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LOI CAM DOAN

To6i xin cam doan diy 13 céng trinh nghién ctu ca ti. Cac két
qua viét chung véi tac gid khac déu di dude su nhét tri ctia dong tac
gia khi dua vao luén an. Cac két qua trinh bay trong luin 4n 13 méi va
chua tiing dudc céng bb trong bit trong bét ki cong trinh cta ai khac.

Ha Noi, thdng 04 nam 2021

NCS Nguyén Dtic Duyét



1.OI CAM ON

Ludn an dugc hoan thanh tai B moén Giai tich, Khoa Toan,
trudng Pai hoc Su pham Ha Néi 2, duéi su huéng din tin tinh chu
d4o ctia GS. TSKH Nguyén Minh Chuong va TS Nguyén Vin Tuén. Tac
gia xin bay t6 10ng kinh trong va v6 cung biét on t6i hai Thiy, ngudi
d4 truyén dat kién thitc, kinh nghiém hoc tip va nghién citu khoa hoc,
dinh huéng tac gia tiép cin huéng nghién citu thoi su, thi vi va 6 ¥
nghia.

Trong qua trinh nghién cttu va hoan thanh luén an, tac gia xin chan
thanh cam on su giup dd, gop y cia TS Dao Vin Duong (Truong DH
X4y dung Mién Trung).

Téc gia xin chin thanh cAm on PGS. TS Khuit Vin Ninh, TS Tran
Van Bing, PGS. TS Nguyén Vin Tuyén (Trudng DPHSP Ha Noi 2), PGS.
TS Tran Pinh Ké (Truong DHSP Ha Nbi) di dong vién va cho tac gia
nhitng gop ¥, kinh nghiém trong nghién cttu khoa hoc dé tac giad hoan
thién luan an nay.

Téc gia cling xin cAm on cac Thay, C6 va cac Anh, Chi, Em nghién
cttu sinh 6 Xémina Giai tich, Khoa Toan, truéng DHSP Ha Noi 2 da tao
mot moi trudng hoc tip, nghién cttu khoa hoc s6i néi va than thién.

LSi cdm on sau cung, tac gia xin bay td long biét on t6i gia dinh,
nhiing ngudi thin, cac anh chi em, ban beé da luén & bén, tin tudng va
cho tac gid déng luc tinh than dé tic gid hoan thanh luin an.
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MOT SO Ki HIEU THUGNG DUNG TRONG LUAN AN
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khéng gian vecto thuc n chiéu;

chuin ctia x trong R";

do do Haar;

tAp cac ham kha tich bic g trén R";

tdp cac ham kha tich bic g trén R" véi d6 do
du = w(x)dx;

tdp cac ham kha tich dia phuong bic g trén R";
nhém Heisenberg c6 sb chiéu thuan nhit 2n+2;
modul cia x trén nhom Heisenberg;

ham dic trung cta tip A;

khong gian Lipschitz trén R";

khéng gian tAm Morrey thudn nhét c6 trong trén
R";

khoéng gian Herz thuin nhét 6 trong trén R";
khong gian Morrey-Herz thuin nhit c6 trong
trén R";

khoéng gian tAm Morrey thuin nhét c6 hai trong
trén R";

khong gian Herz thudn nhéit c6 hai trong trén R”;
khéng gian Morrey-Herz thuin nhéit c6 hai trong
trén R";

toan ti Hausdorff tho;

giao hoan tlt cua toan t& Hausdorff tho;

giao hoan tlr ctia toan tit ma tran Hausdorff;
toan t& Hausdorff da tuyén tinh;

trong Muckenhoupt.



MG DAU
1. Lich st vin dé va li do chon dé tai

Mbét trong nhitng chti dé quan trong clia giai tich diéu hoa 14 nghién
cttu tinh bi chin cla cac toan tit T trén cac khéng gian. Cu thé hon,
chting ta c6 bai toan chting minh bit ding thic

ITflly = Clifllx, (1)

8 d6 C 1a hing sb6 duong, va X,Y la hai khong gian v6i chun tuong
tng || |Ix va || - |ly. Nhu ching ta d4 biét, tinh bi chin cta toan tit xuét
hién mét cach tu nhién khi nghién ctu mét sb bai toan quan trong
trong giai tich diéu hoa, phuong trinh dao ham riéng hay 1y thuyét
khong gian ham. D& thiy dudc tAm quan trong ctia bai todn nay, chiing
ta nhac lai mét sO bai toan quan trong sau.

e binh ly kha vi Lebesgue phat biéu rang: v6i moi ham kha tich dia
phuong f trong khong gian R", ching ta co6

1
lim ————+ f)dy = f(x)
r—0 |B(x, 1) B(x,r)
v6i hau khap x trong R™. D€ chitng minh bai toan nay, ngudi ta nghién
cttu ham cuc dai Hardy-Littlewood c6 tam sau day

Mf (x) = sup

— If (Vldy,
r>0 |B(X7 r)l B(x,r)

va chitng minh rang ham cuc dai Hardy-Littlewood c6 tAm 1a bi chin
yéu (1,1). Chiing ta ciing ¢ dinh nghia ham cuc dai Hardy-Littlewood
nhu sau

1
Mf(x)= SUPEJ If (¥)ldy,
B

X€EB

trong d6 sup dudgc 1y trén tit ca cac hinh cAu B trong khong gian R”.
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e Xét bai toan Dirichlet sau day

n
2 2 _ 7, .
Zi Ogulx,t)+ 0 ulx,t)=0, véi (x,t) ER"x RT,
i=

u(x,0) = f(x), hau khip x eR",

trong d6 f thudc khong gian LP(R™) v6i 1 < p < oo. Dé giai bai toan
nay, ngudi ta xét

u(x, t) = (f * P)(x),
trong d6 P,(x) =t "P(t " !x) va

r(£)

n+1

T (1+x)T

P(x)=

13 hach Poisson. R rang P,(x1, ..., x,,, t) 1a ham diéu hoa theo cac bién
(xq,...,Xx,, t), nghia la

n d2
2 _

Zai Pt —5P =0,

i=1
Do dé ham u(x, t) cling 13 mét ham diéu hoa trong khéng gian R" xR+
va héi tu dén f trong khong gian LP(R") khi t dan vé 0. D€ giai quyét
bai toan Dirichlet bén trén, ta con chi ra su héi tu ting diém hiu khip
ctia u(x, t) vé f khi t tién vé 0. Tuy nhién, diéu nay dé& dang nhan dugc
tlt bat dang thitc

sup |u(x, t)| < A f (x),

t>0

va tinh bi chin yéu (p, p) ctia ham cuc dai Hardy-Littlewood.

e Chung ta xét thém mot bai toan Cauchy cho phuong trinh Schrodinger
nhu sau

id,u(x,t)— Au(x,t) =0, (x,t) € R" x RT,
u(x,0) =ugy(x).



Nhu ching ta biét, nghiém u(x, t) ctia bai toan nay dude cho béi céng
thitc u(x, t) = (e " 2uy)(x), d dd u(x, t) = (e "*“uy)(x) xac dinh thong
qua bién déi Fourier

(ei*Aup)(8) = e1¥F1i (&),
D€ nghién ctu tinh chinh quy nghiém, ching ta cAn danh gia

||€_itA(uo —vollly < Cllug — vollx-

Do dé, ta dua bai to4n vé viéc xét tinh bi chin clia toan ti tuyén tinh

e~I2 théng qua bat dang thic

le™ 2 flly < ClIf llx-

Qua cac trudng hop trén, ching ta thiy dude phan ndo tim quan trong
clia viéc nghién cttu tinh bi chin cla toan tt, trén cac khong gian dé
giai cac bai toan trong giai tich hay trong linh vuc phuong trinh dao
ham riéng.

Ngoai viéc chitng minh bat ddng thtc (I), bai toan quan trong va
thi vi nita 1a dua ra cic diéu kién can va da dé€ bat ding thic (1) ding.
Bén canh d6 ¢ thé xac dinh dude hing sb C tbt nhit. V6i mot sb 16p
todn t quan trong trong gidi tich diéu hoa, vi du nhu nghién ctu cac
ham cuc dai Hardy-Littlewood 13 mdt bai rat khé. Ching han, c¢6 thé
xem [37]], [64] va cac tai liéu trich din bén trong doé.

Nim 1920, G. H. Hardy [40] d4 thiét 14p mot bat ding thitc tich
phan

p
1S f ||y < E”f”LP(]Rﬂ:

v6i 1 < p < oo va f la ham do dudc khong am trén (0; 0co). Hon niia,
hing sb p%l thu dugc 1a tot nhat. O day 2 1a toan t&t Hardy dugc dinh
nghia
1 X
Hf(x) = —f f(t)dt.
X Jo
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B4t dang thic Hardy va cic dang md rong cla ching gitt mot vai
trd quan trong trong ly thuyét phuong trinh dao ham riéng, 1y thuyét
xap xi, Iy thuyét cac khong gian phiém ham (xem [2], [29], [53]).
Nam 1984, C. Carton-Lebrun va M. Fosset [22] da gi6i thiéu toan ti
tich phan Hardy-Littlewood c6 trong, 1 tdng quat clia toan ti Hardy-
Littlewood tit mot chiéu 1én nhiéu chiéu. K& tit dd, toan ti Hardy-
Littlewood ¢6 trong da thu hit su quan tAm ctia nhiéu nha toan hoc
trén thé gidi, trong d6 chil yéu tip trung nghién citu cac diéu kién cin
va du dé toan t Hardy-Littlewood c6 trong bi chin trén cac khong
gian nhu Lesbegue, Hardy, BMO, Herz, Morrey—Herz, Triebel-Lizorkin,
... Trong mot sb trudng hop tinh duge chuin clia toan ta.

Mt trong nhiing toan ti quan trong trong giai tich diéu hoa 13 toan
ttt Hausdorff. To4n t& nay c6 lién quan mét thiét dén bai toan vé tinh
kha tong ctia chudi Fourier ¢ dién. Cho ® 1a ham kha tich dia phuong
trén (0, 00). Toan t& Hausdorff mot chiéu duge dinh nghia nhu sau

Co(t) [x
Hof (x) = f —=f (3)ae @)
0 t t

RO rang, khi chon ®(t) = X“%”(t) toan t& Hausdorff tré thanh toan
ti Hardy bén trén. Hon nita, v6i cac ham & thich hgp toan ta Haus-
dorff tré thanh mot sb toan tt quan trong trong giai tich nhu: toan
tlt Cesaro, toan t& Hardy-Littlewood-Pélya, toan ti tich phin phan sb
Riemann-Liouville (xem [3], [12], [13], [30], [65]). Toan t& Haus-
dorff dusc mé réng dén khong gian R" bdi Brown va Moéricz [6], dbc
1ap nghién cttu 13 A. Lerneran va E. Liflyand [54]. Cu thé hon, cho ¢ 1a
mot ham kha tich dia phuong trén khong gian R". Toan t Hausdorff
J, 4 tuong ting v6i ham hach ¢ dudc dinh nghia béi

Ao af (%) :J

e(t)f (Alt)x)dt, xR,
-

trong d6 A(t) 14 mot ma trin vudng cAp n thda mén detA(t) # 0 véi
hau khip t thudc gia ca ¢. Néu 1y ma trin A(t) va ham ¢ thich hop
thi s, 4 s€ trd thanh mot s6 toan tit quen thudc trong giai tich. Chi
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tiét hon xem bai bdo téng quan [56] va cac tai liéu tham khao dugc

trich din bén trong do.

Trong nhitng nim gin d4y, toan t& Hausdorff va cic giao hoan ti
clia chting k€ ca trudng hop tuyén tinh va da tuyén tinh da dugc nhiéu
nha toan hoc trong nudc va trén thé giéi quan tdm nghién cttu. Trong
dé, cac tac gia tap trung thiét 1ap cac diéu kién cin va du cho tinh bi
chin cla toan t& Hausdorff va cac giao hoan td, déng thdi danh gia
chuén cta cac toan tit. Chi tiét hon, ¢ thé tham khao trong cic céng
trinh [4], [5], (6], [71, (101, (111, (121, [16], [171, [201, [271, [391,
[42], [431, (491, (511, [541, 551, [561, [571, 1581, 1591, (601, [80],
[81]] va [82]. Tl nhiing ly do trén, GS. TSKH Nguyén Minh Chuong va
TS Nguyén Vin Tuln di goi y va dinh huéng cho t6i nghién citu dé tai
Tinh bi chin ctia toan tit loai Hausdorff trén mot sé6 khong gian
ham.

2. Muc dich nghién cttu

Lun 4n nay nghién citu diéu kién da cho tinh bi chin ctia mot sb
16p toan t Hausdorff, trong mot s6 trudng hop uéc luong dugde chuin
cta toan t. Nghién cttu tinh bi chan cho giao hoan tt cua toan ta
Hausdorff trén trudng thuc va nhém Heisenberg. Cu thé:

e Udc luong chudn cta toan t Hausdorff thé, tinh bi chin cho giao
hoan tit cia chiing trén cac khong gian tim Morrey, khéng gian Herz,
khong gian Morrey-Herz co trong;

e Udc luong chuén cia toan tit Hausdorff da tuyén tinh trén tich cac
khong gian tam Morrey, khong gian Herz, khong gian Morrey-Herz c6
hai trong;

e Tinh bi chidn cho giao hoan tt ciia toan tit Hausdorff thé, giao
hoan tr ctia toan ti ma trdn Hausdorff trén nhém Heisenberg.



3. D6i tugng va pham vi nghién citu

Pbi tuong nghién cttu ctia Luan 4n 13 16p toan t& Hausdorff va giao
hoan tt cia chung trén trudng thuc va nhém Heisenberg. Lép toan
ttt nay chia nhiéu 16p toan t nhu toan t&t Hardy, to4n t& Hardy lién
hop, toan ti Cesaro, toan ti Hardy-Cesaro, toan ti tich phan phén
s6 Riemann-Liouville, todn t& trung binh Hardy-Littlewood trén céc
khoéng gian kiéu Morrey-Herz c6 trong. Pham vi nghién cttu cia Luin
an dudc thé hién thong qua cac ndi dung sau:

e Noi dung 1: Nghién cttu diéu kién cin va du cho tinh bi chin ctia
todn ti Hausdorff thd s o trén cac khong gian tdm Morrey, khong
gian Herz, khéng gian Morrey-Herz c6 trong thuin nhét.

- Uéc lugng chudn clia toan t& Hausdorff thd % o va két luén méi
vé u6e luong chuén cla toan tit Hardy, toan tit Hardy lién hop cho cac
khong gian trén véi trong liiy thia.

- Nghién ctu diéu kién da cho tinh bi chin cho giao hoan ti clia
toan ti Hausdorff tho %qf’, q VOi biéu trung thudc khong gian Lipschitz,
trén cac khong gian tdm Morrey, khong gian Herz, khong gian Morrey-
Herz c6 hai trong thuin nhét.

e N6i dung 2: Uéc luong chuén clia toan tit Hausdorff da tuyén tinh
4 trén tich cac khong gian tdm Morrey, khong gian Herz, khong
gian Morrey-Herz c6 hai trong liy thua.

- Két ludn uéc luong chuén clia toan ti Hardy-Cearo da tuyén tinh
trén tich cac khong gian & trén.

- Nghién cttu diéu kién dua cho tinh bi chin cta toan tit Hausdorff
da tuyén tinh 52, A trén tich cac khong gian tam Morrey, khong gian
Morrey-Herz c6 hai trong Muckenhoupt.

e N6i dung 3: Nghién citu diéu kién dd cho tinh bi chin ctia giao
hoan t toan t Hausdorff tho %qf”ﬂ trén nhém Heisenberg v6i biéu
trung thuéc khong gian £-tam BMO, trén cac khong gian tdm Morrey,



khong gian Herz, khong gian Morrey-Herz cé trong lity thita hodc trong
Muckenhoupt.

- Nghién cttu diéu kién da cho tinh bi chin cta giao hoan tt toan
tit ma trdn Hausdorff ,%”qf’ 4 trén nhém Heisenberg v6i biéu trung thudce
khong gian £-tam BMO, trén cac khong gian tam Morrey, khong gian
Herz, khong gian Morrey-Herz c6 trong lity thtrta hodc trong Mucken-
houpt.

4. Phuong phap nghién cttu

e D& nghién cttu tinh bi chin cta toan tit Hausdorff trén trudng sb
thuc va nhém Heisenberg, ching t6i dua vao cac phuong phap dudce
Coifman-Rochberg-Weiss [23] x4y dung trén cac khong gian thuin
nhAt véi cac bién ddi dic trung cta trong liy thita va trong Muck-
enhoupt. Danh gia cic dai luong bang cach chia nhé, két hop véi cac
phép bién d6i va ap dung cac bat ding thiic quan trong trong giai tich.
Chiéu ngugc lai, ching t6i stt dung lude dd ma Xiao [84] d4 phat trién.
Trong d6, cac ham thit dudc lua chon dé dua ra cac uée lugng dudi cho
chuén cta toan t.

e D6i v6i cac nghién citu vé giao hoan tt, dua trén phuong phap néi
tiéng clia Coifman-Rochberg-Weiss [23]]. Trong d6, miu chét 1a dua vé
wéce luong dao déng trung binh két hop v6i mét sb ki thuat dic trung
khi tiép can toan t&t Hausdorff dugc xay dung béi D. Fan, Chen, Li, Fu,
Lu va cac cong su (xem [11], [12], [21], [32]).

5. Két qua cua luan an

Luén 4n d4 dat dugdc cac két qua chinh sau day:

e Nghién citu diéu kién cin va da cho tinh bi chin cla toan ti
Hausdorff tho 5  trén cac khong gian tm Morrey, khong gian Herz,
khéng gian Morrey-Herz c6 trong thuin nhit. Ngoai ra, chiing t6i uéce
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lugng dudce chuin clia toan t&t Hausdorff thd Hp o Va két luAn moéi vé
wéc luong chuin cla toan t&t Hardy, toan tt Hardy lién hop cho céc
khoéng gian trén véi trong lily thita. Hon nita, chiing t6i dua ra diéu
kién du cho tinh bi chin ctia giao hoan tit toan ti Hausdorff tho %qf’, Q
v6i biéu trung thude khong gian Lipschitz, trén cac khong gian tim
Morrey, khong gian Herz, khong gian Morrey-Herz c6 hai trong thuin
nhat.

e U6c luong dude chuén ctia toan tit Hausdorff da tuyén tinh 42, i
trén tich cac khong gian tam Morrey, khong gian Herz, khong gian
Morrey-Herz c6 hai trong liiy thira. Ngoai ra, chiing t6i uéc lugng dudce
chufin clia toan t& Hardy-Cearo da tuyén tinh trén tich cac khong gian
& trén. Hon nita, dua ra dugce diéu kién da cho tinh bi chin cda toan
tt Hausdorff da tuyén tinh %, A trén tich cac khong gian tim Morrey,
khong gian Morrey-Herz c6 hai trong Muckenhoupt.

e Nghién ctiu diéu kién du cho tinh bi chin cta giao hoan tit ton ti
Hausdorff tho ,%’qf” q trén nhoém Heisenberg véi biéu trung thudc khong
gian ¢-tam BMO, trén cac khong gian tdm Morrey, khong gian Herz,
khong gian Morrey-Herz c6 trong liiy thita hodc trong Muckenhoupt.
bong thoi, ching t6i dua ra diéu kién dd cho tinh bi chin cta giao
hodn tif todn t& ma trin Hausdorff s ', trén nhom Heisenberg véi
biéu trung thudc khéng gian £-tAm BMO, trén cac khong gian tim
Morrey, khong gian Herz, khong gian Morrey-Herz c6 trong liy thiura
hoac trong Muckenhoupt.

Cac két qua méi ctia ludn an c6 ¥ nghia khoa hoc trong giai tich diéu
hoa, phuong trinh dao ham riéng va ly thuyét cac khéng gian ham. Hy
vong, trong thoi gian téi thiét 1p dude mbi quan hé gifta toan tit tich
phén ki di, toan t cuc dai Hardy-Littlewood va toan tit Hausdorff.

Céc két qua chinh cta luin 4n di duge cong bb trong 03 bai bao
trén cac tap chi khoa hoc chuyén nganh quéc té c6 uy tin (trong danh

muc ISI va Scopus), da dudc bao cao tai:

e Xémina Giai tich Khoa Toan, Truéng Dai hoc Su pham Ha Noi 2.
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6. Cau truc cua luin an

Ngoai phin md diu, két luan, kién nghi, danh muc céc céng trinh
céng bb va danh muc tai liéu tham khao. Ludn 4n gébm 4 chuong:

e Chuong 1 trinh bay mét s6 kién thitc chuén bi can thiét cho cac
chuong sau;

e Chuong 2 trinh bay cac két qua vé uéc luong chuén cla toan ti
Hausdorff tho, tinh bi chin ctia giao hoan tit cia nd trén cac khéng
gian ki€u Morrey-Herz cé trong;

e Chuong 3 trinh bay cac két qua vé udc luong chudn cla toan tl
Hausdorff da tuyén tinh trén cac khong gian ki€u Morrey-Herz c6 hai
trong;

e Chuong 4 trinh bay cac két qua vé tinh bi chin cho giao hoan ti
Hausdorff trén nhom Heisenberg.
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Chuong 1

KIEN THUC CHUAN BI

Trong chuong nay, chiing toi trinh bay mot sb khai niém va két qua
sé dudgc st dung trong toan bd luin an. Béi vi luidn an nghién cttu mot
s6 két qua dong thdi trén trudng sb thuc va trén nhém Heisenberg,
cho nén mét sb kién thitc co sé nhu khong gian Lebesgue, bat ding
thitc Minkowski, bat dézmg thitc Holder, diéu kién Holder nguaoc, ... sé
dudc trinh bay trén khong gian do dudc téng quat va dudc st dung
cho ca hai trudng hop trén trudng sb thuc va trén nhém Heisenberg.
Bén canh d6, ching t6i nhic lai cac khong gian kiéu Morrey-Herz c6
trong va trinh bay so luge vé nhém Heisenberg.

1.1. Khong gian Lebesgue

Gia st (X, 9, u) la mét khong gian do véi p 1a mét d6 do o-hitu
han trén o-dai sb M trong khoéng gian X. Cho 0 < ¢ < oo, ki hiéu
L(X, 9, 1) hay LI(X) gdbm cac ham f do dugc trén X thda mén

1 oy = (J If(X)quu)q < 0. (1.1)
X

Ki hiéu L*(X) gébm cac ham gia tri phtc, do dugc trén X sao cho

|f ooy = inf{B > 0 : u({x € X : |f (x)| > B}) = 0} < oo0. (1.2)

Khi d6 LY(X) v6i 0 < g < oo la mot khong gian vectd trén trudng
phttc. Hai ham trong khéng gian LI(X) dudc goi 1a bang nhau néu
chting bang nhau ting diém hau khip theo d6 do u. V6i 1 < q < o0,
ta ¢6 LI(X) 1a mot khong gian Banach véi chudn || - || 1a(x)- Truong hop
0 < q < 1, khéng gian L4(X) 14 twa Banach véi tya chuén || - || jacx)-

Truong hop X = R" va du(x) = w(x)dx trong d6 w la ham do dudc
khong am, kha tich dia phuong trén R" thi ta ki hiéu L% (R") thay cho
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L9(X). Hon nita, ham tht dudi day sé dudc st dung trong phan tiép

theo cta luén an.
Vi du 1.1 ([84], trang 662). VGi ¢ > 0 tuy y. Ta dat
0 néu |x| <1

fg(x) = _n_e

|x| a néu |x| > 1.

Khi do, f, thuéc LI(R") v6i moi 0 < g < o0.

Chitng minh. That vay, ta c6
TA J fu0)| dx = f x|l = <o,
HED R" x|>1 qel’ (%"‘1)

Do dé, f, € LY(R"). [
binh li 1.1. (Pinh li hdi tu Lebesgue [[33], trang 54]) Gid st {f;}7;
la mét ddy cdc ham trong L'(X) héi tu diém hdu khdp noi theo dé do
p dén ham f trén X va gid st ton tai mét ham g € L'(X) sao cho
|f.(0)] < g(x), u-hdu khdp noi trén X véi moi k. Khi d6, f € L'(X) va
fo(x)du = lim;_, fX fr(x)dp.

Pinh 1i 1.2. (Bét ding thitc Holder [[70], trang 153]) Néu f € LI(X)
va g € LY(X) thi f g € LY(X). Hon nita

||f8||L1(X) < ||f||Lq(X)||g||Lq’(X),
trong do 1 < q,q’ < oo théa mdn é—l— i = 1.

DPinh 1i 1.3. (Bat dfmg thite Minkowski [[70], trang 159]) Gid su
(X, M, u) va (Y,N,v) la cdc khong gian do o-hitu han va f(x,y) la
mét ham gid tri phic véi u x v-do dugc trén X X Y sao cho véi v-hdu
khidp y €Y, f(-,y) € LY(X) v6i 1 < q < oo. Khi dé

q T .
( J du(x)) < J ( f |f(x,y)|qdu(X)) dv(y),
X Y X

Vvéi gid thiét vé trdi ciia bdt ddng thitc trén la hitu han.

J f(x,y)dv(y)
Y
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Dinh 1i 1.4. (Fubini [[33], trang 68]) Gia su (X, M, u) va (Y,N,v) la
cdc khong gian do o-hitu han va f (x, y) la mét ham do dugc theo d6 do
A =uxv.Néu f(x,y) khéng dm hodc khd tich trén tdp Ax B € M x N
thi ta co

f fQx,y)dA = J U f(x,y)dV) du = J (J f(x,y)du) dv.
AxB A\JB B \JA

1.2. Mot s6 ki hiéu va cac khong gian ham

Cho || T|lx_y 1a chun clia toan t& T giita hai khong gian vects dinh
chudn X, Y. V6i a € R" va r > 0, ki hiéu B(a, ) 13 hinh ciu tAm a véi
ban kinh r. Ki hiéu S, ; = {x e R": |x| =1} va |S,_ ;| = 2% Vé6i bét

r(3)

ki s6 thuc g > 0, ki hiéu ¢’ 14 s6 thuc lién hop ctia g sao cho é + i = 1.

Nz

Tiép theo, viét a < b c6 nghia c6 mot hing s6 duong C khéng phu
thudc vao bién sao cho a < Cb. Ki hiéu f ~ g dugc hifu 14 f tuong
duong véi g (C71f < g <Cf).

Cho E la tdp do dudc Lebesgue, ki hiéu yp la ham dac trung cia
E. Ham trong w la ham khong 4m va kha tich dia phuong trén R" va
w(E) = fE w(x)dx. Mot sb ki hiéu khac, Xk = Xc, Bk = {x eR":
x| < 2%} va C, = By \ By_;, v6i moi k € Z.

Cho A, A, 1a cac s6 thuc, 8,7, Br,T1s - By T 12 cac sb thue 16n hon
—nval<p,gq<oo,1<p;q; <oovéimoii=1,...,mthéa man

1 1 1 1 1 1

Cho ma tran A = (a;;),x, kha nghich c6 chuén x4c dinh

" !
1l = (Z |aij|2) .
i,j=1

Ta c6 |Ax| < ||All|x| v6i bat ki x € R" va [|A]| ™" < |det(A™1)| < [|AY|™
Néu A,(t) 1a ma trén thuc truc giao v6i hdu khép t trén R" va A,(t)
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théa man diéu kién

pxp:= esssup [4;(O- A7 (Ol < oo. (1.3)

teR"i=1,....m

Khi do, [|4; ()]l = IA7* ()] ™" hon nita

A (O S TATH O™, véimoi n €R, (1.4)
IA; (x| 2 |ATL(6)]]7". x|, véimoi n €R, x € R". (1.5)
L 1

Khong gian LI (R") v6i 0 < q < o0 gbm tip cac ham f € LI(R") ¢6

1 llze @my = (f |f(x)|qa)(x)dx) q < 0.
R

o loc(R™) gbm cac ham f do dudc trén R" théa mén

fK If (3)|9e(x)dx < oo, v6i bat ki tdp con compact K ctia R". Khéng
gian L! | (R"\ {0}) dugc dinh nghia tuong tu khong gian LT | (R™).

w,loc

Khong gian L

Tiép theo, ching t6i nhic lai dinh nghia vé khéng gian Lipschitz, cac
khong gian nhu: khong gian tam Morrey, khong gian Herz va khong
gian Morrey-Herz truong hop c6 mot trong va ¢6 hai trong. Thong tin
vé cac khong gian trén va tng dung trong gidi tich, c6 thé tham khao
trong [1], [9] va [15] hoac cubn sach chuyén khao [63].

Pinh nghia 1.1. Cho 0 < 8 < 1. Khéng gian Lipschitz Lip?(R") gbm
cac ham f : R" — C sao cho
f ()= f(Y)l

< 00

x,yER™, x#£y |X - J’|ﬁ

||f||Lipf3(R") =

Khéng gian Morrey dudc gidi thiéu béi Ch. B. Jr. Morrey (xem [66])
khi nghién ctu hé phuong trinh dao ham riéng tuyén tinh cip 2, duoc
ung dung trong nghién cttu tinh chinh quy nghiém. bDac biét, v4i hé
eliptic phi tuyén, st dung d€ nghién citu tinh bi chin ctia mot sb toan
tt ¢ dién trong giai tich diéu hoa nhu toan t& Hardy-Littlewood cuc
dai, toan ti tich phan ki di Calderén-Zygmund (xem [50]). Vé sau,
khoéng gian tim Morrey c6 trong (xem [1]]) dudc nghién citu xuét phat
tu tinh tron ctia nghiém phuong trinh dao ham riéng.
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Pinh nghia 1.2. Cho 0 < q < 00, A € Rva 1+ Ag > 0. Khong gian tdm
Morrey cé trong M j};q(R”) gbdm cacham f € Li 1oc(R™) sao cho

1/q
1
W hiren =28 (o)(B(O R)) JB(O,R) |f(X)|qw(X)dx) -

Dinh nghia 1.3. Cho0 <g< oo, A€Rval+Aq>0.Gidstv,w la
hai ham trong. Khong gian tdm Morrey c6 hai trong M4(R") gdm cac
ham f € LY, (R™) sao cho

w,loc

1 q
1 Wy = 20 (V(B(O R))H+M JB(O,R) |f(X)|qw(X)dx)

1
= sup Tl 1z aeo,ry < 00
R>0 y(B(0, R))7L+

Dic biét, néu v = w thi M&’g(R“) = Mj)’q(R”).

Khong gian Herz (xem [45]) diung dé nghién citu tinh lién tuc cta
todn ti trong giai tich diéu hoa. Bén canh d6, khéng gian Herz déng
vai trd quan trong trong viéc mé ta tinh chit dic trung ctia ham trong
khong gian Hardy c§ dién. V@ sau, khong gian Herz c6 trong dudc
nghién cttu trong [9] va [63].

binh nghia 1.4. Cho 0 < p,q < oo va a € R. Khong gian Herz c6 trong
Kap 9(R™) gdbm tip cac ham f € L? . (R™\{0}) sao cho

w, loc(

o0 1
1f Nzsaan = (D 25PUf 2elly ) < 00.

k=—o00
Néu a=0,p =q va =1 thi K*P4(R") = LP(R").
Pinh nghia 1.5. Cho 0 < p,q < co va a € R. Gia st v va w la hai
ham trong. Khong gian Herz c6 hai trong I'(j‘ﬁ’q(R“) gbm cacham f €
LY (R™\{0}) sao cho

w,loc

. ;
1F lgezaqn = ( > vB- ||ka||Lq(Rn)) < 0.

k=—00

Cht ¥ rdng, néu v 1a ham hang thi K&PI(R™) = K&P4(R").
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Nam 2005, Lu va Xu [61] da gi6i thiéu khong gian Morrey-Herz.
Sau do, khong gian Morrey-Herz c6 trong dudc gidi thiéu trong [31],
(621, [631].

DPinh nghia 1.6. Cho 0 < p,q < c0,a € R va A > 0. Khong gian
Morrey-Herz c6 trong MK %APA(R") gdm cac ham f € Lw oo (R™\{0})
sao cho

ko 1

1f lgoinagany = sup 2752 ( 37 2P f ), )7 < oo,

kOEZ k=—00
Néu A = 0 thi MEKS»PI(R) = KEPI(R™).

Dinh nghia 1.7. Cho 0 < p,q < 00,a € Rva A > 0. Gia st v, w la hai
ham trong. Khong gian Morrey-Herz c6 hai trong M Kf‘ﬁ’p’q(R“) gbm
cicham f € LY . (R™\{0}) sao cho

w,loc

1
ko )
_2
UF lyggezosny = SUP [ V(B )™ ( D VB 2l ) < oo.
ko€Z k=—00
A A A . vy A \ Sa,A,p, _ 7 oL,A,D,

Nhan thay;, {1eu v = w la hang s.o thi MKJ%P q.(R”) = MK2"P q,(R”).
Hon ntta, néu cho A = 0 thi MKV“’:)“’p’q(]R”) = K*PA(R"). Mot so ting
dung cta khong gian Morrey-Herz c6 hai trong cho toan tit Hardy-
Cesaro, c6 thé tham khdo trong [9], [15].

1.3. Trong thuan nhét, trong liy thita va trong Muck-
enhoupt

binh nghia 1.8. (xem [14], trang 700) Cho y € R. Ki hiéu W, gém
cac ham w do dudc Lebesgue trén R", w(x) > 0 v6i hau khip x €
R™,0 < fs w(y)do(y) < 0o va w 1a trong thuin nhét tuyét dbi bac
n—1
v, nghia la w(tx) = |t|"w(x) v6i moi t € R\{0}, x € R".
Ki hiéu # = J #,. Nhan thay rang # chita ca trong liiy thira |x|"
Y

(xem [91, [14]). Cac két qua vé sau, chiing t6i ki hiéu w 13 mét ham
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trong thudc 7. BS dé du6i day 1a mot két qua quan trong clia cac ham
trong #..

B6 dé 1.1. (xem [9]) Cho w € #,, va y > —n. Khi d6, véi bit ki m € Z
ton tai hdng sb C = C(w,n) > 0 sao cho

w(By) = C|Byu|" va @(Cp) = (1 —27")e(B,).

Tiép theo, trong Muckenhoupt Ay dudc nghién cltu 14n dau béi Ben-
jamin Muckenhoupt [68] trong khong gian Euclidean, dé mé ta cac
ham cuc dai Hardy-Littlewood bi chan trén khong gian L? c6 trong.
binh nghia 1.9. Cho 1 < £ < co. Ham trong w € A(R") néu ton tai
mot hing s6 C > 0 sao cho moi hinh ciu B c R”,

1 1 _1 =
(H f co(x)dx) (ﬁ f () mdx) <c.
B B

Trong w € A,(R™) néu c6 mét hing sb C > 0 sao cho v6i moi hinh ciu
B C R",

1
B L w(x)dx <C eiseiélfw(x)'

KihieuA (R") = U A(R").
AR = U AR

Diéu dang chi ¥ 13 A (R") c6 lién két véi diéu kién Holder ngudc.
Cu thé hon, néu ton tai r > 1 va h%‘lng s6 C cb dinh sao cho

1
(IBIJ w(x)" dx) =B |J w(x)dx,

v6i moi hinh cAu B ¢ R". Khi d6, ta ndi w thdéa méin diéu kién Holder
ngudc c6 bic r va ki hiéu w € RH,. Theo Dinh 1li 19 va Hé qua 21
trong [48], w € A,, néu va chi néu ton tai r > 1 sao cho w € RH, .
Hon nita, néu w € RH,,r > 1 thi w € RH,, v6i £ > 0 nio dé. Ta viét
r,, =sup{r > 1: w € RH,} biéu thi chi sb t6i han cta w cho diéu kién
Holder ngudc.

Sau d4y, ching toi nhic lai cac két qua quan trong lién quan dén
trong Muckenhoupt (xem [36], [76]).

19



Ménh dé 1.1. i) A:(R") S A, (R™), v6i 1 < & <7 < 0.

ii) Neu w € Ag(R"),1 < & < oo thicd e > 0saocho&—¢>1va
w € Ag_(R").

Ménh dé 1.2. Néu w € A;(R"),1 < & < oo thi vdi bat ki f € L. (R™)
va bat ki hinh cau B C R",

U%' J Fldx < ¢ (ﬁ f |f(x)|€w(x)dx) ;

Ménh @é 1.3. Cho w € A; NRHg, v6i & > 1va § > 1. Khi d6 tén tai hai
hdng sb Cy, Cy > 0 sao cho

EN _ w(E) E\F
(o) s=<G(m)
Bl w(B) B
vdi bdt ki tdp con E do dugc trong hinh cdu B. Pdc biét, véi A > 1 ta ¢é

w(B(xp, AR)) < CA™ w(B(x,,R)).

1.4. Nhom Heisenberg

Ly thuyét vé nhém Heisenberg cé vai trd quan trong trong mot
s6 nganh toan hoc nhu gidi tich diéu hoa, ly thuyét biéu dién, giai
tich phitc, phuong trinh dao ham riéng va co hoc lugng tit (xem [76],
[79]). Trong nhitng nim gan d4y, nhiéu nha toan hoc d4 nghién ctu
toan ti Hardy, toan t& Hardy-Cesaro c6 trong va toan tu Hausdorff
trén nhom Heisenberg (xem [21]], [391, [721, [73], [811, [82], [83]).

Nhém Heisenberg H" 13 tip cac ma trdn cip (n+ 2) x (n + 2) ¢6
dang

R

1 b4
H" = 01, v|, x,y,2€R*"XR ¢,
0 1

o

trong d6, I, 1a ma trin don vi. Trén H" xac dinh quy tic nhan

n
X-y= (X1 T Y1500 Xon T Yon, Xont1 T Yong1 T zz(yixnﬂ - Xfy”+f))’
i=1
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VO X = (X1, .00 Xopy Xons1)s Y = (V1500 Yors Yons1) € R*™ x R. Phan
td don vi 1a 0 € R?" x R va phan ti nghich ddo clia x 1a x™! =

(_xl, ooy —Xop, _x2n+1)'

Nhém Heisenberg H" 14 mét khong gian thudn nhit ki€u Coifman
va Weiss (xem [24]) véi tinh co gian

§,X = (FXq, ey X9y, 72X 5,4 1), VOi moi r > 0.
Khoang cach trén nhém Heisenberg H" dudc xac dinh béi
d(x,y) =1y~ x|y
Cho E € H", ki hiéu |E| 1a d6 do cua tap E. Khi do6
16.(E)| =rQE|, d(5,x)=r%x,

v6i Q = 2n + 2 dudc goi 1a sb chiéu thuin nhét. Ta c6

2n 2 4
x|, = (lez) + X1

i=1
V6i x € H",r > 0, c4c hinh ciu va mit cAu tAm x c6 ban kinh r trén
H" xac dinh bdi
B(x,r)={yeH":d(x,y) <r},
B'(x,r)={y €eH":d(x,y) <r},
S(x,r)={yeH":d(x,y)=r}.
Ta co
B(x, )| = B0, )| = vor<,
6 do, v, la thé tich hinh ciu don vi B(0, 1) trén H" v6i
+1/2prn
_ 27" 1“(2)
F(n+ 1A

VqQ

Mt ciu don vi S(0, 1) thudng dugc ki hiéu Sq-1, va dién tich ctia S,
1a wq =Qvq (xem [79]).
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V6i bét ki tip do dudc Lebesgue E, ki hiéu y, 1a ham dic trung cla
E,va w(E) = fE w(x)dx v6i bat ki ham trong w 13 ham khéng 4m va
kha tich dia phuong trén H". Ki hiéu y;, = yc, Cx = Ui \ Ug_y, 6 d6
U= {x €H": |x|, < 2%} v6i moi k € Z.

Ma tran A = (a;;)2n+1)x(2n+1) €O chuin x4c dinh

|Ax |,

lAll = sup :
xerr\fop 1 X|n
Néu A kha nghich thi ta ¢6 |4 < |det(A™")| < [|a~"|*. Hon nita, tir
|Ax [y < lIAlllx]y, va x|, = |A7Ax]y < IA7H[JAx |, suy ra

||y min {[JA]I1%, A} < JAx|f < lx|y max {[|Al|% A7}, (1.6)

v6i bt ki @ € R va x € H"\ {0}.

Tiép theo, ching t6i nhic lai dinh nghia khong gian £-tAm BMO
ki€u ctia John-Nirenberg trén nhém Heisenberg. D& biét thém thong
tin va tng dung trong giai tich diéu hoa, c6 thé tham khao trong [76].

Pinh nghia 1.10. Cho 1 < g <00, < é va w la ham trong. Khong

gian ¢-tAm BMO 1a CM Oﬁ;q(H”) gbm cacham f € LZ) 1oc(H™) sao cho

1 q
oLy = SU x)— fo To(x)dx |
1 llemotsar Rii(axB(OJa)“%QJ;mﬂ)UT )~ Jusualiel) )

(1.7)
g do,
B 1
Foson = oB0.m)

Ki hiéu CMOZ(H") thay cho CMO%4(H™).

f)w(x)dx.

B(0O,R)
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Chuong 2

UGC LUONG CHUAN CUA TOAN TU HAUSDORFF
THO ¢, o, VA TINH BI CHAN CUA GIAO HOAN TU
2 TREN KHONG GIAN KIEU MORREY-HERZ

Trong chuong nay, ching t6i dua ra diéu kién cin va da cho tinh
bi chdn cta todn ti Hausdorff thé (rough Hausdorff) s o trén céc
khong gian tam Morrey, khong gian Herz, khong gian Morrey-Herz co
trong thuin nhét. Sau dé, ching t6i ¢6 udc luong chuin cda toan ti
Hpq Va két luan méi vé uéce luong chudn cla toan tit Hardy, toan td
Hardy lién hop cho cac khong gian trén véi trong lity thita. Dua ra diéu
kién dt cho tinh bi chin ctia giao hodn ti toan t& Hausdorff thd #2°
v6i biéu trung thude khong gian Lipschitz, trén cac khong gian tim
Morrey, khong gian Herz, khong gian Morrey-Herz c6 hai trong thuin
nhat.

No6i dung ctia chuong nay dua trén bai bao [1] trong danh muc
coéng trinh da cong bb.

2.1. Gi6i thiéu

Nam 2012, Chen, Fan va Li [12] gi6i thiéu mo6t dang khac ctia toan
t& Hausdorff goi la toan t Hausdorff thé. Cho & : R" — C la ham ban
kinh do dudc, ®(x) = ®(|x|) v6i moi x e R",va Q2 :S,_; — C la ham
do dudc sao cho Q(x) # 0 hau khip véi x € S,_;. Toan tit Hausdorff
th6 c6 cong thic

o (x Iyl 3

Hpof (X) = J ———=0(y) f(y)dy, x €R". (2.1)

Rn
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St dung phép ddi bién trong hé toa do cuc, ta c6
Hpaf (X)= J J —Q(y )f (x|t~ yNdo(y )de. (2.2)

Khi chon & va Q thich h(}p, toan tit Hausdorff tho tréd thanh toan tu
Hardy va toan t& Hardy lién hop. Cu thé:
Chon ®(t) = t ™" y(1,00)(t) va 2 =1 ta c6 toan tit Hardy

Hf(x) = fy)dy. (2.3)

1™ )y 1<

Chon ®(t) = y(,1y(t) va 2 =1 ta c6 toan tit Hardy lién hop

%’*f(x)=J RS2 (2.4)
|

yisiel 1Y

Trong [[12], céc tac gid da chiing minh dudc todn tlt 5 g bi chén trén
khong gian LP(R") v6i 1 < p < 00,

®(t)]
2 dt||f [l o e,

1
17 0f s < 1915, )Sasl? f
0

va két luan vé tinh bi chin cta toan t Hardy, toan tit Hardy lién hop

ISp—1l P
- ﬁ”f”LP(]R”) (2.5)

NS Lprry <

|n1|

1" f |y < P £ 1l ey (2.6)

Hon nita, Chen, Fan va Li da nhan théy toan tit Hausdorff thdé tuong
thich tt hon trén khéng gian Hardy kiéu Herz HKS"I’ (R™) va khéng
gian Hardy HP(R") v6i 0 < p < 1. Khi d0, cac tac gia da dat dudc cac
két qua moéi téng quét hon cac két qua da 6 cho toan ti Hardy nhiéu
chiéu cfing nhu toan t&t Hardy lién hop.

Thét tht vi khi thiy ring, 1y thuyét vé cac toan t trung binh Hardy-
Littlewood c¢6 trong, toan tit Hardy-Cesaro va toan tu Hausdorff da
dugce phat trién trong cic bdi canh khac nhau (xem [6], [10], [14],
[15], [671, [84]). Nam 2016, N. M. Chuong, D. V. Duong va H. D.
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Hung [9] da nghién ctu tinh bi chidn cta toan t& Hardy-Cesaro va
giao hoan t ctia né trén khong gian tim Morrey, khong gian Herz
va khong gian Morrey-Herz c6 trong thuin nhét. Tit cac két qua trén,
ching t6i mé roéng cac két qua da biét trong [9], [12] cho toan td
Hausdorff tho va trén cac khong gian ham tong quat hon.

Cho b € Lip?,0 < 8 < 1 1a mot ham do dudc, .4, 1a mot toan ti
nhén xac dinh béi A, f (x) = b(x).f(x) v6i bat ky ham f do dugc.
Néu # 13 mét toan t& tuyén tinh trén cac khong gian ham do dugc,
khi dé giao hoan tit ki€u Coifman-Rochberg-Weiss clia .4}, va # c6
dang

[ My, ] f (x) = (Mp o — F o Mp)f (X).

Nam 1976, R. Coifman, R. Rochberg va G. Weiss [23]] da chitng minh
giao hoan t clia toan tu tich phan ki di Calderén-Zygmund bi chin
trén LY(R") néu va chi néu b € BMO(R"), 1 < q < co. Trong [34] cac
tac gia da nghién cttu giao hoan tit cta toan t& Hardy-Littlewood c¢d
trong trén cac khéng gian Lebesgue. Vé sau, cac tac gia trong [78] da
m6 rong trén khong gian Morrey-Herz. Khi 5 = 5 o, ta c6 giao hoan
tt kiéu Coifman-Rochberg-Weiss clia toan tit Hausdorff thé 1a

AP f (X) = b(X)%%,nf (x) = # o(Df)(x)

J J —my )f (xle™'y") [b00) = b(Jx|t 1 y)] do(y)de. 2.7)

Ung dung ctia ly thuyét vé giao hoan ti c6 déng gbp quan trong
trong nghién cttu tinh chinh quy nghiém cta phuong trinh dao ham
riéng, c6 thé tham khao thém trong [8], [28], [771.

Ly thuyét vé cac toan t&t dang thé nhu toan t cuc dai, toan tit tich
phén ki di, toan ti gia vi phan, toan t& Hardy dong vai trd quan trong
trong giai tich diéu hoa, phuong trinh dao ham riéng va ly thuyét vé
cac khong gian ham (xem [32], [35], [42], [43], [75], [76]). Do do,
viée xult hién 13 tu nhién khi mé réng nghién ciu toan t& Hausdorff
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thé trén mét sb khong gian ham dudc téng quat. C6 mot mbi lién hé
gilia toan t@ tich phén ki di Calder6n-Zygmund va toan t& Hausdorff.
Khi dé, Chen, Dai, Fan va Zhu [11]] da dua ra két qua mai vé tinh bi
chin cta toan tit Hausdorff trén khong gian Lebesgue va khong gian
Hardy. Hy vong, trong thdi gian t6i, thiét 14p dugc mébi lién hé giita
toan tu tich phén ki di dang tho va toan tit Hausdorff.

2.2. Toan tt 5 ;; va 16p trong liy thira

Trong muc nay, ching t6i trinh bay két qua vé diéu kién cn va du
cho tinh bi chdn ctia toan tlit 5  trén cac khong gian c6 trong thuan
nhAt nhu: khong gian tAm Morrey (Pinh 11', khong gian Herz (Pinh
1i[2.2), khéng gian Morrey-Herz (Dinh 1i [2.3).

Pinh 1i 2.1. Cho 1 < q < 00,1+ Aq > 0,A € R,y > —nva Q €
Lq/(Sn—l)-
i) Neu w(x")>c>0vdimoi x' €S, 1 va

et
0

tl+(n+}’)7t ?
\ . o A . A’q n ~
thi 7 q bi chan trén M >1(R"). Hon nita,

||3f<1>,sz||ng(Rn)_>Mi’q(Rn) S ”Q”Lq'(sn_l)'(gl'

ii) Nguoc lai, gid stz Q € LI(S,_;, w(x)do(x") va ® la ham thuc vdi
ddu khéng d6i trén R™. Khi d6 néu . q bi chdn trén M i’q(R”) thi 6; <
00. Hon nita, chung ta co

||Q||zq/(s B
17 0l y7a@n e = — 61
1207 o

ne1,0(x)do(x”))

Chitng minh. i) Truéc hét, ta chting minh diéu kién dd cta Dinh li. T
(2.2) va ap dung bat dang thitc Minkowski, ta cé

“%(I),Qf”]\'/[j;q(mn)
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: ;
w(x)dx)

f U Qﬂ(y Vf(xle™ y )do(y’ )) dt
0 S

1
=sup| ————
R>0 (CU(B(O,R))H_M L(O,R) e

< * 1 |®(t)[1
= w(BOR) 1
R>0 Jg B(O,R) 5

St dung phép ddi bién u = xt?, ta dudc

q q
J Qy")f (xlt ™'y )do(y") w(x)dx) dt.
Sn1

| |%<I>,Qf ”Miq (R™)

* 1@(0)| 1
< sup Y_n T hrA DV1+tAG
R>0 Jq tl_E_E B(0,t"1R) CD(B(O,R))1+ 4

Ap dung b4t déng thitc Holder ta c6

1
q 2

w(u)du) q dt.

J Q(y)f (lulydo(y")
Sut

f Qf (lulyHdo(y)
Sn

-
< ( If(luly’)lqda(y’))
Js.

U Iﬂ(y’)lq/dG(y’))
Sn-

Q=

[ q
= (J If(IUIy’)quG(y/)) 120 sy (2.8)
Sn—l
Khi do, suy ra
*1e(0)|
”%tb,ﬂf”]\'/[i’q(ﬂgn) =< ”QHLQ’(Sn_l) sup T nq}(t R)dt (2.9)
R>0 0 t q q

1
86 W(e,R) 1= ( [0, 1y sy s, | F(lyIPdo () w(wdu).
bat u = rx’, st dung diéu kién w(x’) > ¢ > 0 v6i moi x’ €S,_;, ta ¢

¥(t,R)

:(w(B(O R))”MJ J U f ('r’“"«v')'ng(y’)) w(rx’)do(x/)r”—ldr)
(5,20 e ([ eyoraonn |ar )
= w o, (B(O’R))H-Aq JO r anil ry oy r

1 1 R [ q
Sw(sn_l)q(w(B(O,R))Hq f prent (J If(ry’)lqw(y’)do(y’))dr)

0 Sn-1

1
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1
q

If(X)Iqw(X)dX) : (2.10)

L 1
sw@Hﬁ( f
w(B(0,R))1 % B(0,t71R)

Mait khac,

w(B(0,t7'R)) = J

w(z)dz = J =0 e(y)dy =t ew(B(0,R),
B(0,t7!R) B(0,R)
vl vay

1 1
O)(B(O’R))H-)Lq o t(y+n)(1+7tq)w(B(0, t—lR))l—i-?Lq :
Khi dé tu (2.9), (2.10) va (2.11), ta dudc
3 > je)l
10 0f iy = WUiss, Ly | - i dtlf luzoen

S Qs - Crllf e en-
( n 1) w ( )

(2.11)

ii) Tiép theo, ta chiing minh diéu kién cin ctia Dinh li. Gia st Hp q
bi chin trén M c’}q(R"). Ta chon ham

/ — X
£(x) = |x|" Qx| 2 Q(x), véix' = —

x|’
Khi do
1 1 g2y
1
1 i /

= sup |oc| A ) |4 2P| o (o ) x

R>0 (w(B(O,R))HM JB(oR)
= sup ! r‘ || 29| Q) |7 e (x)d x _

r>0 \ w(B(0,R))1+* JB(O,R)

Viy > —n, nén c¢6 w(B(0,R)) = i’j;w(sn_l) va

f x| M) e (o)d x
B(0O,R)

R
:J J |7 x! |29 Qx| w(rx ) r" o (x)dr
0 Sn—l
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R
— (J r(n+Y)(1+lq)—1dr) (J
0 S

ROH)(1+2g)
),

T A+ AQ) " s et)do ()

IQ(X’)Iq/w(x’)dG(X’))

n—1

Suy ra

ILF Il ( Ny )A ! ! -2 IIq
- = , , <X
M, (R") (S, 1) (1 +/1q)5 (Sn—l)q L9 (S,_1,0(x")do(x))

Tit viéc chon ham f & trén, ta ¢

«%,Qf(X)=J U Qﬂ(y )f (xle~ty)do (y’ ))
0 S

n—1

=J U ()n(y)||x|t—1'
0 S

n—1

© o(t ,
= |x|("+mf %t_(”m (J 120y da(y/)) dt
0 Snfl

o0
= el J o)
0

(n+y)A

|sz(y')|q’—25(y')do(y’)) dt

Ld (S, tl—l—(n—{—y)l

Tu do

* o)l
. q (n+y)A —
1 0 lygzagany = N9 o I ] JO vt

Mt Khdc, v 1 lyingey = 1021, 5. ooy <O
nén

1y ol  1af i
.0 Mi,q R™ _)Mi,q R =
(RM)—M (") ||f||.lq(Rn)

q
N ” lives, J“’ [@(0)]

t1+(n+)f))\
122 || ‘

L9 (S,_1,00(x")do(x))

binh li dudc chitng minh.
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Pinh1i2.2. Cho 1<p,q<o0,a €R,y eRva Qe LI(S,_,).
i) Néu w(x’) > ¢ > 0véimoi x' €S,_, va

; i chd 5n K OP-4(RM T
thi 7 o bi chan trén K2P4(R"). Hon nita,

||,%,”q>’ﬂ | |Kg,p,q(Rn)_,Kg,p,q(Rn) < ||Q||Lq/(5n71). G,.

ii) Ngugc lai, gid st © € LI(S, 1, w(x)do(x") va ® la ham thuc ¢6
ddu khéng déi trén R". Khi d6 néu 7 q bi chdn trén K%PI(R") thi
6, < 00. Hon nita, chung ta co

e,

Lq (Sn 1)

||%¢’Q ”Kf)’p’q(R”)—Kg’P’q(R") > 7 .6,

e,

L9 (Sy_1,00(x)do(x))

Chitng minh. i) Trude hét, ta chiing minh diéu kién dd cta binh li. Ap
dung bat dang thitc Minkowski cting phép d6i bién u = xt !, ta dugc

||%¢,Qflk||Li(R")

[ 1 a
< 2 ( J J Q0y)f (e y )do(y) w(x)dx) e
Jo t C |VS,-1
[ 1 a
2t ( J J Q2 )f (uly)do(y") w(u)du) a.
Jo t 9 a LGk [V Sun
(2.12)

Ap dung bat dflng thtc Holder nhu (2.8) va (2.12), suy ra

|5 of 2illLe &

e
o t'TdTa e, S

|2(t)]
SHQ”Lq’(Snl)f 1 Y nf(t) adt,
o t

1
4 q

If(Iuly’)quG(y/)) 190l s, y| wdu | dt

n—1
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G do, #(¢t) := f%Ck (fsn_l |f(|u|y/)|qd0(y’)) w(u)du. batu = rx’ va

stt dung diéu kién w(x’) > ¢ > 0 v6i moi x’ € S,,_,, ta dudc

L) = J J U If(Irx’ly’)quo(y’)) do(xNew(rx)r"dr
2C IS \YS
= w(S,-1) J iy U |f (ry’)lqda(y’)) dr
Gy Sn-1
SJ rn—1+y (J
1Cy S

Suy ra

n—1

If(ry’)lqco(y’)do(y’)) dr = 11f 216,10 gy

()]
15 0f 2elly oy < ||ﬂ||qu(sn_1>J ol i iz dt
0o t

V6i mébi t € (0,00), ta tim sb nguyén £ = £(¢) sao cho 2{1 < % < 2L,
Khi do %Ck la tp con cta Cj,y_; U Ciy. Do viy

1f 21 Mgy = f el ey + 1 Herellzg -
Tu do
”%@,QkaHLi(]R”

* @0
SN s y = U Here—1llzeny + f Xgellpo ey ) dt. (2.13)
( n 1) 1—

o t

V6i1l<p<oo,tacd

o=

15 of llgzragan = (Z 2|y 0 f OGOy )

k=—

o0 o0
|2(¢t)
5 ”Q“Lq’(snl)J 1_I_n
o t a a

P
P
Z 2kap (||ka+£—1||Li(JR")+”ka“”LZ’(Rn)) ) a

k=—00

T 27 < 1 < 2!, din dén

) .
p
(Z 25 (|1 gierelligcan + If Zirellzg ) )

k=—00
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1
p

1
00 p 0
< ( D 2PUf el (Rn)) + ( D 2PN el (Rn))
k=—o00

k=—00

1 —a
<@ g 3 (7)o

Do vay,

3 *|a(0)
0 ey S 190sets, | - 5oz W oy
0 a q

ii) Tiép theo, ta chitng minh diéu kién cin cia binh li. V6i m € Z ta
chon m du 16n sao cho a + zim # 0. Ta chon ham

0, néu |x| < 1,

fm(x): Y

— n_ 1 / —_ 4
lx| T2 Q)| 2Q(x’), néu |x| > 1.

Lap luan tuong tu nhu [9], ta c6 thé chitng minh ring f,, € Kg’P’q(R“).
That vay,

| fm Xl (rny < (J
C
1

[ /
< ( J |r’| 7247 e | x)|90 1)cu(rx’)r”1d(7(x’)dr)
J Ck Sn—l

-
< r—aq—Zim—l
JC S
4
q

< [ —aq—gw—14
~ e RN oty
Je,

1
q

. a
co(x)dx)

|sz(x’)|q(q’1>w(x’)do(x’)) dr) q

-1

=

Q=

/

q(zim—i-a) _ d
q

(L
— 9~ k(gw+a) m 12|
2m

RO rang vi k < 0, thi ||, xkll12 gy = 0. Do do,

00 ’
k
[ fmllicgracmny = ( 2.2 ap||fm"k”iz)(ﬂm)

k=—00

L9 (S, ,,w(x)do(x")
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1 p
%0 aGGr+a) _ 7 |a /
< | Y2 | 2 22—
= (57 +a)q LY (Sy1,00(x)do(x"))
2tlgm+a) _1le ¢ 00 >
S el [ Sk (2
(2—m+a)q o(xNdo(x el

|=

1
2q(2—m+a) — 119 q o r p
<= I, _— D27 | <oo.
(z_m + a)q LI(S,_1,0(x)do(x")) —

Khi do, ta dudc

0, 1 néu |x| <1,

®(t) N\Ig’ / A

< Jyo (J5, TP 100 do () ) e, néu fx| =1,

3 do, S(x) = {% € (0,00) : ||x|t™1y’| > 1}. Vbi k € Z sao cho k > 1,
chon

1 L1
Se=17€(0.00): 712 o 1

Day {S;}i-o ting dan va tién vé (0,00). Bay gio chon 1 < m < k. Khi
dé, v6i moi x € C, ton tai tdp con do dudc A cia (0,00) véi |A| = 0
sao cho

S(x)> S, \A
Mit khéc, vi v6i mbi k < 0 thi Hs 0fmXx =0 néntaco

”%@,QmekHLZ)(R”)

[ _q—Y_n__1 ¢(t) Nia’ / '
= x| ¢ ¢ 2" mlﬂ(}/ )quc(y) dt| w(x)dx

J S \WJs, t7 @ @ 2"
[ et |2(0)| Nt Y

x| () =100 do(y") | dt | dx
JCk Sm Spp b1 d 2m

#l;)al_ldt) (J |x|—aq—Y—n—2qmw(x)dx)q (f
om G s

|®(t)] ’
ﬁdt'||f,,/1Xk||LZ)(R”)'”Q”q

_____ a— Lq/ (Sn—l)’

q

v

|V
—_— .
—
3
H»—\

Iﬂ(y’)lq'da(y’))

n—1
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0, néu |x| < 1,

n_ 1 ,
¢ ¢ 2" neul|x|>1.

Ta thiy ring, £, xrm o)l &ry = 0 v6i moi k < 0. Vi thé

||%¢,Qf m | | KSPIRY)

1
o0 p £
|&(t)] ’
> ( Z kap (J 1_1_E_a_Ldt”f,;%k”Li(R")” ||iq 5.
=—00 S, t a4 2m
1
S g |®(t)]
q ok
> || ||Lq(5 (Z P f! Xk||Lq(Rn) (JS tl—g—ﬁ—a—%mdt

1
P~ L
00 2q(2im+a)_1 g \”
—kp(L
> |02 ”iq(s | szapz kp(Gm+a) - 6,(m)
E D W (= +a)q
1
2q(2+n+a)_1 q
q —_——
27 om 2" ——| 6,(m),
> 90, | (Z ) Traa | “™

G do, 6,(m) := fs %dt. Tl viée 6 (, bi chan trén K%P4(R"),
mt 9 9 2m
suy ra

|5 o fmlliepa@m
| finll 2P o gy

1
m X kp P
q —_—— —_——
2 2m 2 2m
[T (kgo )

| | ,}fq)’ﬂ | |Kg,p,q (RM)—K2PA(RN) >

1
2q(2—m+a)_1 q

2Lm+a)q %Z(m)
> 1
2|y Sa )

(gm+a)q LY (S, p,0(xNdo(x) \ b

q
L T R S O T
- ) 1-L-n gL 77"
S, t 2

12 ||q mto
L (81,0 N0 ()

34



Khi m — oo, ap dung dinh Ii hoi tu bi chdn Lebesgue ta dudc

q/
||QIILq/(Sn_1) ‘JOO 1®(¢)| "
0

17 allkeramny—kerimm * —

1206 o
n-1,0(x")do(x"))

binh li dudc chting minh. ]

Pinh 1i 2.3. Cho 0 < p < 00,1 £ g < oo,a € R,y € R,A > 0 va
QeLi(S, )
i) Néu w(x’)>c¢>0véimoi x' €8S, va

o0
P(t
chZJ —1| (0] dt < oo,
o t

—L_24%—a
q 9
3 ! 5 5 : a’k)p7q n 'r
thi 7 q bi chan trén MK2*P1(R"). Hon niia,

”%@,Q”MKZ’M’(Z(R”) 5 ”Q”Lq’(sn_l)-(g?r

ii) Nguoc lai, gid st Q € LI(S, 1, w(x)do(x"), ® la ham thuc véi
ddu khong doi trén R™. Khi d6 néu Hp.q bi chdn trén M KS’A’P’Q(R”) thi
%653 < 00. Hon nita, chung ta co

el
n—1

”%{),Q||MKg’l’P’q(]Rn)_,MKg:A,P"I(]Rn) Z o .(gg.

120/ s o rdoie
n-1,0(x")do(x"))

Chitng minh. i) Truéc hét, ta ching minh diéu kién dd cta Dinh li. T

(2.13) ta dudc

”%(I),QkaHLZ)(]R")

0
|(t))]
S ||Q||Lq'(5n_l)f tl_T (”ka-l—E—l”LZ,(R”) + ||ka+e||Li(Rn)) dt.
0 q q

Truong hop 1: Vi1 <p < o0

ko g
— —koA k p
||%¢.’Qf||MKZ,A,p,q(Rn) = ]i}i%z 0 (kZ 2 aP||ﬁ¢,ﬂf(X)Xk(x)|lLi(Rn))
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1

Y . * Je(0) 7\’
Ssup2Rt | Y 2 I90es, | n(llka+e g amy + 1 Hasellisgeny ) dt
t

kOGZ k=—00

* |<I)(t)| —ka & kap p ’
Sl en s :116122 0 Z 2 (||ka+¢—1||Lg,(Rn) + ||ka+€||L§)(]R”)) dt
0

k=—00

Mat khac,

1
ko };
_ p
sup 2% ( Z 2kap (||ka+€flllLi(R”)+ ||ka+€||LZ,(]R”)) )

ko€Z k=—00

1 1
ko P ko g
Y kap P —ko2 kap P
< 2:16122 0 (kZOOZ ||ka+e—1||LgJ(Rn)) +Z‘:16122 ’ (k;ooz ”ka""e”LZ,(R"))
A—a
L(A—

S 27N f llygarnagny S (?) U Nasioacemy-

Do vay,
e 1\

||3£0¢’Qf”MKg,&p,q(Rn) S ”Q”Lq’(snﬂ) -tz | ¢ ”f”MKZ’A’p’q(R")dt
o t 9 «g

00
|@(0)]
N ”Q”Lq’(snl)-JO tl_g_ﬁ_”t_adt'”f”MKZ’A’p’q(]Ri”)'

Truong hgp 2: V6i 0 < p < 1. Tt dinh nghia khong gian Morrey-Herz
cé trong ta cb
k(A—
1 s ey < 254N | panongany
7, . ’, ,A’ R 2% A J4

V6i moi f € MK2*P9(R"), bdi (2.13) nén ta c6

= o) DO
|5 of 2icllLe@my S ”Q”Lq’(gn_l)J 1 Z QU+ a)||f||MKg,A,p,q(Rn) dt,

o t ¢ i=-1,0

v6i moi k € Z. Do vay;,

170 0f ey = sup 27 ZzkapnmQf(xmanq(Rn

S 19005, l1f lggesagan- sup 2™

koE€Z

x i 2kap (J |;I>(Y‘L—)!1 ( Z 2(k+€+1)(l a)) dt )

k=—00 i=—1,0

o=

36



T 2671 < % <2va A > 0. Tacé uéc luong

. 1\ .
(k+H+i)(A—a) < | — k(A—a) i(A—a)
> 2 < (J 2 ) 20,

i=—1,0 i=—1,0
Do do,

||e%’q>,gf | MK&MPIRN)

k
Sl « WF Il o su 20: o (k—ko)Ap rmﬂdt Z 9i—a)
ST T ’p’q<R">ko£ 5 1-I-1i3—q

=—00

Jo t i=—1,0

1
ko P [ o0
37 gt ( —lf)(nt)L dt)
o€ oo JO tl—a_g‘f' —a

S ”Q”Lq’(sn_l)“f||MI'<Z’7L’p’q(R”) :up
Z
- e
SN, | T I gereagn-
0 t q q

(ii) Tiép theo, ta chitng minh diéu kién cin ctia Dinh li. Gia st Hp0
bi chdn trén MK%*P4(R™). Khi d6, ta chon ham

£O0) = x| 7 ()19 20(x).

Ta co
i —a—L-_24) / 9 =, 7 a
I1f il oo ey = [[xc] ™ o a7 Q) x| Teo(x)d x
JRrn
- 1
[ ) q
= ( f r %A QN9 Y w(x)r do (x)dr
[ —aq+Ag—1 ANT 4 / /
= ro 4T dr Q(x)? w(xNdo(x")
J Ck Sn—l
\ ¢
— r—aq—i—kq—ldr ||Q||q/ / /
Je, L (S, 1,0(x)do(x")
i 7
In2.||Q| ¢, , neu a = A,
_ 19 (Sp-1.0(x)do (x')
= q
k(A—a) | 1=2790—) |4 T
2 =) ||Q||Lq/(sn_1,w(x,)d0(x,)), neu a # A
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Vi thé,

ko »
I laggoongany = Sup 27 | 3 25PIIF el
0o&Z k=—00
ko
S 12 ||qu Srroloe)] e122 k;oo okap (2k(x—a))p
ko )
S 2 ||qu 5. (o) zug;z Z 2K | < 0.

Mait khac, ta cling co6

%)cp,nf(x):f U Qﬁ(y )f(IXItly’)dO(y’)) dt
S

0 n—1

—g-L_n m)¢(t) arlan_ Ia! ,
= I Aj P i AU 201 doty ))dt
0 Sn—l

* P(t
— xR ), J ORI
t

L9 (S,-1) 1—§—§+A—a

Tit d6, din dén

o
—a—I-142 d(t)
”%q, Qf”MKalpq(]R") ol |||X| ”MKaqu(]R") ”Q”Lq s 1)J mdt.
Vi vay
10l o5 ol luggragen
$,Q T LMD () _y M SAP A (eny
M EDPMETRED T f gty
o0 d(t — —Z—E-i-k
> fo t'a Y(")“ 2t ”Q”(iq (Sn- 1)”|X| T laiceagany
q —a————
€2 IILq 6. oindoanX IIMKam(Rn)
e, 00
L9(S,_ ®(t)
> OO J o,
jal’, o T
L9 (S, 00(x)do(x))
binh li dudc chttng minh. O
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Nhén xét rang, néu w(x) = |x|" thi ta 6 w(x’) = 1 v6i moi x’ €
S,_1. Tt do suy ra

i, .
n—1

= ”Q”Lq’(sn_l)-

¢
1205 s oot
n—l’w(x )dO'(X ))
Nhu 13 c4c trudng hop dic biét ctia Pinh 1i Dinh 1i[2.2]va Dinh li
2.3|ta nh4n dudc cac hé qua vé udce luong chuin cla todn tl Hp o trén

cac khong gian ham co6 trong liiy thtta nhu: khong gian tdm Morrey
(Hé qua 2.1), khong gian Herz (Hé qua [2.2), khong gian Morrey-Herz
(Hé qua[2.3).

Hé qua2.1. Cho1<q<o00,14+A¢>0va AR Gidst Qe LI (S, 1),
w(x) = |x|" véiy > —nva & la ham bdn kinh khéng dm. Khi do, 5¢; q
bi chdn trén M Z};q (R™) néu va chi néu

© (e
(gl'lzj Ldt<oo
0

t1+(n+}f)l
Hon nﬁ’a, ||%¢,Q”Mi,Q(Rn)_)MZ:,Q(Rn) ~ ||Q||Lq/(5n_1)'(gl-1'

Hé qua [2.1/1a mé rong va cang cb lai cac két qua ¢ trong [12].

Hé qua 2.2. Cho 1 < p,gq <oo,a €R, Q € LI(S, ;) va w(x) = |x|"
véi y € R. Gid st ® la ham bdn kinh khéng dm. Khi d6, # g bi chan
trén Kg’p’q(R”) néu va chi néu

Hon n&a,||%¢’Q||Kg,P,Q(Rn)_>Kg’P’Q(Rn) &~ ||Q||Lq/(sn_1).<52‘1.

Mit khac, vi Kl‘j‘/p’p(R“) = LP(|x|*dx) nén Hé qua [2.2[1a md rong
cta Dinh i 3.1 trong [12] trén khong gian Lebesgue v6i trong liiy thia.

Hé qua 2.3. Cho0 <p <o00,1 <g<oo,a €R,y €Rva A > 0. Gid
st Qe LY(S, 1), w(x)=|x|" va ® la ham bdn kinh khéng dm. Khi dd,
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.o bi chdn trén MK®*P4(R") néu va chi néu

o a(t)
631 = ——dt < 0.
. 1
o t

—LI_24)—a
q q
Hon Tlfl’a,||%¢,Q||MKg,l,p,q(Rn)_)ng,&p,q(Rn) ~ ||Q||Lq’(5n_1)-(63.1'

Dic biét, ching t6i dat dudc két ludn méi vé bt ddng thite cho toan
ttt Hardy va toan t&t Hardy lién hop nhiéu chiéu 13 mé réng cac két qua
ctua Christ va Grafakos trong [13], trén cac khéng gian c6 trong liy
thirta nhu: khong gian tAm Morrey (Hé qué[2.4), khong gian Herz (Hé

qua [2.5)), khoéng gian Morrey-Herz (Hé qua [2.6)).

Hé qua 2.4. Cho 1 < g < 00,1+ Ag > 0,1 € R, va w(x) = |x|" vdi
y > —n. Khi d6, todn tit Hardy bi chdn trén M i’q(R”) néu va chi néu

1
61.2 :Jl mdt < 00.

Hon nita, || 7 ||z gny_yhaqany = G1.o- Ttiong tu, todn ti Hardy lién hop
bi chn trén MM(R™) néu va chi néu

L |
(61.3=f0 mdt < Q.

Hon TlleCl, ||%*||M£’q(IR”)—>M£’q(R") =~ (61.3'

Hé qua 2.5. Cho 1 < p,q < 00,a € R va w(x) = |x|" vdi y € R. Khi
dd, todn tit Hardy bi chan trén K&P4(R") néu va chi néu

Hon nita, || ||g=pagn)—iepagn) = 6. Tuong tu, todn tir Hardy lién
hgp bi chdn trén Kg’p’q(IR{”) néu va chi néu

Hon nita, ||3f*||Kg,p,q(Rn)_)Kz,p,q(Rn) ~ 6, 3.
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Hé qua 2.6. Cho 0 < p < 00,1 <g<oo,a € R,y €R, A > 0va
w(x) = |x|". Khi dé, todn tit Hardy bi chdn trén MKg’k’p’q(R”) néu va
chi néu

> 1
%S’ZZJ T‘H—l—x—ﬂ-i-l—adt < 0Q.
1 t q q

Hon niia, ta c6 |||y garragny_pgarragny = 6s2. TuONg tu, todn tur
Hardy lién hgp bi chan trén M Kg”l’?’q(R”) néu va chi néu

! 1
(63‘3=J‘ —1—1—E+X—adt < 0Q.
ot q q

Hon Tlfl’a, ta CO, ||%*||MKZ,A,p,q(Rn)_)MKZ,l,p,q(Rn) ~ (1903_3.

2.3. Giao hoan ti #?_ va 16p trong thuan nhat

Trong muc nay, ching t6i dua ra diéu kién dua cho tinh bi chin clia
giao hoan ti %qf’ q VOi biéu trung thudc khong gian Lipschitz, trén cac
khong gian c6 hai trong thuin nhét nhu: khéng gian tim Morrey (Dinh
1i 2.4), khong gian Herz (Dinh 1i[2.5]), khong gian Morrey-Herz (Dinh
1i[2.6).

7 Trudc khi trinh bay két qua chinh cia muc nay, chiing t6i dua ra bat
dang thic sau
|b(x) = b(Ix |t~ y ) < 1Bl ppe-lle = |x |t y |1
< |Ibllyipe-IxP(1+ 7P, Ve >0, y €S, 1. (2.14)

Pinh li 2.4. Cho 1 < q < o0, Q € LP(S,_,) va b € LipP(R") véi
0< B <1Gidstv,weW,y>-nvawx’')=c>0vdi moi

X/ESn_l.Néu7Ll=7L—nﬁ—_|i,>0VC‘l

|[2(¢)]

(@]
(54 =J
0 (ST (] 4 p1)p

dt < oo,
thi #), bi chn tit M}19(R™) dén M7-3(R™).
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Chitng minh. Véi x € B(O,R), ta c6 |x|f < |B(0,R)|§ va v(B(0,R)) ~

nt A 2 A \ 7, .
IB(O,R)lTy v6i moi y > —n. Tu két qua trén va (2.14), v6i moi f €
M 31;q(IR{”) ta co

b
%Zp,nf

1
[Nl : J q b |
A n = Sup L *
2,07 M SR — 208 v(B(0,R)) 7 B(O,R)

< 1Bl 5ips sU ! ) Lt)ﬂ( Nf Uxle™y")
=< LlpﬁR>Ig V(B(O’R))pﬂlq som |Jo Js, t(l—i—t_l)_ﬁ y Yy

q q
x |x|/3d0(y’)dt‘ w(x)dx)

1
S NIbllpipe sup | ————-
>0 \ VBO,RNM Jpor)

1

X da(y’)dt‘q co(x)dx) ‘ ,

2 onraetyy
o Js,, t(1+t71)7F Y Y

ddo A, =A— %. Ap dung bét dang thitc Minkowski va phép d6i
bién u = xt !, ta dugc

> e(0)
10 lzsgaey S 1Bl sup f
0

X
R>0 t(l + t_l)_ﬁ
1 ’ '
X [ ———— Q(y)f (Ix[t7'yNdo(y")| w(x)dx | dt
v(B(0,R)M JB(O,R) Ln1
o0
(1)
S bl gips SUPJ 1_1_n
R>0 Jo ¢t a a(1+4t"1)F
1 ’ '
X | ———— Q(y)f (lulyNdo(y)| w@du | dt.
v(B(0,R))™ L(o,th) Jnl
Tu (2.8), suy ra
|5 of 1|20y S 11D Lipe 121, SUPJOO 20 Z(t)dt, (2.15)
) Myd(®RM) ip LP'(S,-1) R>0 J, tl—g—g(l_‘_t_l)—ﬁ

846 7(6) = (s Jaoem (Js, 1f (uly)1ido(y)) w(du ).
Dit u = rx’. Khi do ta c6

1 q
F)=| -
() (V(B(O,R))ll JB(O,R) Ln—l (Ln—l

If(lrx’ly’)lqda(y/)) dU(x')w(rx’)r”‘ld’”)
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_ 5 1 +n—1 / / ‘
= w(S,1) (—V(B(O,RDAI o US £ Urlylido(y ))dr)

. a
< |- rn-1 Nlad N ld . 2.16
N (v(B(O,R))% B(O’R)r (Ll |f(lrly)Iido(y )) r) (2.16)

Chl y rang, ;oo = mmaeomyr [ @15), @.16) va dieu

kién w(x’) > ¢ > 0véimoi x’ €S,_4, ta dudc

|B(t)| ( 1
(R (4 )8 LT Ty(B(0, ¢ IR)M

. J =t ( J If(lrly’)lqw(y’)da(y’)) dr) dt
B(0,t"'R) S, 1

* |2(t)] 1
S ||b||Lipﬁ||Q||Lp’(sn,1)
0

B(O,t_ R) Sn 1

p

t1+(Y+n)Tl(1 + t—l)_ﬁ R>0
S ”b”Lipﬁ'”Q”Lp’(sn1)'J
0

00
5 ”b”Lipﬁ “Q”LP/(Sn,l) Sulgf
R> 0

If(lrly')lqw(y')da(y’)) dr) dt

” |2(0)|
A1—1
T (14 1)

AN llyasgeoy

binh li dudc chitng minh. ]

Pinh 1li 2.5. Cho 1 < p,q < 00, 2 € LY(S, ;) va b € LipP(R") véi
0<pB<1Gidstv,oeW,y>-nvawkx')>c>0véi moi
x' €S, 1. Neua;=a,+ nn—fy va

6. ——J Ol dt < oo
5 n ’
0 tl—g—;—al(l‘f‘%)(l | t_]')_ﬁ

thi L, bi chdn tir K®:P4(R") dén K&2P4(R™).

Chitng ’,nin},l' Cho f € KjvP4(R"). V6i bat ky k € Z, tu (2.14) va ap
dung bat dang thitc Minkowski, ta co

||3f£gflk||Lg(Rn)
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:(J J f _Q(y N (xlety") (b0 = bllx|t 1 y")) do(y)de
C

*© d
(J f f | (tt)|Q(y/)f(| |t_1 /)”b”Llpﬁlx|/3(1 + t—l)ﬁdo'(_y )dt
Ce |JO St

q q
S bl gipe ( w(x)dx)
SIIbIILipﬁL %(L L Q(y)f (xle™ y)IxPdo(y)

co(x)dx) dt
<||b||Llpf5| Kln J t(llfil;)J) —B (J
Cr

St dung phép d6i bién u = xt~! va (2.8), din dén

IA

|2(2)|

RCET ——— =) (IxIt™ Y x[Pdo(y)de

q

f Qyf (Ixle™ yDdo(y)
S

n—1

b
||%¢,Qf)(k“LZ,(R”)

e [ |@(t)|
S N1bllzips Bl f o
0 a(1+t~ 1) p Ck

3 [P e s
~ “bHLipﬁ||Q||Lq’(5n71)|Bk|" ) 1 _n (f(tn w))q dt
0

(14 t71)P

5 , o [8(0))
S bl 21, Bl | = —If 226l dt
0

q 7
w(u)du) dt

f QO )f (lulyHdo(y")
Sn-1

n—

(1 xicre-rlligan + 1IF Zerellig m ) dt,
(2.17)

648, #(t,0) 1= [1 ([ 1f(uly)ldo(y)) elw)du va £ = €(2)

1a s6 nguyén sao cho 2¢ ~ t~1. Ap dung bit ddng thitc Minkowski v6i
1<p<oo,taco

s [
S0l 12, olBel* |
0

N :
14
172 o f liczpagem = ( > vBY AL of 1l (Rn)
k=—o00
o0
P
SUblipe Qs ( D V(B x
k=—00
00 p
! HGI
X |Bk|”J _I_= (||ka+€—1||Lg)(]R”)+||ka+€”LZ)(R”))dt
o t 4 a(1+¢71)7B
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co(x)dx)

: ;
co(x)dx)

q q
w(x)dx) dt.

1
p



< 1l 19205, J 001 AN gy,
= Jo B

1
% 27 ~ P B p\°
0do A := ( > VBBl P (IIf xese-1llig @ + If Zrelliozn) ) :

k=—00

Hon ntra,

1

. P ;
B < ( D VBBl If e 1||L(1(Rn) + ( 3 VBB fo”Lq(Rn)
k=—00 k=-o00

Tu B6 dé (1.1} do Bl 13 mot hing sb ta suy ra

V(Bk)””
v(B .
& — 2—(Z+1)(H+Y)’ i=-1,0. (2.18)
V(B4
V01a1—a2+%va2£~t ta co
o Croveo \E( B )
P v Bk n Bk "
B < VBirt— 1) Zirt1lPe o (—) —
(k—zoo +1 HTE V(Bire-1) V(B

B

o "B )— B )"
B 9 mn — =
- (kZOOV( ko) ||ka+e||L <R )) (V(BkJrZ) (V(Bk)m)

Otl a1
v(B n v(B 'y B n
<(( (B ) o (B ) B )
V(Bk+£—1) V(Bk+£) v(Bk)w ’
(t-Day (1+1) —lay (141) 1 ~(1+3)
$ (200D @O Il 5 (1) W ke

Do vay,

=

b
“%@’Qf ”I{'Zﬁ)’p’q(R")

~ ipP q/ Kv‘:ll’p’q R" t
k Lip LY(S,-1) 1_ _q ( ¢ 1) B o (R")

_ > |®(t)]
~ ||b||Lipﬁ-||Q||L4’(Sn,1)' 1_1

t. ”f ||K3$P,Q(Rn).

o i) 4 em1yop

Dinh 1i dugc chitng minh. O
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Pinh 1i 2.6. Cho 0 < p < 00,1 < g <00, Q€ LI(S, 1), A>0vabe
LipP(RMv6i 0 < B < 1. Gid sit v, w € W, v >-nvawx)=c>0

7, . . / A _ nﬁ \
voimoi x' € S,,_;. Neu oy = a, + oy
o0
[2(0)
(56 = J — ” dt < oo,
0 tl—a-g-ﬁ-(l—al)(l-i'r—l)(l + t_l)_ﬁ

thi 7, bi chan tit MKZ1,P(R™) dén MKz -PA(R™).

Chitng minh. Tuong tu nhu Dinh 1i uéce lugng cho ta xét
hai truong hagp.

Trudng hop 1: V6i 1 < p < oo. Ap dung bit ding thitc Minkowski, BS
dé[1.1]va @.18) ta ¢

b
| | ‘%q;’gf | | MKffo’A’p’q (R")
ko

_2 2 B
S 1l 1924, SUP (v(Bko) n (Z V(B (1Bl
0EZ

k=—00

1
p

00 p

|2(0))|

x| —= (I1f el oy + 11f Zrsell iy ) dt
o t o a(l4+t71)F

3 >0 EG] —
SbllzipelQAl s, — Adt,
0 q

G do,

ko 13
— _2 P 2 p
% := sup (v(Bko) n (Z v(B (1Bel® (I1f iremlliggen + If Zirelliggan) ) ) )

ko€Z [ A—

va £ = £(t) 12 mot sb nguyén sao cho 2¢ ~ ¢, Khi d6

ko 3
— _2 2
B < supv(By) (Z v(BkH1>aln||ka+“||§m) x

kOEZ k=—o00

R AR

Vv n

X (—k) —kn + sup v(BkO)_%x
V(Bjt-1) v(B)w ko7
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B
n

k > N
: P v(Br) \ * | By |
X Z V(Bk+£)al n ||ka+£ ||ig)(Rn) ( ) (—n

s V(Brte) V(B )mr

4 a B
20 )y ()
< ((V(Bk—Ml) + V(Bk+£) ) (V(Bk)#) ”f”MKff}u PR

5 2€A(I+£) (2—(E—1)a1(1+£) +2—€a1(1+£)) ”f”

1 (A—ap)(1+1)
< | —
<(5) 16 lyenoncon

Suy ra

MESLPI (R

|| Qf”MKOQAPq(Rn)
0 A—ay) 1+1)
a(t 1\ A-a)(1+
< ||b||Lipﬁ||ﬂ||qu(sn_l)J = o) (—) T
0 (14

S blzips 12 s )JOO _ |<1>(t3|
], tl—a—;+(A—a1)(1+;)(1+t_l)_ﬁ

Truong hop 2: V6i0 < p < 1. Tacod

”f “MI'(Z({;LP"I(Rn)d t.

Amay N k+0+i ;lz
I Hicresillisceny < VBrres) ™ VB v | D VB I il

j=—o00
Aay .
S V(Bk-}—ﬂ-i'l) n ”f”MK‘?};A’p’q(R")’ 1= _1,0.

Két hop diéu nay véi (2.17) ta nhan dugc

b
| |‘%<I)’Qf ”MK‘Z?O’A’P"I (R")

_2
S 2 Wbl Il s, I g osgany S0P (v(B) ™
0

i=—1,0
1
k() o0 p ;
- j@(0)] 1y
x (Z V(B [By | ( f o V(Biges)  dt
k=—o0 0 a (1+t 1)ﬁ
1
SN L0 '
S D blluipe 190w s, I |y aoa g, SUP f n gdt| |,
1':211,0 ip (Sn-1) MK, % (R)koez k;oo o tl_g_a(l-l—t_l)_ﬁ

9 7 _A x2 E Az
(o} dO, T = V(Bko) ”V(Bk) n |Bk| "V(Bk+€+i n
k <k, taco

A—ap)(1+L
< 2(k—k0)(1+£)k (1)( o) (1+1) .

t

47



Suy ra

| | %)cpb,gf | |MK“/’2J’7L:P,Q (Rn)

o=

> |@(t)
_YX_n A— 1+I) dt
0 tl g g a)( (14 t_l)_ﬁ

< JOO |<I>(f)| dt ”f”
=~ " . 51D, rrony .
o Tt (g 4 1y e D

kOEZ k=—00

ko
— r
5 ||f||MK‘7}‘;A’p’q(R") sup ( Z 2(k kO)(1+n)lP>

Dinh li da dudc chitng minh. ]

Tit Dinh 1i[2.5|va Dinh 1i [2.6|bang cach chon &(t) = t™" X (1,00)(t) Va
Q =1 ta nhin dudc két qua méi vé tinh bi chin clia giao hoan tl toan

t¢t Hardy trén khéng gian Morrey-Herz c6 hai trong thudn nhét.

Hé qua 2.7. Cho 1 < g < oo va b € LipP(R") v6i 0 < B < 1. Gid st

v,w €W, ¥y > —nva w(x’) > ¢ > 0vdi moi x’ € S,_;. Neu a; =
Tlﬁ \
a2+n+Y va

> 1
dt < oo,
J1 tn+1—§—5+(l—a1)(1+§)

thi véi bdt ky 0 <p <oova A >0 hodc 1 < p < 0o va A = 0, giao hodn
tit #° bi chdn tir MK®:HP4(R") dén MK2MPa(R™),

Két lun Chuong 2

Trong Chuong 2, chting tdi thu dudc cac két qua sau:

e Trinh bay két qua vé diéu kién cin va du cho tinh bi chin cta
toan ti 5 o trén cac khong gian c6 trong thuan nhat nhu: khéng gian
tdm Morrey (Dinh 1i [2.1), khong gian Herz (Dinh 1i 2.2), khong gian
Morrey-Herz (Dinh 1i[2.3)).

e Dua ra cac Hé qua vé udc luong chudn clia toan tit Hp q trén cac
khong gian c6 trong liy thita nhu: khéng gian tAm Morrey (Hé qua
2.1), khéng gian Herz (Hé qua[2.2), khong gian Morrey-Herz (Hé qua
[2.3). Hé qua 13 mé rong va ciing cb lai cac két qua cé trong [12].
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Mit khac, KI‘j‘/P’p(R”) = LP(|x|*dx) nén Hé qua [2.2|1a md réng cua
binh 1i 3.1 trong [12] trén khong gian Lebesgue véi trong liy thua.

e Dic biét, chiing t6i dat dudc két ludn maéi vé bt ding thitc cho
toan t&t Hardy va toan t Hardy lién hop nhiéu chiéu 1a mé réng cac két
qua cua Christ va Grafakos trong [13], trén cac khong gian c6 trong
lily thita nhu: khong gian tAm Morrey (Hé qud [2.4), khéng gian Herz
(Hé qua [2.5), khong gian Morrey-Herz (Hé qué [2.6)).

e Dua ra diéu kién du cho tinh bi chin cta giao hoan ti }qu’, q VOi
biéu trung thudc khéng gian Lipschitz, trén cac khong gian cé hai trong
thuan nhit nhu: khéng gian tdm Morrey (Dinh Ii , khong gian Herz
(Dinh 1i[2.5), khéng gian Morrey-Herz (Dinh 1i 2.6)).

e Tt binh 1i [2.5/va Dinh li chon ®(t) = t "y ,)(t) Va2 = 1.
Chung t6i dat dugc két qua méi vé tinh bi chin clia giao hodn tit toan
ttt Hardy trén khéng gian Morrey-Herz c6 hai trong thudn nhit.
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Chuong 3

UGC LUONG CHUAN CUA TOAN TU HAUSDORFF DA

TUYEN TiNH %, ; TREN KHONG GIAN KIEU
MORREY-HERZ

Trong chuong nay, chiing t6i uéc luong chuin clia toan tit 7 Atrén
tich cac khong gian tam Morrey, khong gian Herz, khong gian Morrey-
Herz c6 hai trong lily thita. Sau d6, c¢6 két luin uéc luong chuén cho
toan t& Hardy-Cearo da tuyén tinh trén tich cic khong gian & trén. Dua
ra diéu kién dé cho tinh bi chin clia toan tit 55, 4 trén tich cac khong
gian tam Morrey, khong gian Morrey-Herz c6 hai trong Muckenhoupt.

NOi dung cua chuong nay dua trén bai bao [2] trong danh muc
cong trinh di cong bb.

3.1. Gi6i thiéu

Toan tit Hausdorff nhiéu chiéu dugc gi6i thiéu béi Brown va Méricz
[6] va dudce nghién cttu dbc 1ap bdi Lerner va Liflyand [54]. Cho & 1a
ham kha tich dia phuong trén R". Toan t& Hausdorff nhiéu chiéu duge
cho bdi

®(y)
Ly

Hogf (x) = f fADdy, x R, (3.1
-

8 d6 A(y) 1a ma tran vudng cip n x n ¢ detA(y) # 0 v6i hau khip y

trén gid cta ®. Néu chon &(t) = |t|"P(t)xo13:(t) va A(t) = t.I, (I,

la ma trdn don vi), véi t = (tq, ty,...,t,), 6 d6 ¢y : [0,1] — [0,00) la

ham do dudc, # 4 tré thanh toan ti trung binh Hardy-Littlewood c6

trong (xem [41]])

1
Huf (x) = J f(tx)y(t)dt, x e R". (3.2)
0
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Trong nhiing diéu kién nhit dinh ctia ¢, Carton-Lebrun va Fosset [22]
chting minh %, bi chan trén LP(R") v6i 1 < p < co. M6 rong két qua
cta [22] trong khoéng gian Hardy va khong gian BMO la Xiao [84].

Khi chon @(y) = |y[™)(¥)x[011:(¥) va A(y) = s(y).I,,, 6 d6 s :
[0,1] — R la ham do dudc, N. M. Chuong va H. D. Hung [14] da gidi
thiéu toan tit Uy, dudc goi la todn tit Hardy-Cesaro véi s(x,t) :=
s(t)x, (xem [51]]) xac dinh bdi

1
Ul/),sf(x):J fGs(Oxnp(t)dt, x €R"
0

Ly thuyét cta toan t& trung binh Hardy-Littlewood c6 trong, toan
tit Hardy—Cesaro va toan tit Hausdorff duge phat trién dang ké khi
nghién ctu trén nhiéu khéng gian nhu khéng gian Lebesgue, khong
gian tam Morrey, khong gian Herz, khong gian Morrey-Herz, khong
gian Hardy va khong gian BMO c6 trong (xem [3], [5], [6], [7], [49],
541, 551, [571, [58], 591, [60], 1671, [69], [71]).

Coifman va Meyer trong [25] nghién cttu diém da tuyén tinh trén
todn tt tich phan ki di. Tt dé, 1y thuyét clia cac toan ti da tuyén tinh
dude md rong nghién citu. Nam 2015, Fu [30] gidi thiéu toan tit Hardy
da tuyén tinh cé trong

A f(x) =f

[0,1]"

m
(ﬂfi(yix)) Y(y)dy, x €R", (3.3)
i=1
6 dé 1 : [0,1]" — [0,00) 1a ham kha tich, f = (f, .o, fo), firi =
1,...,m, la ham c6 gia tri phiic do dudgc trén R™. Cac tac gia da dat
dudc tinh bi chén caa %ﬁ’[’)“ trén tich cac khong gian Lebesgue va khong
gian tAm Morrey. Nhitng két qua nay dung dé€ chiing minh c4c bat dang
thic Riemann-Liouville va Weyl.

Sau d6, H. D. Hung va L. D. Ky [46] da gi6i thiéu toan t Hardy-
Cesaro da tuyén tinh 1a khai quat hon toan tt Hardy da tuyén tinh,
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cho bdi

U ) = J

(0,1]"

m
(]_[fi(si(y)x)) Y()dy, x €R",  (3.4)
i=1
d do, sq,...,s,, : [0,1]" — R. Ho dat dudgc cac déc trung cho tinh bi
chin cta toan t& Hardy—Cesaro da tuyén tinh trén tich cac khong gian
Lebesgue c6 trong va khong gian tam Morrey co trong.

Gan day, N. M. Chuong, D. V. Duong va K. H. Diing [16] da gi6i
thiéu mét 16p toan ti téng quat cla toan t& Hausdorff da tuyén tinh
xac dinh bdi

%cbﬁl?(x) :J 20y

re Y1

[ [faG))dy, xer™. 3.5
i=1

Néu Al(y) = diag[si(.y)a ...,Si(_)/)], 6 dé Sl(y): 7Sm(.y) 7é 0 hé‘\lu khép
trén R" v6i moi i = 1, ..., m thi dudc 16p toan ti

Aoy of (x) = f (l_[fi(si(y)X)) ¢(y)dy, x eR". (3.6)
n i=1

R
Cht y rang, khi ¢(y) = Y(¥)x[0,177(¥) thi todn t& 7 ¢ tré thanh toan
i U{L’S.'f . Mot cach tu nhién, toan t&t Hausdorff da tuyén tinh duge mé
rong nghién ctiu trén cac khéng gian ca trén truéng thuc va truéng

p-adic (xem [10], [15], [16], [18], [19], [20], [26], [30], [46D).

Trong nhiing nim gan d4y, ngy cang c6 nhiéu méi quan tAm nghién
cltu cac van dé lién quan dén bit dang thitc hai trong dbi v6i nhiéu
todn tl trong giai tich diéu hoa, nhu ton ti cuc dai, bién d6i Hilbert,
toan ti tich phén ki di, todn t& Hardy va toan t&t Hausdorff. Dbi v6i
cac bat ding thtc Hardy c6 trong, c6 thé tham khdo céng trinh cla
Gogatishvili va Stepanov [38]. Trong [17], toan ti Hausdorff dugc
nghién cttu trén cac khong gian Hardy kiéu Herz c6 hai trong. Do dé,
diéu quan tdm 13 mé rong nghién citu vé bt dang thic hai trong cho
toan t¢ Hausdorff da tuyén tinh trén cac khong gian ham kiéu Morrey-
Herz c6 hai trong mii hoac hai trong Muckenhoupt.

52



3.2. Toan t %, ; va 16p trong liiy thira

Trong muc nay, ching toi trinh bay két qua vé uéc luong chuén cho
todn tlt 5 4 trén tich cac khong gian c6 hai trong lity thira nhu: khong
gian tAm Morrey (Dinh li [3.1)), khong gian Herz (DPinh 1i[3.2)), khéng
gian Morrey-Herz (Dinh 1i[3.3).

Pinh 1i 3.1. Cho & : R" — [0,00) va v(x) = |x|?, w(x) = |x[", v;(x) =

1x|Pi, e, (x) = |x|"i, v6i moi i =1, ..., m. Néu cdc diéu kién sau théa man

m m n+i m ;
llql n+p q

i=1 im1 i

thi 5, z bi chdn tit 1‘[;“=1 M3(R™) dén M-4(R™) néu va chi néu
Q)(y) = - —(BiAm)A+(ri—B) =
6= | TR T o iy <o
R" i=1

Hon nira, ”%‘I”“Y”HZM ~ 6.

Ai,q; <A
Vil (RM)—M, 4 (RM)

Chitng minh. Trudc hét, ta chtIng minh diéu kién dd ctia Dinh li. V6i
o _
=) 4i

i\7[1 kowsk1 khi do

||%¢,A'f||Li(B(O,R)) = (f
B(O,R)

< J 2Ll (Hﬂfl(A ()x)0" (x)
R"

m
Ingy ql = % va 4p dung bat dang thic Holder, dan dén
“ g

, ta c6 duge [ ], coql (x) = coq(x) Ap dung bét ding thic

(y) 1= . Y
Jn 7 [[fi(Ai(y)xmi (x)dy dx)

dy.
Lq(B(O,R))) Y

- o(y)
”%@,A'f“Lfo(B(O,R))SJ o l_lllfl(A(y)X)lqul(B(OR)) dy.

St dung phép ddi bién z = A,(y)x v6i z € A;(y)B(0,R) ta dudc

||%¢,Af ”L‘}O(B(O,R))
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o(y) (1 - | ) a

=< f ME (l_[ fi(@)]%A (v )z]"] detA; Yy)dz | dy.
R 1Y B(O,IA(IIR)

T (1.4), v6i moi y; € R, ta c6 bt dang thitc

A7 ()21 < max{[JA7 DI A (N7}

Do vay

. 2(y)
||%¢,A‘f||LZ)(B(0,R)) Sf | |n

R

XJ Ifi(Z)quwi(Z)dZ) dy
B(0,]14;(y)IIR)

*O) 1 - _ N IE PRI

<j S | [maxdlA O 1A OOl 3 deear DI il wcon e
R" i=1

(3.7)

max{[|A; (I, 1477} detAT ()] x

:|§

i

Sl
-

Tu dinh nghia ctia khéng gian tAm Morrey ¢6 hai trong, suy ra

(0] 1 m
J |(y) — | [max{lia GOl Aol i} x
e Y1 y(B(O,R)) T i

|<%0<I>,Af|| (R <sup
R>0

1
X |detAi_1(}’)|‘“ ||fi||L‘,fji(B(o,||Ai(y)||R))dJ’- (3.8)

m
VGi cac diéu kién A+é >0, A +i >0,i=1,...,mva > (B;+n)A;+

i=1
i)=(/5+n) (A—i—é), ta co
1 1
v(B(0,R))" s S RPFIHD),
va
(Ai+3)
[T, v:(B(O, lA;(NIR) %<fTMUmMMm#ﬁ
1 ~ i Ly
v(B(0,R))" " o,

hay

(B;+ )(lﬂrl,)
1A, ()Pt

<[]

wmomﬁ+ =1 v (B(O, [IA (IR Fa)
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Tl cac wée luong trén, din dén
”%@,A’f ||M‘iﬁ(Rn)

(y) 1= _ | gt IR
< sup f | [maxdlla; ol 14l 73| deta; ()] x
i=1

R>0 n |.}/|n

Bi+n)(A+2)
me Ao P

Ll o i conirndY
A+t tlLg,, (B(0,]|4;(¥)IIR))
i=1 v,(B(0, I, () IR 4
d(y) 1 _ A It _ 1
= f — [ [max{lIA7 I, AN} | det AT ()] x
=1

n
w Ayt

m
(Bi+n)(A+2)
< AP D dy T Tl i ooy
i=1 | Ehad }

T va tinh chit cta ma tran kha nghich, ta c6
|detA ()] < AT (),
AP < iy "D,
va

L 1 = n
| [max{lia; oI, a0l 73 S | [1ar o0l
i=1 i=1

Diéu nay kéo theo

m
[ _ . DV S — 1 (Bi+n)(A+1)
| max{[lA; DI 1A, (NI 77} e [ det A7 ()]« A ()] Prenliiety
=1
e (B+m)A ()
— —PiTn)A; i— Py
S| iAol R (3.9)
i=1
Suy ra,

m
10 i ity S | [1fillyes o6
i=1
Vi thé, todn tlt 7, 5 bi chin tit [ TiL, M}w%(R") dén M/-2(R™).
Tiép theo, ta chitng minh diéu kién can ctia Dinh li. Gia st 42, i
bi chan tit tich cdc khong gian [ [, Mifﬁi(Rn) dén M&ﬁ(R“). Ta chon
ham

(BiAAA+(B—r)~
£i() = |x [ e,
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Ro rang 1a [|fill jyremny > 0, v6imoii =1,...,m. Ta can chiing t6 rang
||fl.||M&:g(Rn) < oo. That vay,

1
1 %
”fi”Mv?fizgg(Rn) sup (J |x|(ﬁi+n)liqi+ﬁidx)
o R>0 ,(B(0,R))" " \Jacom

1
1 qi
= sup ff |rac!|BtAaithien=lgq o (x")dr
R>0 R(/a’i+n)(7ti+q%) o Js,,

(Bt (2:+1) ;

1 R
~ sup

. )L 1 = )\, 1 <0
R>0 R(/o’i+n)(ki+q—i) (B; +n)(A; + q_i) (B; +n)(A, + E)

Tut viéc chon f; va diéu kién (1.5]), dan dén

F ) 1 4ot oy~ (Brrmac 6102
||9i”¢,A‘f||MV{£(Rn)2J y __—[”Ail(J’)”( n Y qi)dyx

1
1 r S ((Btmr+(Bimr L )a+ ‘
X sup - ( |x|§( n Y )q de)
R>0 y(B(0,R)) e \ U

> 1_[ 1l oy
i=1 e

Dinh li dudc chttng minh. O

B(0,R)

Pinh li 3.2. Cho & : R" — [0,00) va v(x) = |x|?, w(x) = x|, v;(x) =
1% [P, wi(x) = |x|"i, vé6imoii=1,... m. Néu cdc diéu kién sau théa mdn

lmlql ’Vi(Hﬁl) (Hg)“

thi 7 z bi chdn tit ]_[:n:l Kﬁiﬁf’qi(R”) to Kvaﬁ’q(R”) néu va chi néu
_J (y)l_[”A 1) )% 4y < oo,

Hdn Tll,[’a, ||%¢,A'||l_[:n=1 Ks;i’:ﬁ;:’qi(Rn)_)K“Zﬁ’q(Rn) ~ (68°
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Chitng minh. Trudc hét, ta chiing minh diéu kién d ctia Pinh li. Tuong
tu nhu uéc lugng (3.7). Ta cb

|5 af 2icllLe &)

o(y) 1™ _ | Nt 1 L
< J oF [ [maxdllar oI, a0l 3| det AT 1 1Al g o, 9604
Rn

i=1

3 do, A(¥)Cr = {A(¥)z|z € C,.}. Voi diéu kién (1.3), ton tai sb nguyén
16n nhét * = k*(y) v6i hdu khip y € R" sao cho

max {[lA;(NIIIAT (I} < 27"

i=1,...,

Tir diéu kién 1 < JAWINAT DI < pg i =1,..,m, ta cd [x*(y)| ~ 1.
C6 dinh i € {1,2,...,m}. Vi ||A4;(¥)Il # O nén c6 mét sé nguyén ¢; =
,(y) sao cho 2671 < ||A;(¥)|| < 2%. D€ don gian, ta ki hiéu

pi(y)= max {|A)I- A7 DI
i=1,...m
Khi do, dat t =A;(y)z, v6i z € C, ta co

Py) ’

va [t] < [lA;(y)lllz] < 2¢4%. Ta dat dugc

el > A7 DIzl >

A(¥)C, C {t e R™: 2KH4=24K" ¢ < okl

Tt d6, dan dén

S o(y) - _ | L
15 &F 2l s ey < f T [ Tmax{llar (0l 1Al 3 x
R" i=1
N 0
x| detAT (o | D Ifidiwterllis ey | dy- (3.10)
r=k*-1

Mit khéc, tit dinh nghia khong gian Herz c6 hai trong va ap dung bat
dang thitc Minkowski ta c6

1766 if llicxpaqrn)
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J |(}’)l_[max{||A 1(y)||Yl A, },l}ql
R™

= ( i V(B

k=—00
1
1 0 ! '
><|detAl._1(y)|a ( Z ||fiXk+€i+r||Lg,ii(R”)) dy
r=k*—1 LEL(RY)

Yl

o0 m 0 p i
X ( Z v(B)'™ (l_[ Z ||fiXk+£i+r||Lgfi(Rn)) ) dy.

k=—00 i=1 r=x*-1

(y) 1= _ | o o
= J | n | |max{||Al. 1(}’)||Y‘,||Ai(y)|| Yt}qi|detAi 1(y)|qi><
R" i=1

Véi diéu kién Y. (n+pB;)a; = (n+p)a ta nhan duge v(B)* = [T, v;i(Bp)™.
i=1
Ap dung bat ding thitc Holder, khi d6

00 m 0 ! %
(Z v(Bk)% (l_[ Z ||fiXk+€i+r||LZfi(R")) )

i=1 r=k*-1

o (im0 N
~ (kz (l_lvl(Bk)7 ZlnfiXk-i-fi-i-r”LZjl(Rn)) )
L 0 apy 0 pi pll.
51_[ Z vi(Bie) Z 1fiXere vl oy . (3.11)

k=—o00 r=x*—1

0 ; 5 5 ] N p _1 N [
Hon ntra, st dung bat dang thtc (21:1 |al.|) < NP Zi:l la,|P véi
moi p > 1. V6ip; > 1, ta cé

0 pi 0
(r;1 ”fiXkHHrr”ijl(Rn)) < (2 —x*)pPi1 r;*_l ||fi)(k+€f+r||i%§i(ﬂz<")'
(3.12)
Do vay
||3?f’<p,ﬁf||k”q(w
f (2- m__ I’ | l_[maX{IIA_l(y)IIYI 1A; (I “}qlldetA N - Hridy,
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m 0 00 Pli
=[] 3 (z (B Mﬂnmn)) |

i=1 r=x*—1 \(k=—00

T 2671 < ||A;(y)|| < 2%, d& thiy

27t S (I = 278 (e < (4=

lpl — ei+ 1+& :Di ®iPi
Vo6i cha y, v; 27 r)( n)apvi(BkHiJrr) n Suy ra

S en(148)a [ 5 "
—(Ar) (142 ) g
TS 11 Z 2 ' )¢ ( Z Vi (Bk+e +r | X k44, +r”qu (Rn))

k=—00
_ Biq. —(1+%)
S 11 212 r(1+n)a1) 1A; ()] (1+n)al“fi“KZfﬁ?qi(Rn)'

Khi dé

156 &f | e amny

SJ (2 —«7) P—| . | |max{llAi1(y)|IY‘,||Ai(y)|I Tija | detA; ()]
R™ i

< Il ( Z 2r(+% )dy]_[nfln,@plqm
Tu (1.4), ta co

m N s . ) )
l_[max{llAzl(y)HYf,||Ai(y)||—ﬂ}qf|detA:1(y)|qf||Ai(y)|| (1+%)

i=1

ST 1Az oolena; Ll a0 (0 l_[||A 10y (a5

i=1

Hon nita, do x* = |x*(y)| ~ 1 v6i hdu khip y € R", suy ra

m

”%CP,Af”Kapq(]R”) 5 l_[ ||fi||j(3il;£::’qi(Rn).(68.
i=1

Nhu vy, 5, 5 bi chén tii [ ]}, K%:P%(R") dén K®P4(R™).
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Tiép theo, ta chitng minh diéu kién can ctia Dinh li. Gia st 42, Axac
dinh va bi chan tu l_[:r;l K&i’g{’qi(R”) dén I'(f‘ﬁ’q(IR”). Ta chon ham f;
nhu sau

-1
0) |X| < pA’ ’

|x|_(1+7)ai_5_5_8, truong hdp con lai.

In(pz)
In2

moi i = 1,...,m. Ngoai ra, trong cac trudng hop khac dbi véi k, ta c6
1

(145 ) aqmn—y—q. %
”fl.Xk”Lz)ii(R”) = (J f r (1+n)al i—n=Y; qlé‘rYirnldO_(x/)dr)
Ce Y51

1
1 (145 Y goa—g.e— o
=[Sl ( f p () maae 1dr)
Ck

2—k(£+(1+&)ai) 2‘11' (8—{-(1—}-%)&1) ~1 q

- q: (e—l—(l—l—%) ai)

Tit v;(By) ~ 2K"+F) din dén

V6i bat ki s6 nguyén k théa man k < — thi ||fixk||ngi(Rn) = 0 v6i

|| fi [l g ao-pi
fillgiziai gen

00 . _ qi(8+(1+%)ai) . 4
S (B [ (+8)e) | 2 ——
k>0 qi (s—i— (1+;‘) al-)

y 1
~ (Z 2—k8pi

12

) pli 2qi(e+(1+%)ai) 1 i
k>0 qi (e—i- (1—1—%) al-)

(2(1—9)5Pi ) Pli 2‘11’ (8-{-(1-}-%)@1‘) —1 i
q

2P —1 l(8+(1+&)a1)
n

& d6 0 1a sb6 nguyén nhé nhét sao cho 6 >

< 00,

—In(py)

o - laxet hai tap

m
D, =( )y €R": |A(y)x| = p;'},
i=1
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vaE={yeR":||A(y)|l =€, v6imoii=1,...,m}. Nhan thay riang
EC D, v6imoi x e R"\B(0,¢7"). (3.13)

That vay, khi y € E ta co ||A;(y)l||x| = 1 v6i moi x € R"\B (O, 8_1).
Cung véi diéu kién (1.3), din dén

A (x| 2 AT )N x| = pi

VAy ta nhan duge (3.13). Nhu vay, do (T.3) va (3.13), v6i bat ki x
R™\B (O, 8_1), suy ra

D, i=1

|(|yn)l_llA( e ()5 gy

(f (}’)l_[“ 1y )“ 1+ ) |X|_(H%)a_%ﬁ_mgan\B(o,sﬂ).

Chon k, 13 s6 nguyén nhé nhét sao cho 2k~1 > ¢!, Ta dugc

”%@ﬂka”Li(R”)
1

> U ( f »y )l—[n A7 (o)) O )| ()t ome w(x)dx)
Ck
(J (}’)l—[” _1( )” 1+ ;Yiﬂdy) (J |X|—(1+f)aq—n—msqu) '

Két hop cac danh gia nay ta nhan dugdc

15 4f Nl kpagany
( J (y)l_[uA—l( (5 dy) x

o
ap
2| Do vy
kzko
P\ b

1
A B q
X ( |x|(1+;)aqnm€qu)
JG

z( 20 Jwo g (3 dy)x
JE
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Qo
AR

X Zv(Bk)? ( J |x|(1+§)°‘q“’"8qu) . (3.14)
Ck

kzko

Vi v(B,) ~ 2K ta ¢4

; a(me+(148)a) _; ¢
X —(1+£) ag-n-meg ] o~ —kp(me+(1+£)a) 2 1 .
Uck' | ’ ) ’ (q(mg+(1+g)a))

Do do
00 % —koem q(ms+(1+€)a) . %
Z V(B J IXl_(Hg)aq_”_msqu ~ ( 2 - i ) 2 L.
= c. 1—27emp q (ms + (1 + g) a)
(3.15)
Ta dat

S ]

(2,{05,@)1 almer(1+8)0)_, p
1-27#mp q(me—}-(l—i—%)a)

T
l—[m (2(1—9)8171‘)13% zqi( (1+ﬁl)l)_1 i

) « A [N m \ m
St dung diéu kién )", 1% = i vay, ql ;> suyra

0*(e) =

lime ™ 0%(e)=c>0.
e—0
Tt (3.14) va (3.15), din dén

10,5 gy 2 750" <e>ﬂllflllel(Rn>><

( |(|yn) ]_[HA 1+ ]_[nA )le "wdy)

Ai(y)” > ¢ v6imoi y € E, cung v6i (1.3)) ta dugc

Chu y rang,
HHA ‘D' < e (3.16)

62



v6i € di nhd. Cho € — 0. Tit gia thiét vé tinh bi chin clia 75, 4 bi chan
tu nilKﬁigf’qi(R”) dén Kf‘ﬁ’q(R”), ap dung Dinh 1i hoi tu bi chan
Lebesgue ta nhan dudc

f (y)l_[IIA‘l( ) gy < oo,

binh li dudc chitng minh. ]

Pinh 1i 3.3. Cho ® : R" — [0,00), A, A; > 0 va v(x) = |x|?, w(x) =
Ix|7, v;(x) = |x|P, w,(x) = |x|"i, véi moi i = 1, ...,m. Néu cdc diéu kién
sau dugc thoa man

Z(l—i—ﬁ)ki:(l-l—ﬁ)l, ﬁzz,vdZ(l—F&)ai:(l—l—E)a,
i=1 n n i-1di 94 i=1 n n

thi todn tit 56 z bi chdn tir l—ﬂnzl MKVOfiﬁ?’pi’qi(]R”) dén MK;‘ﬁ’p’q(]R”) néu
va chi néu

J (}’)l—[” -1y )” (1+8) (o, M+Tldy<oo

Hon nita, ||%¢A'”n’?"=1 MK

; ~
AT OB SO RS

Chitng minh. Trudc hét, ta chting minh diéu kién dt ctia Dinh li. Chiing
minh tuong tu Dinh li . T ([3.10) va ap dung bat dang thitc Minkowski
ta co

-
|5 if ”MKZ’Z}"”"(R”)

_2 d(y) = _ _ L B 1
< sup v(By,) J = [maxtlia; oI, 14NN | det A ()] x
kOGZ R |_Y| i=1

"}
(Z V(Bk) l_[( Z ||fiXk+fl+r||L§uil(Rn)) ) dy.

k=—00 =Kk*-1

Mait khac, tt (3.11) va (3.12), suy ra

-
| | ‘%Q,A_’f | |MK"Z’£’P"1 (R™)

1 @) 17 _ | Lt PP
S J @) | [maxtlia; I, 1)l 77} | deta ()] x
R" i=1
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1

m 0 ko pi
M &ibi
[T supv(s,)™ (Z V(B Ifitss, +rlqul(W)) dy.

ko€Z

i=1 r=x*-1 k=—o00
bat
1
m 0 ko P
Ay 1= l_[ Z sup v;(By, )y Z viB) ™ Ifixkse, +r||qu &)

i=1 r=x"—1Ko€Z k=—o00

Udc lugng tuong tu 74, ta co

A 1+ 1+ A
sy <[ Tiao () 37 () TNy oy

i=1 r=x*—1

Do do,
”%@A’f ”MKff;f}’p’q(R")

e 1 ®(y) T _ , L _ 1
SJ (2—«") D | |max{llAi YOOI AN Y} e | det A, (y )« X
RN i

A 1 /51 A
< Il (Z 2 (140 ) “))dy]—[nflnwal oy

r=x*—1
Tu (1.4), ta co
o -1 Yi —y; L1 -1 L (li—ai)(1+&)
l_ max{[|A; " (VI [|4; ()77} e [ det A~ ()l A, (D)l "
i=1
- - 1420 ) (= A)+ 20
s_‘[nA 1y (147 )
Khi do,

m
)
15 4 Nyrievagamy < | TRl ypgesisca o6
i=1

Nhu véy, 7, z bichan it [ 7. MKgfﬁii’pi’qi(R”) dén MKEPA(R™).

Tiép theo, ta chiing minh diéu kién cin ctia Dinh li. Gia st 48, i
bi chén tu [ 7, MKZfﬁif’Pi’qi(R") dén MK 2P9(R"). V6i mbii=1,..m, ta
chon

£ = [ (425
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Khi do, ta c6 dudc

In2, véi (A — o) (1+ E)

il s ey = zk(/li—al-)(1+%) e G
(Ai_ai)(l-"_ﬁ_nl)qi

0,
)

) , truong hgp con lai.

Tt d6, din dén

1
—k 1+ 1+ﬁl :D; "
0 < Ilfill yeiomias gy = SUP 2 of ( E ok(1+5) 2, ) < 0.

kOGZ k=—00

m
Mt khéc, tir (T.5) va diéu kién >_ (n+ ;) a; = (n+ ) a, ta c6
i=1

e (1+5)=002 ) PP s (18 ) a2+ (148 ) a0
o T i oonte)e pef ()=,
i=1

Do vay

||%<I>,A'f(X)”MKOMi,Pi,Qi(Rn)

() 7, - 1+ (1/1)+ A—a)(1+£) -
U yp Lo LS it N el G I

Hon nta

(69 S ||%@,A||l—[ MKal 1P1 ql(Rn)_)MKalPQ(Rn) < Q.

binh li dudc chitng minh. ]

Nhin xét rang, néu A,(y) = diag[s;(y),....s;(¥)], 6 d6 s,(¥), ...,
s (y) # 0 hau khip trén R" v6i moi i = 1,...,m thi A,(y) théa man
diéu kién . Do d6, nhu la cac trudng hop dac biét cua Dinh 1i
Dinh 1i[3.2| va Dinh li chiing ta cfing c6 uéc lugng chuin cta toan
tlt S, ¢ trén cac khong gian c6 hai trong liiy thita nhu: khong gian tdm
Morrey (Hé qua [3.1), khong gian Herz (Hé qua va khong gian
Morrey-Herz (Hé qua [3.3).
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Hé qua 3.1. Cho ¢ la ham khéng dm va v(x) = |x|P, w(x) = |x|",
vi(x) = |x|P, w,(x) = |x|"i, véimoii=1,...,m. Néu cdc diéu kién sau
dugc théa man

m . m n + .
Z_l:g Z( ﬁl)x ava ST
i=1 q; q 1 n-+ /5 i=1 q; q
thi 5 ¢ bi chan tie [ ||, M*9(R™) dén M9(R™) néu va chi néu

m
i Ai i~ Vi -
<%J=J (lhxun““)“ﬁy%)¢ow@w<w.
R" i=1

~ 6.

Hon nita, || ¢ i -
2] || ‘i”S”l_[ileAfgi(R”)—’lei R")

Hé qua 3.2. Cho ¢ la ham khong dm va v(x) = |x|P, w(x) = |x|",
vi(x) = |x|P, wi(x) = |x|"i, véimoii =1,...,m. Néu cdc diéu kién sau

ig—:—v&g(l—l—%)ai:(l—i—g)a

\ . o \ m 0l D .0 A g A \ 2 A
thi 5, ¢ bi chdn tu | |l._1 KPePodi(R™) den KP9(R™) néu va chi neu
> - i i )

%m=f Omewﬁﬁﬁ(w)¢uMy<w
R" i=1

Hdn Tlu’a ||%¢ §‘||l_[ K 1P1 ql(Rn)_)Kzﬁ’Q(Rn) ] (681.

théa man

Hé qua 3.3. Cho ¢ la ham khong dm, A, A; > 0va v(x) = |x|P, w(x) =
Ix|7, vi(x) = |x|P, w,(x) = |x|"i, véi moi i = 1, ...,m. Néu cdc diéu kién
sau dugc thoa mdn

i(l—i—ﬁ)li:(l-kﬁ)k, Y ﬁ:Z, vc‘zi(l—i—ﬁ)ai:(l—l—ﬁ)a
i=1 n n i-1di 94 i=1 n n

thi. #6; 5 bi chan tit [ |2, MK} eP (") dén MK&2PA(R™) néu va chi
neu
= (;L._(,)(H&)_w
691 = l_[ ls; () n)oa | p(y)dy < oo.
R" \ i=1

Hon nua, ||3i0¢’§||l—[?1=1 MKfif;ﬁf’qi(R”)ﬁMK‘fﬁ’q(R”) ~ 69 1.
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Tu Hé qua chiing t6i c6 u6c lugng chuin cda toan t Hardy-
Cesaro da tuyén tinh U{Es_rf bi chdn tit [ [, valifzgi(Rn) dén M&ﬁ(Rn)
néu va chi néu

m
(Bi+mAi+(Bi—v)
0= J (l_[ |s; ()] ql) Y(t)dt < 0.
[Orl]n l=]_

Hon nita, U ¢ ll VS R - MEAR) =

€7.2-

Tu Hé qua chiing tdi c6 ubc luogng chuin cia toan tit Hardy-
C,ese‘lro da tu,yén tinh UZZS.'} bi chan tt [ ], Kfflcgqu (R") dén K&Pa(R")
néu va chi néu

m Bi (n+77)
—(1+= i__l
3.2 =J (l_[ |s;(£)] (145)a ) Y(t)dt < oo.
[0,11" \\i=1
Hon Ilffa, ||U$:s-r}||l—[71:1 Kfil;ﬁ;:’qi(Rn)_)Kg,;g’q(Rn) ] (68.2'

Hé qua [3.2/1a mé rong cta Pinh 1i 3.2 trong [15] véi hai trong liy

thura.

3.3. Toan tu % ; va 16p trong Muckenhoupt

Trong muc nay, ching t6i dua ra diéu kién da cho tinh bi chin
clia todn ti s 7 trén cac khong gian cé hai trong Muckenhoupt nhu:
khong gian tdm Morrey (Dinh 1i[3.4), khong gian Morrey-Herz (Dinh

1i3.5)).

Pinh li 3.4. Cho 1 <q*,&,1n < o0, —i <A;<0,vé6imoii=1,....mva
v €A, w € Ag Vdi cdc chi s6 t6i han r,,r,, cho diéu kién Holder nguoc
sao cho w(B(0,R)) < v(B(0,R)) véi moi R > 0. Gid st q > q*ir;, 6, €
(1,r,),0,€(1l,r,),A"=A;+---+ A, va

1®(y)| T _ £ &n
G = J S | [1dera Ol a0l ()dy < oo,
R™ i=1
G dé

n(A+L ) 2= nn( A++
A (y)= (IlAi(y)ll (+3)% Xiyerma i<t T 1A ()]l ( q’)%{yew:||Ai(y)||>1}) X
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1-1

_nbi-t _&n
X (llAi(}’)H W0 xeerma )13 A X{yeR":llAi(y)HSl})'
Khi dd, 5 5 bi chan tie [ |7, Me%(R") dén M} 4 (R™).

Chitng minh. Ap dung bét dang thitc Minkowski, ta c¢6

- |2(y)| n * a
1 A N 0.y =< J T [ TIfaG)0]" wdx | dy.
rr 1Y B(OR) i=1

Tir diéu kién q > qEr, tdn tai r € (1,r,) sao cho % = q*r’. Ap dung

diéu kién Holder ngudc va bit dang thitc Holder véi % = qé + -4 qi,
suy ra
m ., =
J [ TI@o0|" wlx)dx
B(O,R) i=1
£ 1
r m q q rq*
< ( [ [1fa00ff dx) ( f w(x)fdx)
JB(O,R) i=1 B(0,R)
£
i z g ! £ 1
< [ [If:a000)|5dx | |B(0,R)™ew(B(0,R))¥
JB(0,R) i=1

fi(Ai()’)x)|%i dx) | |B(0,R)|_§w(B(O,R))qL*

m
S J>
i=1 B(0O,R)

St dung phép d6i bién z = A,(y)x, ta dugdc

< w(B(0,R))¥ [B(O,R)[": J 1247

m
£
T [ [1deta? )l lifil o dy.
R" i=1

L€ (B(O,lIA;(x)IIR))
T Ménh dé[1.2] ta c6

- qdi
If l”Lf(Bm,uAi(y)nR))
1

|fi|qfw(x)dx)

g
S IB(O, lA;(D)IIR)] %
l (B0, lA;:(NIIR) 01,0010
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< _1
= |B(0, [|A;(¥)IIR)] % o(B(O, [|A;(¥)IIR)) ||fi||Lfg(3(o,||Ai(y)||R))-
Khi do,

||‘%¢,A‘f ||LZJ*(B(0,R))

) > = £ £
~ w(B(O,R))q‘*IB(O,R)I‘EJ ||%)| (]_[|detAi1(y)|i|3(o,||Ai(y)||R)|i x
R i=1

x (B0, AR il aopn o ) 4
|2(y)| 1~ L1y in 1
< f ST | e ool a0 -
rre Y1 o w(B(0, [lA;(y)IIR))«
X (w(B(OJR))"_’“ [1 ||fi||L3:(B(o,Ai(y)R))) dy.

i=1

Do vay,

175 47 24 oy = SUP 1 4F | o
= R0 y(B(0, R+ 4 (BO.R)

1 @(y)] 1= NG o
Ssup I = ]| 1detA7* )l Ayl
R=0 y(B(0,R))" & e V1" i

% ("’(B(O’R))q* [ 115 i”L‘ZJ(B(o,||Ai(y)||R))) dy

i=1
<o [ 12 cy)|

~

R>0 R"

X

(B, AR )

SOl A sz(R)]_[ T
g do,
B(0,R))" (B0, lIA(y)IIR))
m(R):( w(B( 12+l) l—IV( (0, [14;()IIR)) _
v(B(O,R))" "+ i=1 w(B(0, [|A;(y)[IR))

T qi* > 5 va diéu kién w(B(0,R)) < v(B(0,R)) suy ra
(w(B(O,R))) v (w(B(o,R)))é
v(B(O,R)) ) ~ \ v(B(O,R)) ]

Mt khdc, tir A* =, Ais =" i, din dén

T v(B(o,nAi(y)nR)))é m (v(B(o,nAi(y)nR))) o (w(B(O R)))i
“Q“R)Nl;l(w(B(o,uAi(y)uR)) [ ao ) Hieon
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_T (v(B(o,nAi(ynm)))M%lﬂ[( w(B(0,R) )
LIV veoR) wBO,IILIRY )

i=1

Tt cac gia thiét w €A;,veEA,,6,€(1,r,),06,€(1,1,), i +A;,>0va
Ménh dé ta xét hai truong hop.
Truong hop 1: 0 < ||A;(¥)|| £ 1. Taco

Ai+qli i Ai+i 5?77;1 106271
(v(B(o, ||Ai(y)||R))) ; (|B(o, ||Al(y)||R)|) (i) _ )
v(B(0,R) |B(0,R))|
w(B(O,R)) \u - ( IB(O,R)| )i Ca
(ch(o,nAi(y)nR))) ~ s ey~ Aol

Truong hop 2. ||A;(y)|| > 1. Ta co

— o)

A

(v(B(o, ||Ai(y)||R)))’“+%
v(B(0,R)

( w(B(0,R)) )q ( IB(O,R)| )q(ééll)

(|B(o, ||Al-(y)||R)|) (2et3 )
IB(O,R)

— oo Ca).

<
w(B(O, IA;(NIR)) )~ \UB(O, [JA;()IIR)I
Suy ra
- A+t )82t A+t
2 (R) < l_[ (HAi(}’)”n( q") 2 Xiyernja <1y ||Ai(}’)||nn( qi)X{yeR“:HAi(y)l>1}) X
i=1
m _nbi-1 _&n
X (HAi(}’)H W@ yernao)s13 T AN X{yeR”:llAi(y)llil})'
i=1

Khi do, ta dat dudc
”ﬁé,ﬁf“M&Zq*(Rn)
OO T e o -
< ( f T | [1aeeal O mdy || il oy
RN i=1 =1 |

binh Ii dudc chiing minh. ]

Pinh 1i 3.5. Cho 1 < ¢*,&,n < o0,a; < 0, A; > 0, vdi moi i =
L,...,mva w € Ag,v € A, vdi cdc chi s6 t6i han r'y,T, cho diéu kién
Holder ngugc sao cho w(By) < v(By), véi moi k € Z. Gid st q >
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max{mq*,q*&r’ },6, €(1,r,),0,€(1,r,) va a*,A* la cdc s6 thuc théa
man
. 1 ot 1 a 1
A=+ +A,va —| —+—=|=—+—,véimoii=1,..,m
m\n (¢ n q;
Neus+1<ow
n o oq

m

= ()| Ly, mén
Gua=] | = [detA7 ()] o A Bry(y)dy | < oo,
—_—1

i=1

G do
_ £*+ * E_{_( *__ M)E_ *
B1;(y) = lA;(y)l () e -mad, a)l{yeR":HAi(y)ud}Jr
—((&+a*)e+n(a—ma)—a* L=
+ ||Ai()’)|| (( : ) nemm * )X{yeRn A, ()II=1}>

hodc%+%>0vc‘1

m

‘511.221_[( J '|§—|y)'|th )l AN %(y)dy) < oo,

2 (at—ma;) 2
Boi(y) = [lA; ()l (e )X{yeR” lao)l<1y +
a-ly ( Ai)
+ 1A; () (5t )X{yew:nAi(y)nzl},

thi todn tit #, 5 bi chan tir [ -, MK ePedi(R™) dén MK® 2P (R™).

Chitng minh. Tuong tu Dinh 1i(3.4} ta ¢6

llm,gkalng(Rn)sf 12) U ]_[
R"

va

A w(x)dx) dy,

L 3

( J [ TIraom|” w(x)dx) S U |1 ﬁ(Ai(y)X)Ing) Bl "F (BT

G i=1 i=1
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Ap dung bét ddng thitc Holder va phép d6i bién z = A,(y)x, suy ra
||%q)’A_’ka||L3:(R")
_¢ 1 [ 1ol -
< |Bil 1w(B)T detA; ' (y)| dy.
B (k)ﬁnm Ep (””thwwmmy

Mit khéc, tir Ménh dé[1.2)ta c6
1fill

rt (BO,llA4;(»)I12%))

-1
S [B(O, ||Ai(}’)||2k)|qi w(B(0, ||Ai(}’)||2k)) 9 ||fi||L‘jg(3(o,||Ai(y)||2k))-
Vi vay

||%¢Aka||LZj(Rn)

Rn

SBemt | 2 (|yn)' (]_[|d CAT ()17 BOO, A (0)129)] x

x w(B(0, [|4;(3)125)) "« ||fi||L§§(B(o,||Ai(y)|\zk))) dy

d m £ én B e
<[ 2 (ldetAzl(yninAi(y)ui <)
e Y4 w(B(0, ||A; (J’)sz))q

Ifill o s o,a, (y)||2’<))) dy.

(3.17)
Do A* = A, +---+ A, ap dung bit ding thiic Minkowski va bat ding
thic Holder, ta co

. o) e
W%ﬁmﬁw%msﬁnMnﬂ@@mmwwwuwﬂx

=1
1
ko m ﬁ L* P
o V(By) ™ w(By)m
X sup V(Bko) " L f”qu(B(O 14;(»)1125)) dy
ko<Z k=00 i=1 w(B(O, [lA;(y)[2%))«
|2Vl 1+ L1 gk én
SJ . ]_[ ('detAi 1(y)lql‘IIAi(y)II‘H) X
re YIT
1
m [ & B B
X l_[sup V(By,) ”fl”quB(o 14,125
i—1 ko€Z e w(B(O, [IA(y)125)
Do vay,
. 12Vl T+ L1y E én
17 & g oo ey S J oF I (IdetAi Ol IA NI ‘61i(y)) dy,
’ R i=1
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6 do

ko ot 1 pi\ pi

A V(B ) (B )

€u(y) _SupV(Bk) Z ( T lfill i@ aonz :
koeZ K w(B(O, lA;(y)II12%))

, L 2 1 1
Ap dung bat dang thitc Holder v6i — +---4+ — =1, taco
m m

m lan

-
| | %cb,gf | |MK0‘*J*,P,Q* (R™)

< l_[ (J (y)l Cole ek ‘to”h(y)mdy) "= l_[é”i
i=1

Codinhi€{1,...,m}. Vi[|A;(y)ll #0, nén c6 j = j(i, y) sao cho 2/~ <
1A;(¥)Il < 27. Do d6, By j_1 < B(O, [|A; (NI2M) < By ;. Diéu nay suy ra
w(Bk+] 1) < (B0, IA()N12) va B(O, IA;(3)I12%) € Uj___ Ciy- Két
hop diéu nay véi bat dang thire (3 IaEI) <>a,|? v6imoi0 < 6 <1,
ta co

b yBOSwBI "\’
n V(B (B )™
€(y) < supv(B) v | D] clfilliss,, )
ko€Z k=—c0 \ w(B(0, [|A; (y)||2k))ql
ko o —
_M V(Bk)m“w(Bk)mq
< sup (B, ) Z 1 P
ko€Z k=—co \ (B0, [|4;(y)I12)) % v(Byy )
1
Zj: V(Bi4j) O B ﬂ“ I "
X v v Ifill g
2 \vBeo) (Bire) ™ lfill e,
PN o
ke i aj t pi
A i V(Bk—i—j) 8 4
< sup V(Bk )_7 @] V(Bk e)7||f|| di
ter o k:Z_OO kzzz_oo V(Bk—i—é) + LG (Crep)
6 do
a* 1
@ = V(B ) (B )™

1 a "
W(Biyj—1)% V(B )
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Tit Ménh dé[1.3]va ¢ < j, a; < 0 d4n dén

% % 531
V(B )\ ™ B, |\ * sy
( k+]) < | k+J| 2 :2(]—€)ai§—2' (3.18)
V(B ) |Breye
Nhén xét rang
a* 1 1 a* 1
i VBT B _( (B ) V(B (B
- 1 a . 1 i
W(Brgj—1)% V(Biyj) W(Bieyj-1) W(Biyj) % V(Biyj)

£ o* - o i

( | Bl )‘“ V(Bi)m ew(By)m < V(By)m ew(By)m
B. .. i 4 i %4
Brri1l ) (B )ivBi )Y @By )i v(Biay)

W(Byyj) V(B

*
a

a1y
w(Bi)

=

a

i

1 P n
W(Biy )i * (B V(Bysj)

Loy 4 o
[ B\ [ Bry) | " (V(Bk) ) mn
w(Bk-i-j) V(Bk+j) w(By) .
Tt diéu kién & + L =% 4+ 1 v3 g > mg* 6 dude = > 1> Ly
mn mq n q; mq q i
<< %, v6i moi i = 1,...,m. Mat khac, w(B;) S v(By), v6i moi k € Z.

Khi d6 ) *
(w(Bkﬂ)) 0 < (w(BkJrj)) n
V(Bi4) ™\ v(Biyj) .
Suy ra

* * *

i< ( o(By) )—+— (w(Bkﬂ))% ( v(BY) )‘
K~ \ w(Byy) w(By) v(Beij) )

Ta xét hai truéng hop:

Truong hop 1: % +q% <0.V6ij=>1,taco

a*

1 e 1, a
(20 e (2 )() ()
)

~y

a P
B . mn B . mn & . a* 81— Lot 61—
CO( k+]) S | k+]| ! _ zjnﬁé—ll _ 2];}5—11
w(By) |B|

74



*

v(By) < By — oo — o=ty
V(Bk+j) ~ |Bk+j|

V6i j <0, taco

a*

Ly B Sl N
( o(B) ) 3 ( By )(mq*+mn) R ()

w(Bk—i-j) |Bk+]|
(B ) < |Brer | _ et
w(By) | By|

v(By) %< | Byl Eﬁzz—j%éé_:
V(Bi4) ™ B4l

Khi do,
1 _j_n51—1_. %011 *52
@j 3 2m( i L [ —~—+j&a* ), <0
k ~ 1 _ixo* at— jén *51
Zm( Jga ]"7 7 +]Ct 51 ), J 2 1.

Truong hop 2: % + qi* >0.V6ij>1,tacod

L*-l‘ﬁ L*+£ 8171
oty V18 \ETE e
CO(Bk+j) ~ |Bk+j|
o it
OB ) o (Brgl) e
w(By) |B|

v(By) E< | Byl ﬁnzz_m%
V(Biij) ) 7 \ Byl

V6i j <0, ta cod

1 a 1 a
(00 )% )(mq*”“)g IENES

CO(Bk+j)

@(Byej) \ ™ _ [ 1Bil Eg_zjga_*
w(By) ~ |By|




Khi do,
1(_jn_ . x0271
NPT
D, S T
~ 1(_2M_ a*)
2m q* 51 JT) , j Z 1

Tiép theo, ta udc luong &;; cho Trudng hop 1. Ta 6

|®(y)l _ me mén
&y SJ ML |detA7 ()l o [|A, ()l = x
fylami<y VY

ko .
A ;(_ﬂ5r1_~a*5r1 *52 n a)
X (SUPV(BkO)_" E (Zm & 6, % T —Jja j€ x
m

koE€Z [A—.

j | - | PiN p;
(G—0a; =%~ 0
% Z 27745 y(Byyy) ||fi||L‘Zf(Ck+z)) ) dy

{=—00

RO, e g o
¥ f |detA7 )] AN %
1A ()I1=1}

|y["

ko
A 1 _ipgi— *_JSJ *51‘l
X (SUPV(BkO)_” Z (2'"( jEa*—jna +Hjo" T ) »

koEZ k=—00

j N | PiN p;
(-0a; =2~ W
x 32Uy (B, ) “fi”LZ,i(CkM)) ) 4y

{=—00
|‘I>(J’)| _ mg mén _ %+a* L—i— *52 ga
SJ S dee T I IAWIT T4 () )
{y:l4;(y)lI<1}
ko j Gty B 3 PiN p
sup v(By, ) Z Z Q-0 V(Bk+e)7||fi||L§3(ck+[) dy+
ko€ k=—00 {=—00
51-1

* *_ %
+a )§+na i )X

@ (y)| ey E i Z (&
+J |det A7 ()l A 1A, ()] ((‘*
{y:1a;(nII=1}

| n

ko j Pi b
i —0)a; 21 4
X (2u§v(3ko) "y (Z 2070, v(BHe)nnfilng(cw)) ) dy.
0E

k=—00 \f=—00

. o ), 2271
Chu y rang, ||Ai(Y)||_1 ~ 277 va Z 2(] D = %, v6i moi
(=—00 1—2%1783
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a; <0va

N B 0 N (B )\ ™ N
V(By,) n = (w) V(Bryre) " = (M) V(Bry+e) 7

v6imoi £ < j. Suyra

V(B 45) < ' | <
v(By,) 2% j>1
Ap dung bét ddng thitc Minkowski véi p; > 1 ta dudc

[®(y)I B mg mEn (24
é’usf S detaT (I IAG Y TG ()
{y:lA;(II<1}

= |

51-1 B s S
5 +(a m)Ll)—52 J;'a)x

ko

J i), 5271 A
X | sup Z 2U™0u; (V(Bko+€)_n Z

kOEZZZ—OO k=—00

b
(. )) dy+

()| " o s ~(e(&+a (@ —ma)—a* 22
+J [det AT O AN 4 (| (G e mome 52
A )I=1}

Lyl

koezf— 00 k=—00

| n

1 m
ko pi
e A
(SUP U0 5 V(Bk ) (Z V(Bk+é Al LG, )> dy

mg mEn — n x) 81-1 *_ X 02=1 _ »
J - (y)lldetAzl(y)w IO a o)l () v —mafi e g
{y:A;(n)lI<1}

o) . om nén N
+f T [det A7 ()] o AN lAg(y) (GG Fe e —mad—ar 52 ) 4 )
:A)I=1}

x ||fl||m “l lplql(er)

Do vay, ta dat dudc

-
| | L9fq),14:f | |MKzZA*’Psq* (Rn)

<1—[U 2O, geea1 ()5 Al s %h(y)dy)m[1[||fi||MKzzai,pi,qi(Rn)

m

5 (gll.l ”fl ”Mkziu;lppisql'(Rn)-
i=1

Tuong tu Trudng hop 1, ta cé uéce luong cho Trudng hop 2 véi diéu
kitn £ +1 >0

0T
”%‘bjf”MKsz*’p’q*(R”)
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1
m

m
| (}’)| 1 mg mén
l_[ (J |y|n |detAl (y)| 4 ||Al(y)|| i 9321(.}/)61.)/ 1_11 ||fl||MK‘<zzkl,pl,ql(Rn)
=

i=1

m

< Gina | [ Ifillygesona ony

i=1

binh li dudc chting minh. ]

Pdc biét, khi v = w thi todn tit sz bi chdn trén khong gian
Morrey-Herz c6 trong Muckenhoupt. Phin chting minh tuong tu nhu
Dinh 1i[3.5]

Pinh li 3.6. Cho 1 < ¢%,§ < 00,a; <0, A; >0, véi moi i = 1,....,m
va w € Ag VOi chi s6 t6i han r,, cho diéu kién Hoélder nguoc. Gid sit
q>q'¢r.,6€(1,r,)va a*, A" la cdc s6 thuc théa mdn

a1 "oa; 1
A=A+ 4 Ay v —+—*:L+—.
n g n q
Néu%#—ifo, véimoii=1,..,mva

m (1ROl s "
Coa=] | = detA7 ()] o AN+ Wy(y)dy | < oo,
gn 1Y

i=1

G do
5

U(y) = IIAi(y)IIm(Ai_n(C; ) (T))X{yGR":HAi(J’NKl} +
e Gl )

v a; /. o . \
hodc ;—I—ql >0, voimoii=1,..,mva
i

Xiyerm|A,()=1}>

m 18N, nen z
Cna=] | ( f S et AT DA wa()dy | <o,

m A‘i E —Tlg ﬂ'i‘l

Wy, () = AWl ( (%) ( ql))X{yeR“:||Ai(y)||<1} +
m(AE—n(2+1) (2

PN i G G L) A

thi 5, 7 bi chdn it [ |1, MK%0Pudi(R™) dén MK® AP0 (R,
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Tu Dinh 1i 3.5/ va Dinh 1i khi A; =+ = A, = 0 ching t6i dat
dugc diéu kién dd cho tinh bi chin cta toan th &, 4 trén khong gian
Herz c6 trong Muckenhoupt.

Két luin Chuong 3

Trong Chuong 3, chting t6i thu dudc cac két qua sau:

e Trinh bay két qua vé udc lugng chuén cho toan tit 7, A trén tich
cac khong gian c6 hai trong liiy thuta nhu: khong gian tam Morrey
(Pinh 1i[3.1)), khéng gian Herz (Dinh 1i [3.2), khong gian Morrey-Herz
(Pinh 1i[3.3).

e Chon A;(y) = diag[s;,(y), ...,s;(¥)], 8 d6 5,(¥), ..., ,u(¥) # 0 hau
khap trén R" v6i moi i = 1,...,m va A,(y) théa man diéu kién (1.3).
Khi d6, ching t6i dua ra cadc Hé qua vé udc lugng chuin cta toan
tl € - trén cac khong gian c6 hai trong lily thita nhu: khéng gian
tdm Morrey (Hé qua [3.1), khong gian Herz (Hé qua [3.2), khong gian
Morrey-Herz (Hé qua[3.3). Hé quéa[3.2]1a md réng clia Dinh 1i 3.2 trong
[15] v6i hai trong ldy thua.

e U6c luong chufn clia toan t& Hardy-Cesaro da tuyén tinh UZ;
trén tich cac khong gian c6 hai trong lliy thtta nhu: khong gian tam
Morrey, khong gian Herz.

e Dua ra diéu kién di cho tinh bi chin clia toan tt 4%, A trén cac

khong gian c6 hai trong Muckenhoupt nhu: khong gian tdm Morrey
(binh 1i[3.4)), khong gian Morrey-Herz (Dinh 1i(3.5)).

e Dic biét, khiv = w, A; =--- = A, = 0 tit Dinh 1i[3.5/va Dinh Ii
3.6 chiing t6i dat dugc diéu kién di cho tinh bi chin clia toan tit 55, i
trén khong gian Herz c6 trong Muckenhoupt.
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Chuong 4

TINH BI CHAN CHO GIAO HOAN TU CUA TOAN TU
HAUSDORFF TREN NHOM HEISENBERG

Trong chuong nay, ching t6i dua ra diéu kién da cho tinh bi chin
cta giao hoéan t &),
biéu trung thudc khéng gian £-tAm BMO, trén cac khong gian tim

giao hoan ti %”qf’ ', trén nhom Heisenberg voi

Morrey, khong gian Herz, khong gian Morrey-Herz c6 trong liy thiura
hoac trong Muckenhoupt.

No6i dung ctia chuong nay dua trén bai bao [3] trong danh muc
coéng trinh da cong bb.

4.1. Gidi thiéu

Toan t&t Hausdorff thuong dugc nghién ciu trén khéng gian Eu-
clidean n-chiéu (xem (41, 191, 1121, 1131, [301, [1341, 1541, [57], 58],
591, [781). Mot cau hoi tu nhién 1a cac ki thuit nghién ctu toan ti
Hausdorff trén R" c¢6 phu hgp véi cac khong gian khac nhau khong.
Chéng han, c6 nhiéu cong trinh nghién ctu vé toan t& Hardy, toan
t@ trung binh Hardy-Littlewood, toan tit Hardy-Cesaro, toan t&t Haus-
dorff trén truong p-adic (xem [[10], [19], [26], [471, [741, [80]). Do
vay, viéc md rong nghién cttu 16p toan ti Hausdorff va giao hoan tu
clia né trén nhém Heisenberg 13 cin thiét.

Nam 2017, Ruan, Fan va Wu [72] da gi6i thiéu toan t& Hausdorff
trén nhém Heisenberg H" c6 dang
®(y) .
Hop pf (x) = Wf(A(J’)X)dy, x € H, (4.1)
Yig
Hn

& d6, ® 13 ham kha tich trén H". Ma trdn A(y) c6 detA(y) # 0 hiu
khap trén gia ctia . Hon nita, ho cling gi6i thiéu va nghién citu giao
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hodn tt ki€u Coifman-Rochberg-Weiss ctia % 4 trén H", véi biéu trung
b € CMOP2(H"). Cong thitc cta %qf’ ', cho bdi

w2 0= | 22 (b by IN) FAG IRy, x B (4.2
g o 1y

Cac tac gia da chitng minh dudc %qf’ ', bi chén tit khéng gian M j;pl (H")
dén khong gian M c’})’p (H"),1 < p,py1,Ppy < 00 v6i ® 1a ham kha tich dia
phuong trén H" va trong w la trong Muckenhoup hodac trong liiy thtra.

Gan day, N. M. Chuong, D. V. Duong va K. H. Diing [27] ciing gi6i
thiéu va nghién cttu toan t& Hausdorff thé trén nhém Heisenberg. Cho
® : H" — [0, 00) la ham ban kinh do dugcva Q: S,_; — C la ham do
dugc sao cho Q(y) # 0 v6i hdu khip y trén Sq-1- Toan t Hausdorff
tho trén H" ¢6 dang

@(5|y|}:1X)

%¢,Qf(X)=J Tﬂ(%;y)f(y)dy, x €H". (4.3)
h

Hn
St dung phép ddi bién trong hé toa d6 cuc va trén nhém Heisenberg
ta dudc

%mf(X)—f f —ﬂ(y )f (611, y)dy'dt, x €H". (4.4)

Nhan thiy, khi chon @(t) = 7% (1.0)(t) V2 Q = 1, todn t Hausdorff
thé # o trd thanh toan t& Hardy trén nhom Heisenberg. Tuong tu,
néu o(t) = Xon(t) va Q =1, thi 7 tré thanh toan ti Hardy lién
hop (xem [83]).

Trong [27], cac tac gia gi6i thiéu giao hoan t cua toan tit Hausdorff
tho kiéu Coifman-Rochberg-Weiss trén nhém Heisenberg c6 dang

Hyof (x )—J J —Q(y )(b(x) = b(6 114, ¥ Nf (8,11, )dy'dt. (4.5)

Ung dung ctia ly thuyét vé giao hodn ti c6 déng gbp quan trong
trong nghién cttu tinh chinh quy nghiém cta phuong trinh dao ham
rieng (xem [8], [28], [771).
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4.2. Giao hoan tu %qf’ q va 16p trong lity thira

Trong muc nay, ching tdi trinh bay cac két qua vé diéu kién dt cho
tinh bi chin cta giao hoan t ﬁ‘qu’ﬂ trén cac khong gian cé trong liy
thtta nhu: khong gian tAm Morrey (Dinh 1i [4.1]), khong gian Morrey-
Herz (Dinh 1i[4.2).

Trude khi dua ra két qua chinh, ching tdi gi6i thiéu b8 dé vé tinh bi
chin clia s, trén khong gian Lebesgue c6 trong trén cdc hinh ciu.
B3 dé duoc dung trong chting minh ctia Dinh li Vé Dinh li

B6 dé 4.1. Cho 1 < q<oo, 1<qqr; <oovaw(x)=|x!,y>-Q.

Gid stt Q € LY(Sy_q), b € CMOY(HM),€ < 2. Néu L =L + L thivéi
) Q q q1 r
moi R > 0 ta co

b Q+NG=+0
”%q)’ngLZJ(B(O,R)) 5 ”Q”Lq/(SQq)”b”CMOi’rl(H”)R " X

~ a(1)
X J 1_% (1 + \I](t) + t_(Q—H/)K)”f||LZ,1(B(O,t_1R))d t,
0 t q1

6 d6 W(t) = =@y 15(8) + @ g o (8).

Chitng minh. Ap dung bit ding thic Minkowski va bat dang thitc
Holder, ta co

||%£Qf||LZ(B(0,R))
0 e
< J —f 120y U |b(x) — b(5t1|x|hy')|q~|f(5t1x|hy')|qw(X)dx) dy'dt
0 t Sq1 B(O,R)
% ¢(t) / / / /
= T 120y )IIb(-) - b(5t-1|~|h)’ )”LZ}(B(O,R))'||f(5t_1|‘|hy )||L§3(B(0,R))d}’ dt.
0 Sq-1

T d6, ap dung bat ding thitc Holder, din dén

1
) * &(t) i A\
174 of 118 Bor) = 1120110, ) - 1b(-) = b(6 11, ¥l dy X
0 S

L} (B(0O,R))
Q-1

a
/ q1 /
x (L 1) Lil(B(O,R))dy) d. 46)
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Ta can chi ra rang

(L 1b(-) — b(5t1-hy/)||L12(B(0,R))dy/)
-1

1
S (14 9(0) + @) REVEFp CY)

cMOoL (Hn
That vay,

1

( L Ib(:) — b(ét-l.|hy’>llLb(B(o,R»dy’)
Q-1

1
sU ||b(-)—bw,B(o,R)||;a1(B(ORDdy’) +U
Sq-1 eI Sq

+ (L ”ba),B(O,t’lR) - b(atlllhy/)”;l:}(B(O’R))dy/) = I]. + 12 + 13. (4.8)
Q-1

"

r /
”bw,B(O,R) - bw,B(o,rlR)”Llrml (B(O’R))dy )

-

==

Tit dinh nghia khong gian CMO%" (H") ta 6

1 B
— 1+Lr N r /
1= (w(B(O,R)) 1 L IO bw,B(o,R)||L31(B(O,RDdy)
Q-1
1
=+
< (B, R) T 115l iyt ey (4.9)

Tiép theo, ta c6

1
12 S C()(B(O,R))rl '|bw,B(O,R) — bo),B(O,t_lR)" (4.10)
V6i t < 1, 4p dung bit dang thic Holder ta dudc

|bw,B(O,R) - bw,B(O,t‘lR)l 4.11)
1

< >BO.R) |b(x) = Doy g0, 1py|ew(x)dx

B(0,t"1R)
1

B(0,t'R q i
< 0)( ( )) f |b(X) _ wa(O t,lR)|r1a)(X)dX
w(B(0,R)) B(0,t'R) o

< OO : 1b(x)— b (x|
= «(B(0,R)) w(B(O,t‘lR))““l SO R X w,B(0,t~1R)| ~ X )dX

- w(B(0, t~1R))'*¢
~  w(B(0,R))
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Trong truong hop t > 1, 1ap ludn tuong tu nhu trén ta nhan dudc

w(B(0,R))1 ¢
1bw.BoR) — Dwpoc 1) S (A _)) [ L2 P rp—
AL, BV, co(B(O,t 1R)) CMO, *(H™)

Tt do, do (4.10) va (4.11) ta co

w(B(0, tT'R))M* w(B(0,R))
w(B(O,R))lH X(O,l](t) + w(B(0, t—lR))X(l,oo)(t)) Al b”CMof,;rl(H“)-
(4.13)

I, S w(B(O,R) (

Mat khac, ttt y > —Q nén

R R
W(B(0,R) = f Ixl}dx = f J 15,112 dy dr = J f Q147 dy gy o RO
B(O,R) 0 Jso 0 Jse

va
w(B(0,t71R)) ~ (t'R)?, (4.14)

bieu nay suy ra

-1 +y)(1+L +
L ER(Q”)%H) ((t R)(@+0) RQtY

RQ(I+0 Xo1(0)+ (t—lR)Qﬂ/X(LOO)(t)) 151l erron amy

1
=+
S RO w0 1bll o oy (4.15)

Tiép theo, ta udc lugng cho Is.

[ [ o
Iy = ( be, B(0,-1R) ~ b(5t1xhy/)|r1w(x)dXdy/)
Jsq_1 JBOR)

1

o E
= J |bw,B(0,t‘1R) - b(6t_1r.y/)|r1 rQ+Y_1du’drdy’
JsgiJo Jsys

1

rt R r
N (tQ” J 1be,B0,c-1R) — b(5zy/)|r12Q+Y_1dy/d2)
Jo S

Q-1

oty n
=tn (J |b(x) — bw’B(O’thﬂrlw(x)dx) : (4.16)
B(0,t™'R)

Do vay

]

1
|b(x) = by, peo,c1r) | w(x)dx
w(B(0, t~1R))1+n L(O’“R) ,B(0,t"'R)

Qty 1
ISt Bt R (
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oty IR ) @(E+0 -
< £ (B0, £ R)A bl gyt gy S R A O @b

T day, bdi (4.9) va (4.13), bit dang thite (4.7) dugce chiing minh. Véi
uéc luong (4.16) 6 trén, ta dat duge

1
, q1 Q+y
1 e, Y Mo omn@Y | S € I iz cococry
So-1

Do dé, tu ( . ) va ( . b8 dé dugc chitng minh. O

Pinh li 4.1. Cho 1 < g <00, 1 < qp,1; < oo va w(x) = x|}, v > —Q.
Gid stt Q € LY(Sg_1), b € CMOY™(HM), ¢ < é va A € (—%,0), A €
(—qi,O), A =A—L Néu3=i+lva

1

q1 I

o0
o(t)
— 7 —(Q+y)t
(513—J0 THQI (1+\Il(t)+t )dt<oo,

thi ., bi chdn tir M9 (H") dén M-9(H™).

Chitng minh. V6i bat ki R > 0, ap dung BS dé ta co

b
”%q:.,gf ”LZ)(B(O,R))

1
w(B(O,R))« "
®(t)
S ”Q”Lq/(SQ—ﬂ”b”CMOé’rl(H”)J @ (1 +U(e)+t (Qﬂfﬂ)
“ 0 t q1
L By
R(Q—i_}/)(rl +£)(1)(B(O, t_lR))ql +A1
% 12 14 ”f”Lil(B(o,t—lR))dt-
w(B(0,R))« w(B(0, t~1R))u "™

Tl (4.14) va gia thiét cho A, suy ra

1 1 1 1
R(Q-i—}/)(rl +Z)C()(B(O, t_lR))ql +2A4 N R(Q'H’)(rl +e)(t—1R)(Q+Y)(ql +21) _ t—(Q—H/)(i-i—ll)
w(B)i ™ RQG+) '
Do vay
” Qf”Mlq(Hn) ~ (613 ”Q”Lq (Sq 1)||b”CMO“1(H”)||f|| Ay A1 ()
binh li dudc chitng minh. O
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Pbinh1li4.2. Cho1<p,g<o00,1<qq,r; <oova w(x)= |x|£, Y > —Q.

Gid st € LY (Sq_1), b € CMOL™ 1 (HM), L < é, A>0vaa;, =a+(Q+

NGO Nus=2-+1w
1

T

(0.¢]
(1) Y
0 t q1

thi #), bi chan tit MKZ-*P0 (H™) dén MK2APA(H").

Chitng minh. V6i mdi t > 0, ta c6 sb nguyén k := k(t) sao cho 2871 <
= k-1 k Iy A
t~1 < 2% pat 8¢, ={z€H": 27 <|z|], < 27}, dan dén

§p1c ClzeH": 2FFK=2 |z, < 2KF%],

T d6, v6i moi k € Z, st dung BS dé |4.1|ta dugdc

b
| o f 2illLo my

K(Q+1)(L+0) o(t) _
s ||Q||Lq/(SQ,1)||b”CMOﬁ;rl(H")z ’ " J 1— Q*Y (1 + \Ij(t) + t (Q+Y)e) ”fxﬁ 1Ck||Lq1(H")dt
0 t

q1

k(Q+1)(E+0)
S 19005, 1Bl epropgany 2 ST

o0
0 _
xf — i (19O + @) (1f il oy + 1S il oy ) it
0 t o

Tt o, =a+(Q+ )f)(rl +¢) va 4p dung bat ddng thitc Minkowski, suy
ra

ko

_ 1/p
10 nicoaguny = SUP 2 W (37 2 (el )
07

k=—00

®(t) (ot
L - — (1+\Il(t)+t @ ”‘)

q1

< 1920, 1Bl o SUP
koEZ

1

0
X Z_kok( Z 2ka1p(||ka+K—1||LZ}(H”) + ||ka+K||L‘3}(H"))p) “dt

k=—00
<0 b () 1+ @+t E E,)d
<] ||Lq’(5Q_1)|| ||CMOf;r1(Hn) +W(t)+t )| sup E; + supE, |dt,
0 1

ko€Z ko€Z

(4.17)
g do,

1

ko 1
El - 2_kox( Z zkalp”ka-i-K—]”iil(Hn))p’

k=—00
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1
B, =270 ( Z 25)1f s )

Chu y rang, t ' ~ 2¥ va tit dinh nghia ctia khéng gian Morrey-Herz ta

cod
ko+x—1 1
E, = 20 Dhg-latx= m( Z 90~ K+1)a1p||ij|| u )p
L8 (mm
j=—0 |
ko+x—1 1
— o(k=1)(A-a;)g—(ky+x— 1)/1( Z 21a1p||fX]||qu(Hn )P < tal—l”f||MK51,A,p,q1(H,,).
]——OO

Lap luan tuong tu trén, ¢ dudc E, < t“2||f|| Do do, tu

(4.17) suy ra

MKgl ’A’P’ql (Hn) .

12 of Nygiziragany S GoslUl e s, 1Bl cyroprsgamlLF oo gy
binh li dudc chiing minh. O
Chti v ridng khi A = 0 thi khéng gian Herz 1a mot trudng hop dic
biét ctia khong gian Morrey-Herz, do d6 ching t6i c6 két qua dudi day.

Hé qua 4.1. Cho gid thiét ciia B6 d‘é 1<p<oovaia;=a+(Q+
1)(;- +6). Neu

_Qr
a

o0
d(t
615 1 :f L(l +0(t) + t_(QJrY)E)dt < 00,
1 aq
ot

12 llxzraeemy S a1 s, 1Bl ngotrs a1 s .

4.3. Giao hoan tu %qf’ q va lop trong Muckenhoupt
Trong muc ndy, chiing toi trinh bay két qua vé diéu kién da cho tinh
bi chin cta giao hoan tu %’qf’ q trén khong gian tam Morrey c6 trong

Muckenhoupt (Dinh 1i[4.3).

87



Trude khi dua ra két qua chinh, ching t6i gi6i thiéu b6 dé vé tinh bi
chin cta %ﬁf o trén khong gian Lebesgue c6 trong trén cdc hinh cAu.
BS dé duoc dung trong chting minh ctia binh li

BS dé 4.2. Cho 1 < q,q;,11,{ <00, 0 < £<é,w€Agvd'ichl’soA

t6i han hitu han r,, cho diéu kién Holder nguoc. Gid sit Q € Lq/(SQ_l),
be CMO:;’L)(]HI”), 5 €(1,r,) va diéu kién sau dugc théa mdn

1 1 1 T
->|—=+=|¢ . (4.18)
q q;, 1] e —1
Khi dé, véi bdt ki R > 0 ta cé
||%¢b’g.f”Lg)(B(O,R))
o(t) w(B(O,R))e*
< ||Q||Lq/(SQ1)||b||cMOr;,e(HnJ —— 1+ 2,(0) ||f|| 1% a0.c-1ry 0
© 0 w(B(0, t~ 1R))q

6 ds, Wy(t) = (¢ LU0 4 =) yo () + (6L + ¢~ Qe )X(loo)(t)

Chitng minh. Tit (4.18), ton tai ry,q; sao cho

1 r 1 r 1 1 1
% © i C_ vA —+—=-—, (4.19)
91 qre—1 r rir,—1 g1 1 q

Do d6, ta c6 bat ding thitc (4.6). Tt (4.9) 6 trén va ry < ry, suy ra

< wBORDTBI o . (4.20)

Lo
I < w(B(0,R)|Ib] ertol i

cMol () =

Tiép theo, ta uéc luong I, va I, nhu trong B6 dél4.1] Vi w €A, va bdi
Ménh dé ta dudc

wBO.R) ) T < (IB(O,FIR)I)C(HE) < —QL(1+0) A
( w(B(0,R)) ) ~ U B(O,R)| St , neu t =1,

¢
w(BO.R) < |B(O,R)| < +QC . . )
w(B(0,1R)) ~ (IB(O,th)|) S t,  truong hgp con lai.

Do vay, tit (4.13) d4n dén

12sw(B(o,R))H”.(t‘Q“”“ O+ %y, oo)(t)) IBIl yr ry (421D
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T L > %err‘i c6re(l,r,) sao cho % = r,.r’". Ap dung bit ding
1 w

ry 1°

thitc Holder va diéu kién Holder ngudc, ta cd

451 1
i TT r
I3 < f (J |bw,B(O,t‘1R) - b(5r—1\x|hy/)| ¢ dx) (J co(x)rdx> dy’
Sq-1 B(0,R) B(O,R)

in
r*
1

< |B(0,R)|7 w(B(0,R)) (J J 1D po,c1R) — b(5t1|x|hy/)|ngdy/)
So_1 Y B(O,R)

Bang cach wée luong nhu (4.16) va st dung Ménh dé suy ra

3
"

=4 1 L ,
I3 S 1B(O,R)|" w(B(O,R))" (J f |besp0,-1) = D811, Yl € dxdy )
So_1 JBOR)

£

=< 1 [ 1

< IB(0,R)| " e (B(0O,R)) (tQJ 1b(x) = b o, 1m)l ¢ dx)
B

(0,t71R)

<
1 (|B(O,t7'R)| |1 «
< w(B(0,R))n “BOR) t X

=
"

1 .
X | —————— |b(x) — b, gro.1r)| T ew(x)dx
(w(B(o,t R) Jy00m) B0

1
*
"

S w(B(O,R))" ( |b(x) — bw,B(O,t‘lR)Vfw(x)dx)

w(B(0,t™R)) Jp0.e-1p)

(4.22)

Diéu nay dan dén

w(B(0, th)))f )

ﬁ—#f
I35 S w(B(0,R)) ( w(B(0,R))

1
1 i} 7
X . |b(x) = b, peo,c-1my| " w(x)d x
(w(B(O, t—lR))erl L(O,th) ,B(0,t"'R)

(B, t1R)) " -
w(B(O,R)) | " emol @y

Mit khéc, ap dung Ménh dé ta co

_ ¢ BRI < ozt A
(w(B(O, t 1R))) - (W) St neut <1,

B(O,R ~ SR A oz
w(B(0,R)) (W) " <t7¥5, truong hop con lai.
R

< w(B(0,R)" ™. (
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Do do,

Lo (= —qQle=ue
I S 0(BO,R) . (7% 1011 (0 + 707 201,00)(0) ) Bl o1ty

Do véy, béi (4.8)), (4.20) va (4.21) suy ra

( J O = B Mo )

Ly
S @BO,R)T (1+81(6)) bl oty (4:23)

Mat khéc, ti q1
1

4 1
(J ||f(6 1| |hy )”qu(B(OR))dy/)
Sq-1

1 1oy
S (B0, R w(BO, RN Il o

4.22)), ta dudc

Do vay, tit (4.6), (4.23) va ql +-4= 5 b6 dé dugc ching minh. [
1 1

binh 1i 4.3. Cho 1 < q,q},7;,{ <00, 0 < { < é, w € A, Véi chi
s6 téi han r,, cho diéu kién Holder nguoc. Gid sit Q € Lq/(SQ_l), b e

CMOI (HY), 5 € (1,r,), A € (=1,0), A1 € (=2,0) va A, = A— L. Néu
1

1 1, 1) r e 0

q > (q’{ + ri‘) Crw—l va
*&(t) PG —Qo

Gu=| — (0T renO+ %P g0) (1+3,(0) dt < o,
0

thi 7L, bi chn tir M 2% gy dén M29(H™).

Chitng minh. ViR > 0, tit B6 dé [4.2|ta cb

”32¢b fHLq B(O,R
1 ,0 »(B(O,R))

&(t)
S 1905, MBIyt J — (1+¥%,(0) x
@ 0

w(B(0,t'R))
“\ “w(B0,R)

+/11||f|| % po.c- 1R)) . (4.24)

) w(B(0,t~ 1R))q
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Tiép theo, bdi A, < 0 va stt dung Ménh dé . Suy ra

_ A B, R < +—QA A
(BO,LTRY\™ ( [B(O.R)] )(5 ~ t7=",  neut>1,
«w(B(O,R)) (—'B(O’Flm) <t truong hdp con lai
|BR| ~ ? - -

(5—1)11

=t X0,17(t) + t_QMIX(Loo)(f)-

Tu dinh nghia ctia khéng gian tAm Morrey, ta dudc
172 of Uiy S Gra- I s, 1B

binh li dudc chiing minh. N

CMOi’rT(H")”f”Mil’qT(H”)'

4.4. Giao hoan tit #,, va 16p trong lity thita

Trong muc nay, ching téi trinh bay cac két qua vé diéu kién du cho
tinh bi chin cta giao hodn tit 7! ', trén cdc khong gian 6 trong liy
thtta nhu: khéng gian tdm Morrey (Dinh li |4.4), khong gian Morrey-

Herz (Dinh 1i 4.5)

BS dé dudi day dung dé ching minh Dinh 1i[4.4, binh 1{[4.5]
B6dé4.3.Chol1<qg<oo, 1<qyr <00, y>—-Q, w(x)= x|} va
b € CMO"'(H"). Gid st diéu kién 5 = ql + - dugc théa man. Khi dd,

1 1

v6i bt ki R > 0 ta ¢

b < ar [ @(y)
I af ltmomn S Plemozean® ™ | = WOHODIf iz o pacnnmndy:
H" h
6 dé
() = max{log(2IAG ), log——} + — 2A)I
AGT ™ min (IAGHIT, A (I FIdetA(y)]

+ (max {4~ I 4G Hderd () A ™

1

u(y) = (max {4 I, A7} deta ()1 ™

Chitng minh. Ap dung bit dang thic Minkowski va bit ding thiic
Holder, ta co

170 af || 1 a0
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®(y)
5 f | ||b( ) - b(A(_)/) ) rl(B(O R))”f(A(y) )| qu(B(O R))d (425)
Ta cén chiing minh
Qty
||b(') - b(A(.y).) LZ}(B(O,R)) 5 R 1 'w(y)'||b||CMO::(Hn)' (4'26)
That vay, ta ki hiéu
Ji = ”b() - bw,B(O,R)”LZ}(B(o’R));
Jy = ||b(A(}’)') - bw,A(y)B(O,R)HLZ}(B(O,R))’
J3 = ”bw,B(O,R) - bw,A(y)B(O,R)”LZ}(B(O,R))-
Khi do
[6C) = b)) somy < 1 2+ (4.27)

D& uéce luong cho Jy, tit dinh nghia ctia khdng gian CM OZ(H“) ta dudc

1 < w(B(0, R)) (4.28)

||b||CMO (H") )’

Tiép theo, vé6i J, ta co

Joy = (f |b(A(y)x) — bwA(YJB(O,R)lrlw(x)dx)
B(O,R)

1
< w(B(0,R)) |b - bw,B(o,||A<y)||.R>| +

+ (J |b(A(y)x) — bw,B(O,lA(y).R)|r1w(x)dx) . (4.29)
B(O,R)

T bat ding thitc Holder din dén

b, a(y)B(0.8) — Do B0, AR
1

<
~ w(A(y)B(0,R)) A(y)B(O,R)

(B0, JIAG)I| R .
b —b r d
= w(A(y)B(0,R)) ( L(O,A(y)|.R)| (x) = by B0, 1aclp| ™ 0 (x) X)
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_ 0B, [[A)II-R)

o] | PR 4.30
WAB(O,R) | ool ) (430
Bang phuong phap ddi bién va tit bt ding thitc (1.6) suy ra
w(A(y)B(O,R)) = J |A(y )z["|detA(y)|d=
B(O,R)
> min {[|JA()II", A7 ()1 7"} detA(y)| |z|"dz

B(0O,R)
~ min {||A()II", A~ ()l 7" }detA(y)|.R¥H. (4.31)

Vi vy, tu suy ra
Q+r o
b semton — Bossoot] S — (||A(J’)||-Rz1 -”li”(jMOw (H")
min {[|JA()II", A7 ()l 77} detA(y )|.RY
AN 1By 07
— min {JA)IY, 1A~ ()77} detA(y)I
(4.32)

St dung phuong phap ddi bién va cong thitc (1.6) 14n nita, ta dudc

1

(J |b(A(y)x) — bw,B(O,|A(y)|.R)|r1w(x)dx)
B(O,R)

1

= (f |b(2) — by, po,jac)p)l™ |A1(}’)Z|Y|detA1(y)|dz)
A(y)B(O,R)

< (max {JA7 NI, AN Hdetd™ (1) (B(O, IAG)IR)) ™ %

1 "
X |b(z) — by, allw(@)dz | .
(0)(3(0, IAIR)) J g, jacyiim) BO AR

(4.33)

Do do

n

(J |b(A(y)x) — bw,B(O,A(y)l.R)'rlw(X)dX)
B(0,R)
ey 1 Qtr
SR (max (AT DI, A Hdetd DD AN - [[]] iz oy
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Tu (4.29) va (4.32), suy ra

5 (= Al .\
min{JAQII 1A~ (Il 7 }ideta(y)

1 Qty Qty
+ (max {[IA”" (M)II", A" Hdeta™ (D) = A ).R 15 caror e
(4.34)
Tiép theo, ta u6c luong cho J,. Trudc tién, thiy ring
1
J3 < (U(B(O,R))rl bw,B(O,R) — bw,A(y)B(O,R)|' (4.35)

Tu diéu kién |JA(y)|| # 0, ta c6 mot sé nguyén x = x(y) thdéa min
2571 < JJA(y)ll < 2~. Pt

S(x) {jez:1<j<«k}, néu k > 1,
K)=
{j€Z:x+1<j<0}, trudng hgp con lai.

Khi dé

|ba),B(0,R) - bw,A(y)B(O,R)|
= Z |b°)’Bzf—1.R - bw,sz.R

jEeS(x)
S Ix|.

T |b‘°>Bz’€.R o bCO,A(}’)B(O,R)|

bHCMo:j(H") T |bw,Bzx,R - bw,A(y)B(o,R)|- (4.36)

Mat khac, vi ||A(y)|| ~ 2%, nén

~y

< { log(2JAI),  néux >0,
]. \ \ .
log|| YOIL truong hop con lai.

1
S max{log(2[[A(y)ID, logm}- (4.37)

Ap dung bét ddng thitc Holder ta c6

berZK.R h bw,A(y)B(O,R)|
1

<
~ w(A(y)B(0,R)) A(y)B(O,R)

By )t
= WA()B(O,R)) UB o) = b,
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w(Byr g)

bl o 4.38
= a0, leso ) (459
T ubce luong (4.31) va vi ||JA(y)|| ~ 2" ta co
berbye ~ Desay)BOR)|
(2K R)Q+Y
5 - i |b L PR
min {[|A(Y)II", A~ (y)II 7"} detA(y )|.RETY ” ”CMOw(H)
AN

~ . . b AL prrny .
i AT T T ety | e
Tur (4.35)-(4.37) suy ra
Qty
Js SR+ (max{log(2llA(y)I), log

Q+
- sa NI
min {||A()I|7, [[A~ ()77 }HdetA(y )| o "

1 -
1Al

Nhu viy, béi (4.28) va (4.34), ta da hoan thanh chiing minh b4t dang
thitc (4.26). Tiép theo, uéc luong cho (4.33). Ta c6

£ LAYl L g o)

1
< (max (I I, A7 Hdetd™ 01 ) “ I s oo atsny
= p()-1If 2 o, iaci vy
T (4.25) va (4.26), b6 dé da dude chitng minh. O

Pinh 1i 4.4. Cho1 < g < o0, 1 <qq,1; < 00, y > —Q, w(x) = |x],
be CMOJ(HY) va A € (=-,0). Néu ;= -+ va
1

q1 5]
G = J | (TQ) PO CT S dy < oo,
thi 72, bi chdn tir M4 (H") dén M29(H").
Chitng minh. V6i bat ki R > 0, 4p dung BS dé4.3|ta c6

®(y)
—+A|| ;Af”Lq(B(OR)) ~ ”b”(jMorl(Hn J | |Q 1/J(J’)M(J’)><

w(B(0,R))¢
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R w(B(O, JAG)|.R))
wBO,R) ™™ w(B(O, AR

112 sco,nac)rpdY-

1

q1

Tir udc lugng (4.14) va dieu kién - =

+ rl, suy ra
1

2 SA R (@Q+N(-+2)
R w(B(0, [|A(y)||.R))= R (JJA)IR)™ Q7L+
) o~ e = |AQ)| e T,
w(B(0,R))¢ R

Do vay,
” ,Af” Aq(Hn) 5 (616 ”b”CMorl(Hn)”f” A‘ll(Hn)

binh li dudc chiing minh. ]

Pinh 1i 4.5. Cho 1 < p,q <00, 1 <qy,r; <00, ¥ > —Q, w(x) = x|},
bECMO;l(H“), A >0, a2=a+$. Néui=l+lvc‘l
1

q1 1

0
(glng |y%) PO =K AP Y] 207 dy <o,
.

i=k*—1

véi k* = k*(y) la sb nguyén 16n nhdt sao cho
IAO)IIAT )Nl < 27, v6i moi hdu khdp y € H",

thi #, bi chdn tit MK2>*P0 (H") dén MK%*PA(H").
Chitng minh. V6i moi k € Z, tit B dé Ta co
ke [ $(y)
|, ,Aka”LZ)(H") ~ ”b”c]\/[orl(Hn)z B oy |Q P (y)-u(y). ”f”qu(A(}’)Ck)d‘y

V6i s6 nguyén « := x(y) sao cho 27! < |JA(y)|| < 2. Tu dé, dit
u=A(~(y).z v6i z € C, suy ra

”A(y)”_'?'h > 2k+1<—2+1<*’
DILNATHON)I

July = 1A~ DIzl >
1A

va
lul, < 1Az, < 2.

Do vay
A(Y)C, C {z € H" : 2kFK=24K" < |z], < 2kFK),
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Tt do, ta dudc

7%, ,Aka”L (H")
KQ+7) ®(y)
S IPllemor amy2 f Ty v u)( Z If il gamy ) dy
i=x*—1

Ap dung bat dfmg thitc Minkowski va a, = a + Q;LY,
1

k
2 1/p
ka
1760 f oy = 50D 27 (k_Zz AEZRGIA N
o(y)
<llbllemonr@msup | —g-¥().uly).Kdy, (4.39)
koeZ Jyr |Y 1}

6 d6 K =275 ( Z 2ka2p( Z ||f)(k+:<+l||Lq1(H“)) ) Ap dung bét

k=—o0 i=k*—1

dang thiic Minkowski va ||A(y)|| ~ 2¥, din dén

0 ko 1
1-1 “koh k P
K=@-x)'"r 3 2kr( 302 “Zpllka+x+illiil(Hn))p
i=x*—1 k=—00
) 0 k0+K+l 1
1-1 N(A—ay)o— '
—_ (2 _ K*) » Z 2(K+l)(l a2)2 (ko-I-K-H)A( Z 2]azp||f X]Hqu(Hn)) P
i=k*—1 j=—00
1-1 0 .
< (2 . K*) > Z zl(l—az).zk(l—az)”f “Mng,)L,p,ql(Hn)
i=k*—1

5 (2 _x )1——”A(y)”l az( Z 21(1 az)) ||f||MKa2 )qul(]HI”)

i=k*—1
Khi do, tit (4.39) suy ra
|7, ,Af”MKMPq(Hn) S G- ||b||CMor1(Hn) ||f||MKazlpq1(Hn)
binh li da dudc chitng minh. ]
Nhu truong hop déic biét cua Dinh i chting t6i c6 duge diéu

kién dt cho tinh bi chdn cta 2] ', trén nhom Heisenberg, trén khong
gian Herz c6 trong liiy thita nhu sau.
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Hé qua4.2. Chol1<p<oovaa,=a-+ @. Theo gid thiét ciia B6 dé
1

néu

o 1 0 .
G =J %.w(y).u(yxz—x ) AT (Y 27 ) dy <o,
H" h

i=x*—1
thi
|2, ,Af”K“pq(H”) S G- ”b”CMOrl(H”)”f”Kazpql(H")

4.5. Giao hoan tit 5] ', va 16p trong Muckenhoupt

Trong muc nay, chiing t6i trinh bay két qua vé diéu kién du cho tinh
bi chidn cua giao hoan ti %qf’ A trén khong gian tdm Morrey c6 trong
Muckenhoupt (Dinh 1i[4.6)).

BS dé dudi day dung dé€ ching minh Dinh 1i [4.6|
B6 dé 4.4. Cho 1 < q,q;,17,¢ <00, w € A, Vi chi s6 t6i han hitu han
r,, cho diéu kién Holder nguoc, b € CMOZE(H“). Néu é > (ql* + i) —

1

r;‘ ro—1
thi
|| ,Af”LZ,(B(OR))
(y) (B(0,R)):
< % 7
~ ||b||CM03(H”) fRn Iylf Pl )w(B(O IIA(y)IIR))q I/ HEO ”A(””R))dy’
G do
2/IA(y)I1% 1 1
P, (y)=1 + |detA™ (y)| 1||A(y)|| 1 +max{log(2llA(y)||) log—-—1,

|detA(y)I®
Ly E E
pi(y) = [detA™" ()% JAQ)I

1A

Chitng minh. Tit (4.19)), ap dung bat dang thitc Minkowski va bat dang
thitc Holder, ta dat dude bit dang thiic - Ta da c6 J,,J,,J5 trong
BS dé . Tiép theo, J,,J, va J; c¢6 uéc luong nhu sau:

V6ir <rj,taco

Ty < &BORYIB i (4.40)
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Két hop (4.29) va (4.30)), ta dugc

+ (B0, [A)ILR))
T2 = @B B0, R)

15l

. ]"T
CMO L (Hm)

+ (J |b(A(y)x) — bw,B(O,IA(y)I.R)lrlw(x)dX) . (44D
B(O,R)

Ap dung Ménh dé[1.3|va (4.31), suy ra
«(B(0, [[A(Y)II-R)) _ (lB’(O,IIA(y)ll-R)l)g N (IIIA(y)llQRQ)g A%

w(A(¥)B(O,R)) ~ \U IA(y)B(O,R)| detA(Y)IR? )~ |detA(y)I*"
(4.42)

*
h

Tit (4.19), ton tai B, € (1,r,) théa min :
thitc Holder va diéu kién Holder ngudc ta c6

=r,3]. Ap dung b4t dang

(J |b(A(y)x) — bw,B(O,IA(y)I.R)|r1w(x)dx)
B(O,R)

< (J |b(A(y)x) — bw,B(O,lA(y)l.R)|?dx) (
B(0,R)

<
= 1 7 n
S IB(O,R)| " w(B(0,R)) (J |b(A(Y)x) = bey peo,lac)iR)| ¢ dx) :
B

-
- %l"\

(0,R)

Tit Ménh dé[1.2] din dén

(J Ib(A(y)x) — bw,B(o,nA(y)n.R)VdX)
B(0O,R)

P 7o\
< |detA™'(y)|" (f 1b(2) = by 5o, 1aim)| ¢ dz)
B(0,IA(Y)Il.R)

¢ 1B(O, AR

< |detA"'(y)|'T T (J |b(z) — bw,B(O,IlA(y)II.R)lrl*w(z)dz)
w(B(0, JA()|I.R) T \YBO,IAWIR)

o , |B(O,||A(NII.R A
Mt khéc, ZEEUIL & [|A(y)[|2. Do vay

i

"1

(f |b(A(y)x) — bw,B(O,lA(y)l.R)|r1w(x)dx)
B(O,R)
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[ol4

1 & :
< w(B(0,R)) [detA™ ' (y)I 7 JA(Y)II 5

-
._.*l'—'

1 *
x 1b(z) - b, oliw()dz
(w(B(o,nA(y)n.R)) SO O

1 Lo
S w(B)r|detA™ ()| IAG)I 7 -I1B ] (4.43)

L .
CMO! (F")

Do do, tit (4.41) va (4.42) suy ra

© (A
25 wlB) (|detA(y)|€

4 4
+|detA™ (y)|" ||A(J’)||’1) 1ol (4.44)

cMotmn)’

Mt khac, do ||JA(y)|| ~ 2%, sit dung Ménh dé[1.3|ta dudc

(By: &) <( B vl )C< R¥ A%

w(A(y)B) ™ \A(Y)B(O,R)|) " |detA(y)I*R¥  |detA(y)I’
Tir (4.35)-(4.37), ta dugc
L 1 w(Byx r)
3 % @(B0,R)" (maxtlog(A D gt + = SEEss ) 6] ol e
lAI

1 1
S w(B(O,R))" ( max{log(2lIA(Y)I), logr s+ 1 dem(y)lg) (1~

Do vay, tu (4.27), (4.40) va (4.44), ta co

16C) = ANy s0my) S @BO,R) 41 ().||B (4.45)

. r* .
cMo ! (H")

Bén canh d6, béi (4.19) va udc luong (4.43) & trén, din dén

( f If(A(y)X)Iqlw(X)dX) 1
B(O,R)

= = = =
S w(B(0,R))n |detA™ ()| A % w(B(O, AR ILf 1,5 50 1400120

— w(B(0,R)) ., (B, JA)IRNE IF]] .
(B0, R 1111 0(BO, AR Ifll

Tu va (4.45), b6 dé da dugc chitng minh. O

binh li 4.6. Cho 1 < q,q},7},{ < 00, w € A, Vdi chi sb t6i han r,, cho
diéu kién Holder nguoc, b € CMO.}(H™), A € (—1,0)va § € (1,r,).

PE)
4,
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Néu§> (;—*+%)Cr—“vc‘1

1 r r,—1

617 :f % P1(y)-up ()%

C Q(571)7L
X (A xgyemnpacn<1y + A7 xgyemnjagy=13)dY < o0,

thi %”b bi chdn tit M, ql(]HI“) dén qu(H”)

Chitng minh. V6i bt ki R > 0, tlt BS dé [4.4|suy ra

b d(y)
w(B(O,R)ﬁ””%@A(f)”L 1BoR) < b ||CM01(H”) JHn IyIQ A1) u(y)x
B(O0, ||A R
y (w( ( B|| O%)H ))) e
@(BOR) - J 4 (B(0, AR y

Mit khac, vi A < 0, tit Ménh dé|1.3|ta suy ra

(w(B(O, IIz‘\(J’)II-R)))A
(B(O,R))

(w) <A, néu A <1,
< IB(O,R)| o

(Gl (G-1)7 . . .
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Do do, ta dudc

17 af lig2acazmy S 617-11D] 1£1

binh li da dudc chitng minh. ]

* A * .
CMO,; (") leql(H")

Két ludn Chuong 4

Trong Chuong 4, chting ti thu dugc cac két qua sau:

e Trinh bay cac két qua vé diéu kién da cho tinh bi chin cla giao
hoan tu %(If’ q trén cac khong gian c6 trong liiy thita nhu: khong gian
tam Morrey (Dinh 1i{4.1)), khong gian Morrey-Herz (Dinh 1i 4.2).
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e Trinh bay két qua vé diéu kién dt cho tinh bi chin ctia giao hoan
ta %qf’, q trén khong gian tdm Morrey c6 trong Muckenhoupt (Dinh Ii

4.3).

e Trinh bay cac két qua vé diéu kién da cho tinh bi chin cla giao
hoan tu ,%”qf’ ', trén cac khong gian c6 trong liy thua nhu: khéng gian
tam Morrey (Dinh 1i|4.4), khéng gian Morrey-Herz (Dinh li 4.5

e Trinh bay két qua vé diéu kién dt cho tinh bi chin clia giao hoan

tl %qf’ ', trén khong gian tdm Morrey c6 trong Muckenhoupt (Dinh li

4.6).
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KET LUAN VA KIEN NGHI
1. Cac két qua dat dude

Ludn an uéc lugng chuén, nghién cttu diéu kién dt cho tinh bi
chin cia mét sb 16p toan tt Hausdorff va giao hodan tit clia chiing trén
trudng thuc va nhém Heisenberg. Cac két qua bao gom:

1) Dua ra diéu kién can va dd cho tinh bi chin ctia toan t& Haus-
dorff thd 6  trén cac khong gian tam Morrey, khong gian Herz,
khéng gian Morrey-Herz c6 trong thudn nhit. Sau d6, c6 uée
lugng chudn clia todn tlt 5 , va két luAn méi vé ube luong chuin
cta toan tit Hardy, toan t Hardy lién hop cho cac khong gian trén
v6i trong lity thita. Dua ra diéu kién du cho tinh bi chin cta giao
hoan tit toan t& Hausdorff tho %qf’ﬂ v6i biéu trung thudc khong
gian Lipschitz, trén cac khong gian tam Morrey, khong gian Herz,
khéng gian Morrey-Herz c6 hai trong thun nhét.

2) Uéc luong chuén clia toan ti Hausdorff da tuyén tinh 5, Atrén
tich cac khong gian ham tdm Morrey, khong gian Herz, khong
gian Morrey-Herz c6 hai trong lily thita. Sau d6, ¢ két luan uéc
luong chuén cho toan t& Hardy-Cearo da tuyén tinh trén tich cac
khéng gian & trén. Dua ra diéu kién di cho tinh bi chin clia toan
tlt 7 z trén tich cac khong gian tdm Morrey, khong gian Morrey-
Herz c6 hai trong Muckenhoupt.

3) Dua ra diéu kién da cho tinh bi chin cta giao hoan ti toan
t& Hausdorff tho %qf” o giao hoan tl ctia toan tif ma tran Haus-
dorff %ﬁlf’ ', trén nhom Heisenberg voi biéu trung thudc khong gian
¢-tam BMO, trén cac khong gian tam Morrey, khong gian Herz,
khong gian Morrey-Herz c6 trong liiy thira hodc trong Mucken-
houpt.
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2. Kién nghi mét s6 vin dé nghién citu tiép theo

Bén canh cac két qua di dat dudc trong ludn an, mot sb van dé
mé can dudc tiép tuc nghién ctu bao gdm:

1) Tinh dudc chuén ca todn tl s, o va giao hoan tu ‘9?21?,9 vOi
biéu trung thudc khong gian Lipschitz, trén cac khong gian ham
ki€u Morrey-Herz c6 trong thuan nhéit. Thiét 1ap dudc mbi lién hé
gitta toan ti tich phin ki di va toan tit Hausdorff.

2) Tinh dugc chuén clia giao hoan th toan ti Hausdorff da tuyén
tinh s z, véi biéu trung thudc khong gian Lipschitz, trén tich cac
khéng gian ki€u Morrey-Herz c6 hai trong Muckenhoupt.

3) Tinh dudc chudn ctia mot sb 16p toan t& Hausdorff trén nhém
Heisenberg, trén cac khéng gian kiéu Morrey-Herz c6 hai trong
Ity thtta hodc trong Muckenhoupt.
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