bi triét
tieu.
3. Két qua nghién ctiu trong gan ding hai vong cho thay tham so6
trat tu phu thuoc manh vao khodng cach gitta hai tuong ciing, dieu
nay khong c6 dudgc néu ding lai 6 gan ding mot vong. Diéu nay
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cho thay, khi nghién cttu hiéu tng Casimir trong hé BEC hai thanh

phan, ta khong thée bé qua déng gép ciia cac gian dd bac cao.
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Két luan

Trong luan an nay, trén cd sé st dung 1y thuyét GP trong gan ding
DPA, phuong phap tiac dung hieu dung CJT trong gan ding mot vong
va hai vong, chiing t6i nghién cttu hiéu ing Casimir trong hé¢ BEC mot
thanh phan va hai thanh phan. Nhiéu két qua quan trong da thu dudc
trong khuon kho luan an nay. Sau day, ching toi diém lai nhitng két qua

quan trong nhat.

1. V6i BEC mot thanh phan, khi nghién cttu trong CE ta thay:

- Khi khoang cach gitta cac tuong ciing tang lén, do 16n lyc Casimir
gidm dan theo quy luat lfiy thita ban nguyén ctia khoang cach giita

hai tuong cing;

- Luon ton tai mot gia tri cia khodng cach gitta hai tudng ciing
ma & d6 lyc Casimir toan phan bi triet tieu. Diéu nay xdy ra khi
khoang cach gitta hai tudng cing théa man cong thitc (2.58). Day
14 mot két qua quan trong, vé mat khoa hoc, né dinh huéng cho
cac nghién ctu thuc vé hiéu ting Casimir trong he BEC mot thanh
phan. Trong cong nghé, khi muén gidm thiéu anh huéng cia luc
tuong tac gitta cac bién gidi han ciia moét linh kién dién t1t cing nhu

anh hudng gitta cac linh kién trong cling mot thiét bi thi cadc nha
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thiét ké, ché tao c6 thé chon khoang céch nay. Két qua nay ciing
rat quan trong trong linh vuc vat lieu nano khi BEC dugc dua vao

ting dung nhu nhing vat lieu khac [18,68].

2. V6i BEC hai thanh phan, liyc Casimir bi triét tiéu trong truong hop
phan tach hoan toan. Két qua nay c6 y nghia 16n trong viéc nghién

citu va dua BEC vao tng dung nhu da trinh bay & trén.

3. Khi nghién cttu anh huéng ctia hiéu ting kich thudc hitu han trong
he BEC mot va hai thanh phan, ta khong nén bo qua déng gép clia

cac gian do bac cao trong Lagrange tuong tac.

Cac két qui nghién citu cia luan an 1a dang tin cay, da dugc cong
bé trén ba tap chi qudc té uy tin Journal of Statistical Physics, Inter-
national Journal of Modern Physics B va Jounrnal of Experimental and

Theoretical Physics.
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