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MG DAU
1. Lich st vin dé va li do chon dé tai

M6t trong nhiing chti dé quan trong ctia giai tich diéu hoa 1a nghién ctu
tinh bi chin clia cdc toan ti T trén cac khong gian. Cu thé hon, ching ta cé

bai toan chting minh bat ding thitc

ITflly = ClIfllx 1)

& d6 C 1a hang sb duong, va X,Y 1a hai khéng gian véi chuén tuong ing
I Ilx va || |ly. D& thiy dugc tAim quan trong ctia bai todn nay, chling ta nhic
lai mét sb bai toan quan trong sau.

e Dinh 1y kha vi Lebesgue phat biéu rang: v6i moi ham kha tich dia

phuong f trong khong gian R", chting ta c6

1 _
11_I)T(l)m B(X,r)f(}’)dy = f(x),

v6i hau khip x trong R". D& chting minh bai to4n nay, ngudi ta nghién ctu

ham cuc dai Hardy-Littlewood c6 tam sau day

Mf(x)=sup If (Vldy,

r>0 |B(X) r)| B(x,r)

va chiing minh ring ham cuc dai Hardy-Littlewood c6 tdm 1a bi chin yéu

(1,1). Chtng ta cling c6 dinh nghia ham cuc dai Hardy-Littlewood nhu sau
1
Mf(x)=sup — | [f(¥)ldy,
xX€EB |B| B
trong dé sup dudc 14y trén tit ca cac hinh ciu B trong khéng gian R".
e Xét bai toan Dirichlet sau day

n
> 0%u(x,t)+ 9%u(x,t)=0, véi (x,t)€R"xRT,
i=1 '

u(x,0)=f(x), haukhip xeR",



trong dé f thudc khong gian LP(R") v6i 1 < p < co. Dé giai bai toan nay,
nguoi ta xét
u(x, t) = (f *P)(x),
trong d6 P,(x) = t "P(t " !x), va
n+1
r(s) 1

n+1

T 1+ x)T

P(x)=

13 hach Poisson. RS rang P.(xy,...,x,,t) 1a ham diéu hoa theo cac bién

(X1, .., Xp, t), nghia la
n dz
2 _
>3 P+ 5P =0.
i=1

Do dé ham u(x, t) ciing 1a mét ham diéu hoa trong khéng gian R x R* va
héi tu dén f trong khéng gian LP(R") khi t dan vé 0. D€ giai quyét bai toan
Dirichlet bén trén, ta con chi ra su héi tu tiing diém hiu khip cta u(x, t) vé

f khi t tién vé 0. Tuy nhién, diéu nay d& dang nhan dudc tit bat dang thiic

sup [u(x, t)] < A f (x),

£>0
va tinh bi chin yéu (p, p) ctia ham cuc dai Hardy-Littlewood.
e Chuing ta xét thém mot bai toan Cauchy cho phuong trinh Schrodinger
nhu sau
idu(x,t)— Au(x,t)=0, (x,t) €eR" x RT,
u(x,0) = uy(x).
Nhu chiing ta biét, nghiém u(x, t) ctia bai toan nay dugc cho béi cong thitc

u(x, t) = (e72uy)(x), 6 d6 u(x, t) = (e *“uy)(x) xac dinh théng qua bién

d6i Fourier
_— . 2
(e7t2ug)(&) = "1 iy (8).
D€ nghién ctu tinh chinh quy nghiém, ching ta cin danh gia
||e_im(uo —vo)lly < Cllug — vollx,
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Do d6, ta dua bai toan vé viéc xét tinh bi chin clia todn td tuyén tinh e~ 14

théng qua bat ding thitc

le™2f lly < ClIfllx-

Qua cac trudng hop trén, ching ta thiy dude phin nido tim quan trong cia
viéc nghién cttu tinh bi chin ctia todn ti, trén cac khong gian dé giai cac bai

toan trong giai tich hay trong linh vuc phuong trinh dao ham riéng.

Ngoai viéc chiing minh b4t ding thic (I), bai todn quan trong va thi vi
nita 1a dua ra cac diéu kién cin va da dé bat ding thite (1) ding, va néu cé
thé, xac dinh hing sb C t6t nhit. V6i mot sb 16p toan t quan trong trong
gidi tich diéu hoa, chdng han nhu cac ham cuc dai Hardy-Littlewood, d4y
13 mot bai rdt khé. Chang han, c6 thé xem L. Grafakos va S. Montgomery-
Smith (1997), D. Melas (2003) va cac tai liéu trich d4n bén trong dé.

Nam 1920, G. H. Hardy da thiét 14p mét bat dang thitc tich phan
p
A W< —— o,
NS [ py < oo 1||f||LP(]R )

v6i1 < p < oo va f 1a ham do dudc khéng 4m trén (0; 00). Hon nita, hing
s6 1% thu dudc 1a tot nhit. G day, ## 1a toan tt Hardy dude dinh nghia bdi

1 X
Hf(x)= ;J f(t)dt.
0

B4t ding thitc Hardy va cac dang md rdng ctia ching git mét vai trd quan
trong trong 1y thuyét phuong trinh dao ham riéng, 1y thuyét x4p xi, Iy thuyét
cac khong gian phiém ham (xem K. E Andersen va B. Muckenhoupt (1982),
D. E. Edmunds va W. D. Evans (2004), D. Lukkassena, A. Meidella, L. E.
Persson va N. Samko (2012)).

M6t trong nhiing toan tit quan trong trong giai tich diéu hoa 13 toan ti
Hausdorff ma lién quan mat thiét dén bai toan vé tinh kha tng cta chudi
Fourier ¢§ dién. Cho @ 1a ham kha tich dia phuong trén (0,00). Toan tt
Hausdorff mot chiéu duge dinh nghia nhu sau

Co(t) rx
Hyf () = JO —=f (3)de. @
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RO rang, khi chon ®(t) = m+m’ toan ti Hausdorff tré thanh toan tit Hardy
bén trén. Hon nita, véi cac ham & thich hop, toan tit Hausdorff tré thanh mot
sb toan tt quan trong trong gii tich nhu: toan t& Cesaro, toan ti Hardy-
Littlewood—Pélya, toan tt tich phin phin sb Riemann-Liouville (xem K.
Andersen va E. Sawyer (1988), J. Chen, D. Fan va J. Li (2012), M. Christ
va L. Grafakos (1995), Z. W. Fu, S. L. Gong, S. Z. Lu va W. Yuan (2015), A.
Miyachi (2004)).

Toan tt Hausdorff dude mé rong dén khong gian R” bdi Brown va Méricz
(2002), doc 1ap nghién cttu la A. Lerneran va E. Liflyand (2007). Cu thé
hon, cho ¢ 1a m6t ham kha tich dia phuong trén khéng gian R". Toan ti
Hausdorff 7, , tuong ting v6i ham hach ¢ dugc dinh nghia béi

Ay pf (%) :J

e(t)f(A(t)x)dt, xeR",
-

trong d6 A(t) 13 mét ma trdn vudng cip n thda man detA(t) # 0 véi hau
khip ¢ thudc gia clia ¢. Néu lay ma trn A(t) va ham ¢ thich hop thi Hpp
sé tré thanh mot sb toan t quen thudc trong giai tich. Chi tiét hon xem bai
bao tong quan E. Liflyand (2013) va céc tai liéu tham khao dudc trich din

bén trong do.

Trong nhitng nim gin d4y, toan t& Hausdorff va cac giao hoan ti cla
ching, k€ ca trudng hop tuyén tinh va da tuyén tinh da dugc nhiéu nha
toan hoc trong nude va trén thé giéi quan tdm nghién ctu. Chi tiét hon, c6
thé tham khdo trong cac cong trinh K. E Andersen (2003), R. Bandaliyev va
P Gorka (2019), G. Brown va E Moricz (2002), E. Liflyand va cong su (2007,
2020), N. M. Chuong, D. V. Duong va K. H. Dung (2018, 2019), J. Chen, D.
Fan va cac cong su (2012, 2017, 2018), J. H. Guo (2015), A. Hussain va
cong su (2013, 2017), Y. Kanjin (2001), J. C. Kuang (2012), S. S. Volosivets
(2013, 2017).



2. Muc dich nghién ctru

Luén 4n nay nghién cttu diéu kién dd cho tinh bi chin, uéc lugng chudn
ctia mot sb 16p toan t Hausdorff va giao hoan ti clia chlng trén trudng
thuc va nhém Heisenberg. Hon nita, ching t6i udc luong dude chuén cta
toan ti trong mdi trudng hop.

3. D6i tugng va pham vi nghién citu

bbi tuong nghién citu clia Lun an 13 16p toan t&t Hausdorff va giao hoan
tlt cia chling trén trudng thuc va nhém Heisenberg. Pham vi nghién cttu thé

hién thong qua cac ndi dung sau:

e Noi dung 1: Ching t6i nghién citu diéu kién cin va du cho tinh bi
chan cla toan t& Hausdorff thé 55 trén cdc khong gian Morrey, khong
gian Herz, khong gian Morrey-Herz. Hon nita, ching toi danh gia dudc tinh
bi chén cho giao hoan t cta toan tit rough Hausdorff trén khong gian co

hai trong kiéu Morrey-Herz v6i biéu trung thudc khong gian Lipschitz.

e N6i dung 2: Ching t6i nghién citu diéu kién cin va di cho tinh bi chin
clia toan tit Hausdorff da tuyén tinh 8, 4 trén tich cac khong gian c6 hai
trong mi va hai trong Muckenhoupt nhu khong gian Morrey, khong gian

Herz va khong gian Morrey-Herz.

e Noi dung 3: Ching t6i nghién cttu diéu kién di cho tinh bi chin clia
giao hoan tir cua toan tit rough Hausdorff %ﬁpb’ q Va giao hoan ti clia todn tu
Hausdorff ma tran %qf’ 4 trén nhém Heisenberg véi biéu trung thudc khong
gian ¢-tam BMO c6 trong, trén cac khong gian Morrey, khong gian Herz,

khéng gian Morrey-Herz c6 trong thuan nhit hoic trong Muckenhoupt.



4. Phuong phap nghién cttu

e D& nghién cttu tinh bi chin cla toan t& Hausdorff trén trudng sb thuc
va nhom Heisenberg, ching t6i dua vao cac phuong phap dudc Coifman-
Rochberg-Weiss (1976) xdy dung trén cac khéng gian thuin nhét véi cac
bién déi dic trung cta trong lily thita va trong Muckenhoupt. Chiéu ngugc
lai, chiing t6i stt dung luge dd ma Xiao (2001) da phat trién. Trong dd, cac
ham thtt dugc lua chon dé dua ra cac udc luong dudi cho chuin ctia toan

2

tu.

e Dbi v6i cac nghién cttu vé& giao hoan td, dua trén phuong phap ndi
tiéng cta Coifman-Rochberg-Weiss (1976). Trong do, mau chét 1a dua vé
wée lugng giao dong trung binh két hop véi mét sb ki thuét dic trung dude
khi tiép c4n toan t& Hausdorff dugc xay dung béi D. Fan, Chen, Li, Fu, Lu
va cac cong su (2011, 2012, 2018).

5. Két qua cua luan an

Luén 4n da dat dudc cac két qua chinh sau day:

e Nghién citu diéu kién cin va du cho tinh bi chin clia toan t& Hausdorff
thd % o trén cac khong gian tdm Morrey, khong gian Herz, khong gian
Morrey-Herz cé trong thuin nhét. Ngoai ra, ching t6i uéc luong dude chuin
ctia toan tif Hausdorff tho s o va két ludn méi vé udce lugng chuén clia toan
t&t Hardy, toan ti Hardy lién hdp cho cac khéng gian trén véi trong lily thira.
Hon nita, chiing t6i dua ra diéu kién da cho tinh bi chin ctia giao hoan ti
toan tit Hausdorff tho ﬁf’qf” q VOi biéu trung thudc khong gian Lipschitz, trén
cac khong gian tam Morrey, khong gian Herz, khong gian Morrey-Herz c6

hai trong thudn nhét. D6 14 néi dung chinh ctia Chuong 2.

e Udc luong dude chudn clia toan tit Hausdorff da tuyén tinh A trén
tich cac khong gian tam Morrey, khong gian Herz, khong gian Morrey-Herz

c6 hai trong lily thita. Ngoai ra, ching t6i uéc luong dude chuin clia toan



ttt Hardy-Cearo da tuyén tinh trén tich cac khong gian & trén. Hon nita, dua
ra dugc diéu kién dt cho tinh bi chin ctia toan t& Hausdorff da tuyén tinh
Hy 7 trén tich cac khong gian tAm Morrey, khong gian Morrey-Herz c6 hai

trong Muckenhoupt. D6 1a ndi dung chinh ctia Chuong 3.

e Nghién cttu diéu kién da cho tinh bi chin cda giao hoan ti toan ti
Hausdorff tho %”qf” q trén nhom Heisenberg véi biéu trung thudc khong gian
¢-tam BMO, trén cac khong gian tdm Morrey, khong gian Herz, khong gian
Morrey-Herz c6 trong lily thita hodc trong Muckenhoupt. Png thoi, chiing
t6i dua ra diéu kién dua cho tinh bi chin clia giao hoan ti toan td ma trin
Hausdorff %’qf’ 4 trén nhém Heisenberg véi biéu trung thudc khong gian ¢-
tam BMO, trén cac khong gian tam Morrey, khong gian Herz, khong gian
Morrey-Herz c6 trong liiy thtta hodc trong Muckenhoupt. D6 1a néi dung

chinh ctia Chuong 4.

6. Cau truc cua luin an

Ngoai phan mé dau, két luan, kién nghi, danh muc cic céng trinh cong

bb va danh muc tai liéu tham khéo. Luin 4n gdbm 4 chuong:
e Chuong 1 trinh bay kién thitc chuén bi;

e Chuong 2 nghién ctu tinh bi chan cta toan t Hausdorff tho va giao
hodn tit ctia né trén cac khong gian kiéu Morrey-Herz;
e Chuong 3 nghién ctiu uéc luong chuén cho toan ti Hausdorff da tuyén

tinh trén cac khong gian kiéu Morrey-Herz c6 hai trong;

e Chuong 4 nghién cttu tinh bi chin cda hai loai giao hoan tit cia toan

t& Hausdorff trén nhom Heisenberg.



Chuong 1

KIEN THUC CHUAN BI

Trong chuong nay, ching téi trinh bay mot sb khai niém va két qua sé

dugce st dung trong toan bo luin an.

1.1. Khong gian Lebesgue

Trong muc nay, chiing t6i nhic dén khéng gian Lebesgue, Pinh li héi tu

Lebesgue, bat ding thtic Holder, bat dang thiic Minkowski, Dinh 1f Fubini.

1.2. Mot s6 ki hiéu va cac khéng gian ham

Trong muc ndy, chiing tdi giai thich mét sb ki hiéu va nhic lai dinh nghia

vé cac khong gian kiéu Morrey-Herz co trong.

1.3. Trong thuan nhit, trong lity thira va trong Muck-
enhoupt

Trong muc nay, ching toi nhic dén trong thuin nhét, trong lily thua,

trong Muckenhoupt va cac BS dé, Ménh dé quan trong lién quan.

1.4. Nhom Heisenberg

Trong muc nay, ching t6i nhic dén nhém Heisenberg H", khéng gian
¢-tam BMO trén H".



Chuong 2

TOAN TU HAUSDORFF THO . , VA GIAO HOAN TU
P TREN KHONG GIAN KIEU MORREY-HERZ

Trong chuong nay, chiing t6i dua ra diéu kién cin va du cho tinh bi chin
clia toan ttt Hausdorff tho (rough Hausdorff) 7 , trén cac khong gian tdm
Morrey, khéng gian Herz, khéng gian Morrey-Herz c6 trong thudn nhét.
Sau dé, c6 wée lugng chuén clia todn ti 7 o va két luAn méi vé ube luong
chuén clia toan t&t Hardy, toan t& Hardy lién hop cho cac khong gian trén
véi trong lily thita. Dua ra diéu kién du cho tinh bi chin ctia giao hoan t
toan tit Hausdorff tho ﬁf’qf” q VOi biéu trung thudc khong gian Lipschitz, trén
cac khong gian tam Morrey, khong gian Herz, khong gian Morrey-Herz c6

hai trong thuin nhét.

Noi dung ctia chuong nay dua trén bai bao [1] trong danh muc céng

trinh d& cong bb.
2.1. GidGi thiéu

VAn dé nghién cttu 13 wéc luong chuén cda toan ti Hp q va tinh bi chdn

ctia giao hodn tlt 5/, trén cdc khong gian ki€u Morrey-Herz.

2.2. Toan tu 7 , va 16p trong lity thira

Trong muc nay, chiing t6i trinh bay két qua vé diéu kién cin va di cho
tinh bi chédn cla toan t&t 5 (, trén cac khong gian c6 trong thuan nhét nhu:
khong gian tam Morrey (Dinh 1i 2.1), khong gian Herz (Dinh 1i 2.2), khong
gian Morrey-Herz (Dinh Ii 2.3).

Pinh1i2.1. Clo1<q<00,1+Ag>0,A€R,y > —nva Qe LI(S, ;).



i) Néu w(x") > ¢ > 0vdi moi x' €S,_; va

v — °°|<I>(t)|d<
N R A

\ . v A NTAq (TN ~
thi 5 q bi chan trén M (R"). Hon niia,

”%(I’,Q”M,ﬁ’q(R”)—)M‘ﬁ’q(Rn) 5 ||Q||Lq/(sn71)‘(gl‘

ii) Nguoc lai, gid st Q € LY(S,_1, w(x)do(x")), ® la ham thuc véi ddu khong
déi trén R". Khi d6 néu F o bi chdn trén M C’};q(Rn) thi €, < oo. Hon niia,

chung ta co

I,
n—1

||%¢’Q||Mi’q(Rn)—>Mj,’q(R”) > 7 ‘(gl‘
20
nfl’w(x )dO'(X ))

Pinh1i2.2. Cho1<p,q<o0,a €R,y €Rva Qe LI(S,_,).

i) Néu w(x') > ¢ > 0vdimoi x’' €S, ; va

*1e(t
o [TL 4 e
0

tm a 4

thi 7 o bi chdn trén Kg’p’q(R“). Hon niza,

17 qllgera@ny—kzra@n S QL - o

it) Ngugc lai, gid st Q € LI (S,_1, w(x)do(x")), ® lad ham thuc cé ddu khong
déi trén R". Khi dé, néu s q bi chan trén K&PA(R™) thi 6, < co. Hon nita,

chung ta co

/

e,

LT(S,-1)

15 allgera@n—keragn = 7 - 6.
1€l 19 N

n-1,0(x")do(x"))

Pinh i 2.3. Co 0 < p < 00,1 £ g < o0,a € R,y € R,A>0va Q €
L¢(Sn—1)
i) Néu w(x') > ¢ > 0vdimoi x’' €S, , va

(e
(gSZJ ﬁdt<oo,
0o t

1-I-242—a
4 q
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thi # q bi chdn trén M Kg”l’p’q(R”). Hon nita,

”%d),Q”MKg%P’q(Rn) 5 ”Q”Lq’(sn_l)-(gS'
ii) Nguoc lai, gid st Q € LY(S,_1, w(x)do(x")), ® la ham thuc véi ddu khong
déi trén R™. Khi dé néu Fpq bi chan trén M Kg’x’p’q(R”) thi 65 < oo. Hon

nita, chung ta co

1,
n—1

|75 all 6.

. . >
MEZMPI(RY)—MES PR = /

'd
121 o
n-1,0(x")do(x"))

Tt d6, ching t6i dua ra cac Hé qua vé uéc luong chuin cla toan ti s q
trén cac khéng gian co trong lily thita nhu: khong gian tim Morrey (Hé qua
2.1), khong gian Herz (Hé qua [2.2), khéng gian Morrey-Herz (Hé qua [2.3).
Hé qua 2.1. Cho 1 < g <o00,1+Ag>0va A € R. Gid stz Q € LY(S,_,),
w(x) = |x|" véi y > —n va ® la ham bdn kinh khéng dm. Khi d6, 5 o bi

chdn trén M9(R™) néu va chi néu

(7 e
(51'1— . tl—l—(n——l-}/)?tdt<oo'

HO’Tl Tlf['a, ||%¢:Q||Mj;’q(Rn)—>Mi’q(R") ~ ||Q||Lq/(sn_1)'(gl’1'
Hé qua 13 mé réng va cang cb lai cic két qua ctia Chen, Fan va Li
(2012).

Hé qua 2.2. Cho 1 < p,q < co,a € R, Q € LI(S, ;) va w(x) = |x|" vdi
vy € R. Gid stz ® la ham bdn kinh khong dm. Khi d6, #q bi chdn trén

K&PA(R™) neu va chi neu

Hon niia, ||3fq>,ﬂ||1‘<g‘j’P’q(Rn)_>1’<g’P’q(Rﬂ) =~ ||Q||Lq’(5n_l)-(52.1-

Hé qua[2.2|1a mé réng clia Dinh 1i 3.1 ctia Chen, Fan va Li (2012) trén
khong gian Lebesgue v4i trong liy thua.
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Hé qua 2.3. Cho 0 < p < 00,1 < g < oo,a € R,y € Rva A > 0. Gid sit
Qe LY(S,_1), w(x)=|x|" va & la ham bdn kinh khéng dm. Khi d6, #, g, bi
chdn trén M KZ’A’P’q(R”) néu va chi néu

(1)
(53'1 = mdt < 0.
0o t a «a

Hon nffa, ||%¢,Q||ng,l,p;q(Rn)_,MKgﬂ»P:q(Rn) & ”Q”Lq’(sn_l)'(g&l'

Dic biét, ching t6i dat duge két ludn méi vé bit ding thic cho toan
ttt Hardy va toan t& Hardy lién hop nhiéu chiéu 13 mé rong cac két qua
cta Christ va Grafakos (1995), trén cac khéng gian c6 trong liiy thira nhu:
khong gian tAm Morrey (Hé qua [2.4)), khong gian Herz (Hé qua [2.5), khong
gian Morrey-Herz (Hé qua [2.6).

Hé qua 2.4. Cho1<g<o00,1+Ag>0,A€R, va w(x) = |x|" vjiy > —n.

Khi d6, todn tit Hardy bi chdn trén M(R™) néu va chi néu

* 1
61.2 =J1 mdt < 0.

Hon nita, || 71| y2aggm . yragen

chdn trén M9(R™) néu va chi néu

) 2 61, Tuong tuy, todn tit Hardy lién hop bi

S |
<€1.3=J;)t1+(det<oo.

Hon nita, || 7| y2agny yragny = €1.3-

Hé qua 2.5. Cho 1 < p,q < o0, € Rva w(x) = |x|" vdi y € R. Khi dd, todn

tuw Hardy bi chan trén Kg’p’q (R") néu va chi néu

> 1
(62'2:J —Tl-i-l—z—ﬂ—adt < OQ.
1t

Hon nita, || ||geragny—ieragn) = 6. Tuong tu, todn tit Hardy lién hop bi

chan trén K&P4(R™) neu va chi neu

Hon nita, ||%*l|KZ’P’q(Rn)_)KZsP,‘Z(Rn) ~ 6y 3.
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Hé qua 2.6. Cho0<p<o00,1<g<oo,a€R,y€R, A>0va w(x)=|x|".
Khi d6, todn tit Hardy bi chdn trén MK®*P4(R™) néu va chi néu

* 1
= < Q.
3.2 J n+1—r—ﬂ+l—adt o0
1t ¢ q

Hon nita, ta co ||72|| ) = 632 Tuong tu, todn tit Hardy

MKEMPARY)—MRSMPI(R
lién hgp bi chan trén M KZ;A’P"I(R”) néu va chi neu

! 1
(63'3 = J —l—z—ﬂ-i—)t—adt < Q.
ot 9«

Hdn n&a, ta Cé ||%*||ng,k,p,q(Rn)_)MKZ,A,p,q(Rn) ~ (63_3.

2.3. Giao hoan ti ) va 16p trong thuan nhat

Trong muc nay, ching ti dua ra diéu kién du cho tinh bi chin ctia giao
hoan t %’qf” q VOi biéu trung thudc khong gian Lipschitz, trén cac khong gian
c6 hai trong thudn nhét nhu: khéng gian tim Morrey (Dinh 1i [2.4), khéng
gian Herz (Dinh 1i|2.5)), khong gian Morrey-Herz (Dinh 1i[2.6).

Pinh 1i 2.4. Cho 1 < q <00, Q€ LP(S,_,)vabe LipP(RM)véi0< p < 1.
Gid stt v, € #,, v > —nva w(x’) > ¢ > 0vdi moi x’ € S,,_;. Néu Ay =

_ Ba :
A n+y>0va

b —JOO [#(0)] dt < oo
4 — _ >
0 (U] 4 1)p

thi ), bi chdn tit M}1A(R™) dén M-3(R™).
Pinh 1i 2.5. Cho 1 < p,q < o0, Q € LI(S, ;) va b € LipP(R") vdi 0 <

B <1 Gidstv,weW,y>-nvaw(x’)=c>0vdimoix" €S, ;. Neu

thi 72, bi chn tit K“uPI(R™) dén K&2PA(R™).
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Pinh 1i 2.6. Cho 0 < p < 00,1 <qg<o00, Q€ LI(S, ), A>0vabe
LipP(RM)v6i0< B < 1. Gid stt v,w € #,, v > —nva w(x’) = ¢ > 0 véi moi

/ A T’l[)7 \
S . = i
x'€S,_1.Neua; =a,+ iy Va

“ J o) dt < oo
6 n *
0 tl_g_ﬁ—(l_al)(“_%)(l t_l)_ﬁ

thi ., bi chdn tit MK PA(R™) dén MK&2P(R™).

Tu Dinh live‘l Dinh li chon ®(t) = t™" (1 00)(t) va 2 = 1. Chiing
t6i dat duge két qua méi vé tinh bi chin clia giao hoan tit toan tit Hardy

trén khong gian Morrey-Herz c6 hai trong thuin nhat.

14



Chuong 3

TOAN TU HAUSDORFF DA TUYEN TiNH ., ; TREN
KHONG GIAN KIEU MORREY-HERZ

Trong chuong nay, ching toi u6c lugng chuan clia todn ti 2 A trén tich
cac khong gian ham tam Morrey, khong gian Herz, khong gian Morrey-Herz
c6 hai trong lity thita. Sau d6, c6 két ludn uéc lugng chuén cho toan tit
Hardy-Cearo da tuyén tinh trén tich cac khéng gian & trén. Dua ra diéu kién
du cho tinh bi chén cla todn tlt 7 z trén tich cac khong gian tdm Morrey,

khong gian Morrey-Herz c6 hai trong Muckenhoupt.

No6i dung ctia chuong nay dua trén bai bao [2] trong danh muc c6ng

trinh d4 céng bb.
3.1. Gidi thiéu

Bai toan nghién ctiu 1a wéc luong chuén clia toan tit Hausdorff da tuyén

tinh ¢, ; trén khong gian kiéu Morrey-Herz.

3.2. Toan ti % ; va 16p trong liiy thira

Trong muc nay, ching t6i trinh bay két qua vé uée lusng chuin cho toan
tlt 7 4 trén tich cac khong gian c6 hai trong liiy thita nhu: khéng gian tdm
Morrey (Dinh i [3.1)), khong gian Herz (Dinh 1i [3.2)), khéng gian Morrey-
Herz (Dinh 1i[3.3).

Pinh 1i 3.1. Cho & : R" — [0,00) va v(x) = |x|?, w(x) = |x|", vi(x) =

|x|Pi, e (x) = |x|"i, vdi moi i =1,...,m. Néu cdc diéu kién sau théa mdn

B _B i(”+ﬁi) Vi T
=aq q n+p —='q; ¢

\ 1
A=A, va —=—
i=1
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thi 76, z bi chdn tie [ [, M9:(R™) dén MMI(R™) néu va chi néu

S(Y) 7, .- A —By
%=J FM A7 ()| PR gy < oo
R™ =

"

Hon nita, ||3fq>,g||l—[le ~ 6.

R MR
Pinh 1i 3.2. Cho & : R" — [0,00) va v(x) = |x|P, w(x) = |x|", vi(x) =
x|, w.(x) = |x|"i, véimoii=1,.., m. Néu cdc diéu kién sau théa mdn

m m
ﬁzz,vaZ( )aiz(l-i-é)a
im1 di i=1 n

thi s, 7 bi chan tit [ [, K%2-%(R") to K®P4(R™) néu va chi néu

_J (”I]H*(ml+)fquy<m.

Hon nita, || # 41l iz (arygezagen) = Gs-

Pinh 1i 3.3. Cho & : R" — [0,00), A, 4; > 0 va v(x) = |x|P, w(x) = |x]|",
vi(x) = |x|P, w,(x) = |x|"i, v6i moi i = 1,...,m. Néu cdc diéu kién sau duoc
théa mdn

g(1+%)ki=(1+§)x,;—lf:g 2( )ai=(1+§)a

thi todn tit 7 z bi chdn tit l_[:nzl MKfiﬁf’pf’qi(]R”) dén MKl‘j‘ﬁ’p’q(R”) néu va

chi néu

_J (J’)l—[” _1( )” 1+ )(a —2)+ :Yldy<oo

HO’Tl nf['a, ||%¢’A,||1—Hn:1 MK\ZI,)Z;I Di» ~ (69.

AR - MK PI(RY)

Chon A;(y) = diag[s;(¥),...,s;(¥)], 6 d6 s;(¥),....,s,(y) # O hau khip
trén R" v6i moi i = 1,..., m. Khi dé, chting t6i dua ra cac Hé qua vé uéc
lugng chudn clia toan ti 3%;5 trén cac khong gian c6 hai trong lity thira
nhu: khong gian tAm Morrey (Hé qua [3.1]), khong gian Herz (Hé qua[3.2),
khong gian Morrey-Herz (Hé qua [3.3).
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Hé qua 3.1. Cho ¢ la ham khong dm va v(x) = |x|P, w(x) = |x|", v;(x) =

|x|P, ew;(x) = |x]|"i, véi moii=1,...,m. Néu cdc diéu kién sau dugc théa mdn

= (et LT Y
—=— Z = A, va — ==
=l g n+f ~lq ¢

i=1

thi 7, ¢ bi chdn tir ]_[Zn=1 M&iﬁf(R”) dén M&’g(R”) néu va chi néu

61 = J (1‘[ s, ()| P Peds )m)dy < c0.
o

Hon niza, ”%"55”1_['»” ~ 6.

LML R - M (R
Hé qua 3.2. Cho ¢ la ham khong dm va v(x) = |x|P, w(x) = |x|", v,(x) =

|x|P, ew;(x) = |x|"i, véi moi i = 1,...,m. Néu cdc diéu kién sau théa man
m m
Yi 7V 5
E —:—,va E ( )ai:(l—i-—)a
i1 4 4 i=1 n

\ . o \ m ’, . D..qa: A ’, A \ 2 A
thi 7, ¢ bi chan tir [ [\_ | K¢oPedi(R") dén K&P9(R") neu va chi neu
> —_ Wi E)

61 = f (]_lls o U ”“)qb(y)dymo

Hon nua, ”%d)’;”n:,i KoUPidi (R, g @R () ~ (68.1'

=1""V{,Wj

Hé qua 3.3. Cho ¢ la ham khéng dm, A, A; > 0va v(x) = |x|P, w(x) = |x|",
vi(x) = |x|P, w,(x) = |x|"i, véi moi i = 1,...,m. Néu cdc diéu kién sau duoc
thoa mdn

i(l—l—&)li:(l-ké)k, Y ﬁ:Z, vc‘zi(l—i—ﬁ)ai:(l—kﬁ)a
i=1 n n i di g i=1 n n

thi 5  bi chdn tit [ ||, MK®:*Pedi(R™) dén MK®P9(R") néu va chi néu

i (145 - )
oy = f (l_[|si(y)|“l ()5 )¢(y)dy<oo.
Rn

i=1

HUH Tll?a, ||%¢ ||l_[ MKalpl qz(Rn)_)MK“Pq(]Rn) al (ggl.
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Tu Hé qua chting t6i c6 wéc luong chudn clia toan t&t Hardy—Cesaro
A ’ m,n . o \ m . 7L~, ; A . A, A \ 2 A
da tuyén tinh Uy bi chdn tit IT-, M;3(R") dén M;-d(R™) neu va chi néu

%h=J 01|@W”“%”’)¢MM<m
(o,1]"

i=1

~ m,n
Hon nua, ”U 5 ||n:n:1 Mjlzcg: (Rn)_,Méﬁ(Rn)

>~ 6.
Tu Hé qua chiing t6i c6 wéc luong chudn clia toan tit Hardy—Cesaro

A 7 m,n . o \ m ’, . D-qa-: A 7, A \ 2
da tuyeén tinh U e bi chan tu l_[i=1Kffﬁ’£§’ql(Rn) den Kffg’q(R”) néu va chi

néu
- ~ (14 - w2
630 = [ Tisicor e ) yode < oo.
[0,1:|Tl l:].

1 m’n o . . . .
HOI’I Ill.I’a, ||U¢’§a ||l_[:“:1 Kfil’;l:i:ql (Rn)—J{“Zg’q(Rn) act (682.

Hé qua [3.2|12 mé rong ctia Dinh li 3.2 ctia N. M. Chuong, N. T. Hong, H.
D. Hung (2017).

3.3. Toan tu ¢, ; va 16p trong Muckenhoupt

Trong muc nay, chiing t6i dua ra diéu kién dd cho tinh bi chin clia toan
tlt 5 7 trén cac khong gian c6 hai trong Muckenhoupt nhu: khong gian tdm
Morrey (Dinh 1i3.4), khong gian Morrey-Herz (Dinh 1i 3.5]).

binh 1i 3.4. Cho 1 < ¢, &,n < oo,—i <A; <0, véimoii=1,..,mva
v EA,, w €A Vdi cdc chi s6 téi han r,, r,, cho diéu kién Holder ngugc sao cho
w(B(0,R)) < v(B(0,R)) véi moi R > 0. Gid sir q > q*&r. ,86; € (1,1,),6, €
(L,r,),A" =2+ 4+ A, va

%@=J DN detar ()1 AN )y < oo,
o

| | i=1
g do

nl A4+ &1 nn( Ag+2
A (y) = (IlAi(y)ll (+3)% Xiyerma i<ty T 1A ()]l ( q‘)%{yew:nAi(y)nn}) X
_nbi-1 _&n
X (||Ai(J’)|| W0 yerna =13 T A X{yeR“:llAi(y)llfl})'
Khi d6, #, 5 bi chdn tit [ ]I, M*4(R") dén M*:4 (RM).
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Pinh 1i 3.5. Cho 1 < ¢*,&,n < o0,a; <0, A; >0, véimoi i = 1,....,m
va w € Ag,v € A, Vi cdc chi s6 téi han r,,,r, cho diéu kién Hélder ngugc
sao cho w(By) S v(By), véi moi k € Z. Gid st q > max{mq*,q*¢r. },6, €
(1,r,),8, € (1,r,) va a*, A* la cdc sb thuc sao cho

* 1 (a® 1 o 1

A=M++A,va —| —+— |=—+—,véimoii=1,..,m.
m\n (¢ n g

Néu*+1<ova

nooq

. ()l PP mén "
Ga=] | U S et AT O AN Bu(xdy | <o,
i=1 R"

G do
B,.(y) = A () 5t -ma 2 —ea)

+ ||Ai(y)”_((qi*+a*)5+n(a*—mli)_a*<5(15_;1)

Xiyerm|a(nl<1yT
Xiyerm|A,(I>1}>
hodc &+ L >0vq

n q

m

- [2(y)l PP mén
n2=] | U | det AT ()] o AN By(y)dy | < oo,
] R

< ly?

~ (& +(a"-ma) 2
Boi(y) = lA; )l (F+tar—mag )X{yeR”:|IAi(y)||<1}+

611
T—I—n(a*—mli))

+ IIAi(y)ll_(q_* X {yerm:|a()I>1}>

thi todn tit €, » bi chdn tir [ |7, MK%2Pudi(R") dén MK®* 2 P4 (RM).
dA~S ¢ i=1 V,w Vv,

Pinh1i3.6. Cho1<q",& <o00,a; <0, A; >0, véimoii=1,...,mvd w €A;
Vi chi sb téi han r,, cho diéu kién Holder ngugc. Gid stz q > q&r,,6€(1,r,)
va o, \* la cdc sb thuc théa mdn
. m
AF =24+ Ay va a—+l*=M+1.
n g n q
Néu %—i—i <0, véimoii=1,.. mva

- |2(y)l _ me mén m
6121 = | | —|detA; (¥ AN s ¥y(y)dy | < oo,
it WUee 1Yl
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m( A—n( Z4+2) (22
U (y) = 1A;()] ( ( ‘“)( ° ))X{yeR”:HAl—(y)lkl} +
mé&( A;—n %—i—l
+ [|[A; (DIl ( ( ql))X{yeIR”:HAi(y)HZl}:

hodc %—i—i >0, vdimoii=1,.., mva

m

= L16%] PPN mén
Cn2=] | ( J S et AT O AN way)dy | <o,
i=1 R"

g do
Ay

2i(55h)—nE( Sy
W) = IO 40)) e e +

m( A E—n( L+L ) (2
+114; ()l ( ( ql)( ° ))X{yeR”:llAi(J’)HZl}:

thi 5 7 bi chdn tir [ |-, MK oPrdi(R™) dén MK P4 (R").

T Dinh 1i[3.5| va binh 1i khi A; =--- = A,, = 0 ching t6i dat dugc
diéu kién dt cho tinh bi chin cda toan ti &, 4 trén khong gian Herz cé

trong Muckenhoupt.
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Chuong 4

GIAO HOAN TU CUA TOAN TU HAUSDORFF TREN
NHOM HEISENBERG

Trong chuong nay, ching t6i dua ra diéu kién da cho tinh bi chin ctia
giao hoan t 2, giao hoén tit ) ', trén nhom Heisenberg voi biéu trung
thudc khong gian £-tdam BMO, trén cac khong gian tdam Morrey, khong gian

Herz, khong gian Morrey-Herz co trong liiy thita hodc trong Muckenhoupt.

NoOi dung ctia chuong nay dua trén bai bao [3] trong danh muc céng

trinh d4 céng bb.
4.1. Gi6i thiéu

Bai toan nghién cttu 1a tinh bi chin cta giao hodn tit 5/, giao hoan t

b A J4 N
Hy 5 trén nhom Heisenberg.

4.2. Giao hoan tu %qf” q va 16p trong lity thira

Trong muc nay, ching t6i trinh bay cac két qua vé diéu kién du cho tinh
bi chin cta giao hoan tu %ﬁ;’ q trén cac khong gian co trong liy thita nhu:
khong gian tdm Morrey (Dinh li|4.1)), khong gian Morrey-Herz (Dinh 1i|4.2)).

Pinh1i 4.1. Cho 1 < q <00, 1 < qy,r; < 0o vd w(x) = x|}, ¥y > —Q. Gid
st € LY(Sg1), b € CMOSM(H", L < & va A € (=3,0), A1 € (—-,0),
Alzk—e.Néuézi—i-lvc‘l

q1 r

o
P(t)
— -~ —(Q+r)e
‘513—f0 EETCTESTS (1+\Il(t)+t )dt < 00,

thi #), bi chdn tir M9 (H") dén M (H").
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Pinh li 4.2. Cho 1 <p,q <00, 1 <q,r; <oova w(x)= x|}, y > —Q. Gid

suQ e Lq/(SQ_l), be CMOfo’rl(]HI”),K <l A>0vaa, = a-l—(Q—I—}f)(rl—i-E).
1

Neui=21+4+1yg

q 41 m

(0.¢]
P(t
Gys = f O (1+w(0)+ @) dt < oo,
0t

1_w+l_a1
q1

thi 7L, bi chdn tir MK&-»P41(H™) dén MK %*P4(H™).

4.3. Giao hoan tu %”qf’, q va 16p trong Muckenhoupt

Trong muc nay, ching toi trinh bay két qua vé diéu kién dua cho tinh bi
chin cua giao hoan t %qf’, q trén khong gian tdm Morrey c6 trong Mucken-
houpt (Dinh 1i[4.3)).
binh i 4.3. Cho 1 < q,q},7],{ <00, 0<{ < é, w € Ay vdi chi s6 téi han
r,, cho diéu kién Holder nguoc. Gid sit Q € Lq/(SQ_l), beCM Oﬁ’e(H”), 6 €
(Lro) 2 € (=1,0), A € (~2,0)va Ay = A — £ Néu > (i* + i) .

*
4 r Tw™

va

*o(t) NGRS )
G4 = e (t 5 X1+t 1)((1,00)(t)) (1+ W,y (t))dt < oo,
0

thi 77, bi chdn tit M," (H") dén M2A(H").

4.4. Giao hoan ti #,, va 16p trong lity thita

Trong muc nay, ching téi trinh bay cac két qua vé diéu kién du cho tinh
bi chidn cua giao hoan t %”qi’ ', trén cac khong gian c6 trong lily thua nhu:
khong gian tdm Morrey (Dinh 1i|4.4), khong gian Morrey-Herz (Dinh 1i|4.5)).

Pinhli 4.4. Cho1 <g<o00,1<q;,r; <00, 7y >—Q, w(x)= |X|L be
CMON(H") va A € (—ql,O). Néu é =141y

q1 r

d(y) Q+7)(L+2

@6 = J —== ()N 5 dy < oo,
H"? |y|h

thi ., bi chdn tit M9 (H") dén M (H").
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Pinh 1i 4.5. Cho 1 < p,g < 00, 1 < q;,1; < 00, ¥ > —Q, w(x) = |x|/,
be CMON(E", 420, ay=a+ %L Néut = 1+ Lva
1 1

1

0
= J ) )2 - )T (D] 2079 )dy < oo,
.

ok
|‘y|h i=k*—1
véi k* = k*(y) la s6 nguyén [6n nhdt sao cho
IAQO)I-IATM ()l < 277, véi moi hau khdp y € H",

thi 72, bi chan tic MK (H") dén MKS»PA(H"),

4.5. Giao hoan tit 5] ', va 16p trong Muckenhoupt

Trong muc nay, ching téi trinh bay két qua vé diéu kién di cho tinh bi
chin ctia giao hoan t ,ﬁqu’ ', trén khong gian tdm Morrey c6 trong Mucken-
houpt (Dinh 1i[4.6)).

binh li 4.6. Cho 1 < q,q},7],{ < 00, w € A, Vbi chi sb tdi han r, cho
diéu kién Holder nguoc, b € CMO,}(H"), A € (—1,0)va & € (1,r,). Néu

q’
1 1,1 r .
= > = - _w
, (qj‘—i_rf)grw—l va

(6}
Gy = f 20 ) ()X
Rn

o
hah
(6—1)A

X (AN xgyemmejacyi<y; + IAOINY 5 xiyemmjam)is13)dY < 00,

\ . o \ . A,q* A °
thi %qf’A bi chan tur M., (H") den Mi’q(H“).
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KET LUAN VA KIEN NGHI
1. Cac két qua dat dude
Cac két qua dat dudc ctia ludn an bao gom:

1) Dua ra diéu kién can va du cho tinh bi chin clia toan t& Hausdorff
thd o trén cac khong gian tdm Morrey, khong gian Herz, khong
gian Morrey-Herz c6 trong thuin nhét. Sau dé, ¢ wéc lugng chuin
clia todn tit o va két ludn méi vé uéc luong chuin clia toan ti
Hardy, toan t Hardy lién hop cho cac khong gian trén véi trong liy
thita. Dua ra diéu kién da cho tinh bi chin clia giao hoan ti toan ti
Hausdorff tho %qf” q VOi biéu trung thudc khong gian Lipschitz, trén cac
khong gian tam Morrey, khong gian Herz, khong gian Morrey-Herz co

hai trong thuin nhét.

2) Uéc luong chudn cla toan tit Hausdorff da tuyén tinh 52, A trén tich
cac khong gian ham tdm Morrey, khong gian Herz, khong gian Morrey-
Herz c6 hai trong lity thita. Sau d6, ¢ két ludn uéc lugng chuén cho
toan ti Hardy-Cearo da tuyén tinh trén tich cac khong gian & trén. bua
ra diéu kién dt cho tinh bi chin ctia toan ti 5, 4 trén tich cac khong

gian tdm Morrey, khong gian Morrey-Herz c6 hai trong Muckenhoupt.

3) Dua ra diéu kién da cho tinh bi chin cla giao hoan t& toan ti
Hausdorff tho .%”qf” o> glao hoén tlt clia ton ti ma trdn Hausdorff ¢ "
trén nhoém Heisenberg v6i biéu trung thudc khong gian ¢-tdm BMO,
trén cac khong gian tam Morrey, khong gian Herz, khong gian Morrey-

Herz c6 trong liiy thita hoac trong Muckenhoupt.
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2. Kién nghi mét s6 vin dé nghién citu tiép theo

Bén canh cac két qua da dat dugc trong luin 4n, mot sb6 vin dé mé

can dugc tiép tuc nghién citu bao gém:

1) Chung t6i nghién cfu chuén cta todn tl 7,  va giao hodn t 7,
v6i biéu trung thudc khong gian Lipschitz, trén cac khong gian ham
ki€u Morrey-Herz c6 trong thun nhét. Thiét 1ap ducc mdi lién hé giita

toan tu tich phan ki di va toan ti Hausdorff.

2) Chung t6i nghién cttu dugce chuin clia giao hoan tt toan tit Haus-
dorff da tuyén tinh %, > VOI biéu trung thudc khong gian Lipschitz,

trén tich cac khong gian kiéu Morrey-Herz c6 hai trong Muckenhoupt.

3) Ching t6i nghién cttu dude chuén ctia mét s 16p toan tit Hausdorff
trén nhém Heisenberg, trén cac khong gian kiéu Morrey-Herz cé hai

trong lly thtra hoac trong Muckenhoupt.
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